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‣ Formation easier at QCD transition                            
=> Peak at ~[2-3] Mʘ   

‣ Second peak at ~30 Mʘ 
‣ Assessing the validity of microlensing limits 

for Poisson clusters of PBHs is crucial

Carr+, 1906.08217
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FIG. 1: The matter field at z = 99 for various PBH fractions. The PDM density field is represented by the colormap with
white points indicating PBH locations. The slice width is 1/16 the box size, just under 2kpc/h. Could you also show f = 1 at
several redshifts, so we see the evolution of clustering out of initial random distribution? Also, is it a visual e↵ect, or the PBHs
seems to be in “filaments” in the fpbh = 10�2 simulation. These filaments seem to follow the PDM initial overdensity ridges?
Finally, I recommend moving the single-PBH simulation separately, and zooming in, and adding the fpbh = 10�1/2 simulation
instead. We keep saying that things happen above f ⇠ 10�1, so we should show the simulation!

snapshots at z = 99, slice width = 3 kpc
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several redshifts, so we see the evolution of clustering out of initial random distribution? Also, is it a visual e↵ect, or the PBHs
seems to be in “filaments” in the fpbh = 10�2 simulation. These filaments seem to follow the PDM initial overdensity ridges?
Finally, I recommend moving the single-PBH simulation separately, and zooming in, and adding the fpbh = 10�1/2 simulation
instead. We keep saying that things happen above f ⇠ 10�1, so we should show the simulation!

snapshots at z = 99, slice width = 3 kpcN-body simulations by Inman & Ali-Haimoud, 1907.08129

 fPBH mPBH= 3 Mʘ, snapshots at z=99
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On small scales, completely different than particle-CDM !

Sub-halos of 106 - 107 Mʘ

3. The Poisson effect in a PBH sea
Inevitable clustering of primordial black holes

Ali-Haimoud 1805.05912
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PBH cluster evaporation

Compact clusters evaporate and are not  
single lenses: Petac, Lavalle, Jedamzik, 2201.02521

Evaporation time:

Crossing time:

Monte-Carlo simulations:  microlensing limits are solid!
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Lensing + microlensing effect

Compact clusters act as lenses and suppress  
the magnitude of superimposed microlensing:  

Carr, Clesse, Garcia-Bellido, Kühnel, 1906.08217

Gorton & Green, 2203.04209

Macho/EROS 
90% PBH in clusters
10% uniformy dist.

Star from the 
LMC/SMC

PBH cluster

Magnification 
due to microlensing

is suppressed

Lensing:
flux spans an 

‘Einstein arc’ larger 
than Einstein radius

Black hole sling-shot away from its host 
cluster ~10% of DM

4. Our playground
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Lensing + microlensing effect

Compact clusters act as lenses and suppress  
the magnitude of superimposed microlensing:  

Carr, Clesse, Garcia-Bellido, Kühnel, 1906.08217

Gorton & Green, 2203.04209
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from this Einstein arc, it only microlenses the tiny frac-
tion of the arc within the PBH Einstein radius. As a
result, microlensing events for PBHs in clusters are more
numerous but only induce a small change in magnitude
rather than the order one change assumed for the mi-
crolensing surveys.

One can quantify the typical PBH and cluster masses
for which this phenomenon applies. The deflection angle
for a spherical halo is given by

↵(⇣) =
4GM(⇣)

c2 ⇣
, (25)

where M(⇣) is the cluster mass inside a cylinder of ra-
dius ⇣ along the axis between the observer and the dis-
tant source. For ⇣ of order of the cluster radius Rcl

[BERNARD/SÉBASTIEN TO FIX NOTATION],
one obtains a deflection angle (ref)

↵(Rcl,Mcl
) ⇡ 2⇥ 10�13

✓
Mcl

M�

◆✓
pc

Rcl

◆
, (26)

which is not resolvable for the clusters induced by Poisson
fluctuations. The typical length subtended by these arcs
[?] is then L ⇠ ↵Dcil and this must be compared to the
Einstein radius of individual PBHs in the cluster,

RE = 2

r
GmPBH x (1� x)

Dcl

c2

⇠ 10�5 pc

✓
mPBH

M�

Dcl

kpc

◆1/2

,

(27)

where x is ratio of the distances between the observer
and the lens and the observer and the source, which is
typically of order O(1). This is much smaller than the
size of arcs. A microlensing event generated by a PBH
cluster therefore only involves a tiny part of the total flux
of the distant source, so event is below the threshold for
being distinguished from other flux variations.

[BC: PERHAPS THIS ARGUMENT SHOULD GO
FIRST BECAUSE IT IS LESS SUBTLE AND
THE ONE PEOPLE USUALLY GIVE. SÉBASTIEN
SHOULD ELABORATE AND STRESS THAT CLUS-
TERS DON’T COVER THE SKY?] Another reason
PBH clustering reduces the microlensing limits on their
abundance is the lower probability of finding a PBH clus-
ter along the line of sight than an individual PBH within
a homogeneous distribution. [For instance, if PBHs are
clustered in ultra-faint dwarf satellite galaxies, then the
probability of finding one of them in the line of sight
of the Large Magellanic Cloud is less than a part in a
thousand.

[WE HAVE NOT DISCUSSED THE PAPERS BY
FRANCOLINI ET AL. (LIGO) AND IGUAZ ET AL.
(CMB). WE SHOULD STRESS THAT MANY PEO-
PLE WANT THE DARK MATTER TO BE IN MUCH
SMALLER PBHS, SOWHICH OF OUR ARGUMENTS
GO THROUGH IN THIS CASE? MICHAEL WILL IM-
PROVE THIS SECTION]

VI. VALIDITY OF
THERMAL-HISTORY-INDUCED MASS

SPECTRA

[THIS SECTION JUSTIFIES MENTIONING CONUN-
DRA PAPER IN INTRODUCTION.] The (more) realis-
tic re-evaluation of microlensing constraints presented in
this work inevitably raises the question of the viability
PBH formation scenarios with multimodal mass spectra
originating from cosmic phase transitions as well as other
events which change the number of relativistic degrees of
freedom. The most important of these is the QCD phase
transition/ cross-over, but also the electro-weak phase
transition as well as e+ e� annihilation cause sizeable lo-
cal enhancements in fPBH (c.f. Carr et al. [2021]).

The most complete scenario in this regard is the so-
called Thermal-History Model of Carr et al. [2021]. Here,
the thermal history of the Universe induces peaks in
the PBH mass function at very specific mass scales —
around planetary mass (electro-weak phase transition),
solar mass (QCD transition) and about 106 solar masses
(e+ e� annihilation). It is remarkable that a simple pri-
mordial power spectrum of the form P (k) = Akns�1,
with the amplitude A ' 0.1487 and the same spec-

tral index as measured by Planck, ns = 0.96 [Aghanim
et al. 2020], is capable of explaining numerous cosmic co-
nundra. Such a spectral shape is natural in single-field
models of inflation with quasi-inflection points [Garćıa-
Bellido & Ruiz Morales 2017], where a brief plateau-
like feature in the potential helps enhance the amplitude
of the power spectrum without a↵ecting CMB scales.
A concrete realisation in terms of Critical Higgs In-
flation [Ezquiaga et al. 2018], where the normalisation
group running of the self-coupling of the Higgs ensures
this feature, is particularly appealing, given the recent
determination of the top quark and Higgs masses at the
LHC.

While we have shown in this work that microlensing
constraints are su�ciently relaxed and do not threaten
the mentioned class of thermal-history models around
and below the QCD peak, one may wonder about their
compatibility above. In the mass range O(10 – 104)M�,
the most relevant constraint comes from accretion. In
fact, it has recently been claimed that this particularly
would even rule out the QCD transition as the origin of
the LIGO/Virgo events, unless an ad hoc mass evolu-

tion for the PBH mass function and a cuto↵ in power-

spectrum very close to the QCD scale are introduced by

hand. [Juan et al. 2022].

This claim is incorrect for the following reasons. Be-
fore detailing them, we would like to first remark the
surprising fact that Juan et al. [2022] used di↵erent pa-
rameters for A and ns than has been carefully chosen for
the original Thermal-History Model, leading to a drasti-
cally di↵erent mass spectrum. On the one hand, this of
course spoils comparability, and on the other hand leads
to a less pronounced QCD peak, lowering fPBH specifi-
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rather than the order one change assumed for the mi-
crolensing surveys.

One can quantify the typical PBH and cluster masses
for which this phenomenon applies. The deflection angle
for a spherical halo is given by

↵(⇣) =
4GM(⇣)

c2 ⇣
, (25)

where M(⇣) is the cluster mass inside a cylinder of ra-
dius ⇣ along the axis between the observer and the dis-
tant source. For ⇣ of order of the cluster radius Rcl
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which is not resolvable for the clusters induced by Poisson
fluctuations. The typical length subtended by these arcs
[?] is then L ⇠ ↵Dcil and this must be compared to the
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where x is ratio of the distances between the observer
and the lens and the observer and the source, which is
typically of order O(1). This is much smaller than the
size of arcs. A microlensing event generated by a PBH
cluster therefore only involves a tiny part of the total flux
of the distant source, so event is below the threshold for
being distinguished from other flux variations.

[BC: PERHAPS THIS ARGUMENT SHOULD GO
FIRST BECAUSE IT IS LESS SUBTLE AND
THE ONE PEOPLE USUALLY GIVE. SÉBASTIEN
SHOULD ELABORATE AND STRESS THAT CLUS-
TERS DON’T COVER THE SKY?] Another reason
PBH clustering reduces the microlensing limits on their
abundance is the lower probability of finding a PBH clus-
ter along the line of sight than an individual PBH within
a homogeneous distribution. [For instance, if PBHs are
clustered in ultra-faint dwarf satellite galaxies, then the
probability of finding one of them in the line of sight
of the Large Magellanic Cloud is less than a part in a
thousand.

[WE HAVE NOT DISCUSSED THE PAPERS BY
FRANCOLINI ET AL. (LIGO) AND IGUAZ ET AL.
(CMB). WE SHOULD STRESS THAT MANY PEO-
PLE WANT THE DARK MATTER TO BE IN MUCH
SMALLER PBHS, SOWHICH OF OUR ARGUMENTS
GO THROUGH IN THIS CASE? MICHAEL WILL IM-
PROVE THIS SECTION]

VI. VALIDITY OF
THERMAL-HISTORY-INDUCED MASS

SPECTRA

[THIS SECTION JUSTIFIES MENTIONING CONUN-
DRA PAPER IN INTRODUCTION.] The (more) realis-
tic re-evaluation of microlensing constraints presented in
this work inevitably raises the question of the viability
PBH formation scenarios with multimodal mass spectra
originating from cosmic phase transitions as well as other
events which change the number of relativistic degrees of
freedom. The most important of these is the QCD phase
transition/ cross-over, but also the electro-weak phase
transition as well as e+ e� annihilation cause sizeable lo-
cal enhancements in fPBH (c.f. Carr et al. [2021]).

The most complete scenario in this regard is the so-
called Thermal-History Model of Carr et al. [2021]. Here,
the thermal history of the Universe induces peaks in
the PBH mass function at very specific mass scales —
around planetary mass (electro-weak phase transition),
solar mass (QCD transition) and about 106 solar masses
(e+ e� annihilation). It is remarkable that a simple pri-
mordial power spectrum of the form P (k) = Akns�1,
with the amplitude A ' 0.1487 and the same spec-

tral index as measured by Planck, ns = 0.96 [Aghanim
et al. 2020], is capable of explaining numerous cosmic co-
nundra. Such a spectral shape is natural in single-field
models of inflation with quasi-inflection points [Garćıa-
Bellido & Ruiz Morales 2017], where a brief plateau-
like feature in the potential helps enhance the amplitude
of the power spectrum without a↵ecting CMB scales.
A concrete realisation in terms of Critical Higgs In-
flation [Ezquiaga et al. 2018], where the normalisation
group running of the self-coupling of the Higgs ensures
this feature, is particularly appealing, given the recent
determination of the top quark and Higgs masses at the
LHC.

While we have shown in this work that microlensing
constraints are su�ciently relaxed and do not threaten
the mentioned class of thermal-history models around
and below the QCD peak, one may wonder about their
compatibility above. In the mass range O(10 – 104)M�,
the most relevant constraint comes from accretion. In
fact, it has recently been claimed that this particularly
would even rule out the QCD transition as the origin of
the LIGO/Virgo events, unless an ad hoc mass evolu-

tion for the PBH mass function and a cuto↵ in power-

spectrum very close to the QCD scale are introduced by

hand. [Juan et al. 2022].

This claim is incorrect for the following reasons. Be-
fore detailing them, we would like to first remark the
surprising fact that Juan et al. [2022] used di↵erent pa-
rameters for A and ns than has been carefully chosen for
the original Thermal-History Model, leading to a drasti-
cally di↵erent mass spectrum. On the one hand, this of
course spoils comparability, and on the other hand leads
to a less pronounced QCD peak, lowering fPBH specifi-
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ter along the line of sight than an individual PBH within
a homogeneous distribution. [For instance, if PBHs are
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thousand.
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events which change the number of relativistic degrees of
freedom. The most important of these is the QCD phase
transition/ cross-over, but also the electro-weak phase
transition as well as e+ e� annihilation cause sizeable lo-
cal enhancements in fPBH (c.f. Carr et al. [2021]).

The most complete scenario in this regard is the so-
called Thermal-History Model of Carr et al. [2021]. Here,
the thermal history of the Universe induces peaks in
the PBH mass function at very specific mass scales —
around planetary mass (electro-weak phase transition),
solar mass (QCD transition) and about 106 solar masses
(e+ e� annihilation). It is remarkable that a simple pri-
mordial power spectrum of the form P (k) = Akns�1,
with the amplitude A ' 0.1487 and the same spec-

tral index as measured by Planck, ns = 0.96 [Aghanim
et al. 2020], is capable of explaining numerous cosmic co-
nundra. Such a spectral shape is natural in single-field
models of inflation with quasi-inflection points [Garćıa-
Bellido & Ruiz Morales 2017], where a brief plateau-
like feature in the potential helps enhance the amplitude
of the power spectrum without a↵ecting CMB scales.
A concrete realisation in terms of Critical Higgs In-
flation [Ezquiaga et al. 2018], where the normalisation
group running of the self-coupling of the Higgs ensures
this feature, is particularly appealing, given the recent
determination of the top quark and Higgs masses at the
LHC.

While we have shown in this work that microlensing
constraints are su�ciently relaxed and do not threaten
the mentioned class of thermal-history models around
and below the QCD peak, one may wonder about their
compatibility above. In the mass range O(10 – 104)M�,
the most relevant constraint comes from accretion. In
fact, it has recently been claimed that this particularly
would even rule out the QCD transition as the origin of
the LIGO/Virgo events, unless an ad hoc mass evolu-

tion for the PBH mass function and a cuto↵ in power-
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from this Einstein arc, it only microlenses the tiny frac-
tion of the arc within the PBH Einstein radius. As a
result, microlensing events for PBHs in clusters are more
numerous but only induce a small change in magnitude
rather than the order one change assumed for the mi-
crolensing surveys.

One can quantify the typical PBH and cluster masses
for which this phenomenon applies. The deflection angle
for a spherical halo is given by

↵(⇣) =
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, (25)

where M(⇣) is the cluster mass inside a cylinder of ra-
dius ⇣ along the axis between the observer and the dis-
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where x is ratio of the distances between the observer
and the lens and the observer and the source, which is
typically of order O(1). This is much smaller than the
size of arcs. A microlensing event generated by a PBH
cluster therefore only involves a tiny part of the total flux
of the distant source, so event is below the threshold for
being distinguished from other flux variations.

[BC: PERHAPS THIS ARGUMENT SHOULD GO
FIRST BECAUSE IT IS LESS SUBTLE AND
THE ONE PEOPLE USUALLY GIVE. SÉBASTIEN
SHOULD ELABORATE AND STRESS THAT CLUS-
TERS DON’T COVER THE SKY?] Another reason
PBH clustering reduces the microlensing limits on their
abundance is the lower probability of finding a PBH clus-
ter along the line of sight than an individual PBH within
a homogeneous distribution. [For instance, if PBHs are
clustered in ultra-faint dwarf satellite galaxies, then the
probability of finding one of them in the line of sight
of the Large Magellanic Cloud is less than a part in a
thousand.

[WE HAVE NOT DISCUSSED THE PAPERS BY
FRANCOLINI ET AL. (LIGO) AND IGUAZ ET AL.
(CMB). WE SHOULD STRESS THAT MANY PEO-
PLE WANT THE DARK MATTER TO BE IN MUCH
SMALLER PBHS, SOWHICH OF OUR ARGUMENTS
GO THROUGH IN THIS CASE? MICHAEL WILL IM-
PROVE THIS SECTION]

VI. VALIDITY OF
THERMAL-HISTORY-INDUCED MASS

SPECTRA

[THIS SECTION JUSTIFIES MENTIONING CONUN-
DRA PAPER IN INTRODUCTION.] The (more) realis-
tic re-evaluation of microlensing constraints presented in
this work inevitably raises the question of the viability
PBH formation scenarios with multimodal mass spectra
originating from cosmic phase transitions as well as other
events which change the number of relativistic degrees of
freedom. The most important of these is the QCD phase
transition/ cross-over, but also the electro-weak phase
transition as well as e+ e� annihilation cause sizeable lo-
cal enhancements in fPBH (c.f. Carr et al. [2021]).

The most complete scenario in this regard is the so-
called Thermal-History Model of Carr et al. [2021]. Here,
the thermal history of the Universe induces peaks in
the PBH mass function at very specific mass scales —
around planetary mass (electro-weak phase transition),
solar mass (QCD transition) and about 106 solar masses
(e+ e� annihilation). It is remarkable that a simple pri-
mordial power spectrum of the form P (k) = Akns�1,
with the amplitude A ' 0.1487 and the same spec-

tral index as measured by Planck, ns = 0.96 [Aghanim
et al. 2020], is capable of explaining numerous cosmic co-
nundra. Such a spectral shape is natural in single-field
models of inflation with quasi-inflection points [Garćıa-
Bellido & Ruiz Morales 2017], where a brief plateau-
like feature in the potential helps enhance the amplitude
of the power spectrum without a↵ecting CMB scales.
A concrete realisation in terms of Critical Higgs In-
flation [Ezquiaga et al. 2018], where the normalisation
group running of the self-coupling of the Higgs ensures
this feature, is particularly appealing, given the recent
determination of the top quark and Higgs masses at the
LHC.

While we have shown in this work that microlensing
constraints are su�ciently relaxed and do not threaten
the mentioned class of thermal-history models around
and below the QCD peak, one may wonder about their
compatibility above. In the mass range O(10 – 104)M�,
the most relevant constraint comes from accretion. In
fact, it has recently been claimed that this particularly
would even rule out the QCD transition as the origin of
the LIGO/Virgo events, unless an ad hoc mass evolu-

tion for the PBH mass function and a cuto↵ in power-

spectrum very close to the QCD scale are introduced by

hand. [Juan et al. 2022].

This claim is incorrect for the following reasons. Be-
fore detailing them, we would like to first remark the
surprising fact that Juan et al. [2022] used di↵erent pa-
rameters for A and ns than has been carefully chosen for
the original Thermal-History Model, leading to a drasti-
cally di↵erent mass spectrum. On the one hand, this of
course spoils comparability, and on the other hand leads
to a less pronounced QCD peak, lowering fPBH specifi-
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tion of the arc within the PBH Einstein radius. As a
result, microlensing events for PBHs in clusters are more
numerous but only induce a small change in magnitude
rather than the order one change assumed for the mi-
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for a spherical halo is given by
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[BERNARD/SÉBASTIEN TO FIX NOTATION],
one obtains a deflection angle (ref)

↵(Rcl,Mcl
) ⇡ 2⇥ 10�13

✓
Mcl

M�

◆✓
pc

Rcl

◆
, (26)

which is not resolvable for the clusters induced by Poisson
fluctuations. The typical length subtended by these arcs
[?] is then L ⇠ ↵Dcil and this must be compared to the
Einstein radius of individual PBHs in the cluster,

RE = 2

r
GmPBH x (1� x)

Dcl

c2

⇠ 10�5 pc

✓
mPBH

M�

Dcl

kpc

◆1/2

,

(27)

where x is ratio of the distances between the observer
and the lens and the observer and the source, which is
typically of order O(1). This is much smaller than the
size of arcs. A microlensing event generated by a PBH
cluster therefore only involves a tiny part of the total flux
of the distant source, so event is below the threshold for
being distinguished from other flux variations.
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SHOULD ELABORATE AND STRESS THAT CLUS-
TERS DON’T COVER THE SKY?] Another reason
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abundance is the lower probability of finding a PBH clus-
ter along the line of sight than an individual PBH within
a homogeneous distribution. [For instance, if PBHs are
clustered in ultra-faint dwarf satellite galaxies, then the
probability of finding one of them in the line of sight
of the Large Magellanic Cloud is less than a part in a
thousand.
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transition as well as e+ e� annihilation cause sizeable lo-
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the thermal history of the Universe induces peaks in
the PBH mass function at very specific mass scales —
around planetary mass (electro-weak phase transition),
solar mass (QCD transition) and about 106 solar masses
(e+ e� annihilation). It is remarkable that a simple pri-
mordial power spectrum of the form P (k) = Akns�1,
with the amplitude A ' 0.1487 and the same spec-

tral index as measured by Planck, ns = 0.96 [Aghanim
et al. 2020], is capable of explaining numerous cosmic co-
nundra. Such a spectral shape is natural in single-field
models of inflation with quasi-inflection points [Garćıa-
Bellido & Ruiz Morales 2017], where a brief plateau-
like feature in the potential helps enhance the amplitude
of the power spectrum without a↵ecting CMB scales.
A concrete realisation in terms of Critical Higgs In-
flation [Ezquiaga et al. 2018], where the normalisation
group running of the self-coupling of the Higgs ensures
this feature, is particularly appealing, given the recent
determination of the top quark and Higgs masses at the
LHC.

While we have shown in this work that microlensing
constraints are su�ciently relaxed and do not threaten
the mentioned class of thermal-history models around
and below the QCD peak, one may wonder about their
compatibility above. In the mass range O(10 – 104)M�,
the most relevant constraint comes from accretion. In
fact, it has recently been claimed that this particularly
would even rule out the QCD transition as the origin of
the LIGO/Virgo events, unless an ad hoc mass evolu-

tion for the PBH mass function and a cuto↵ in power-
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the original Thermal-History Model, leading to a drasti-
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halo objects are clusters since they may be disrupted by
collisions before dynamical friction can take them into
the nucleus. From Eq. (18) this requires

rc >

8
><

>:

0.5 pcf�1

h

⇣
mc

106 M�

⌘4/3
(mc < m2)

0.8 pcf�1

h

⇣
mc

106 M�

⌘
(mc > m2) .

(20)

D. Evaporation/Heating of PBH Clusters

[BERNARD: THIS SECTION MUST BE CLAR-
IFIED. IS PETAC CONSTRAINT WEAKER OR
STRONGER THAN OURS?] If one näıvely extrapo-
lated the Press-Schechter formalism to smaller scales, one
would conclude that smaller clusters are formed inside
larger clusters, in a self-similar way down to the PBH
scale itself. However, one ingredient is missing in this
picture: a lower bound on the PBH cluster mass arises
because sub-clusters are dynamically unstable and ex-
pand until they are completely diluted within their host
cluster.

An estimate of this lower bound was calculated by Af-
shordi et al. [2003], based on the evaporation time tev for
the cluster, this being linked to the relaxation time trel
for a halo [?] of N objects

tev ⇠ 300 trel ⇠ 300


0.14N

ln(0.14N)

�s
r3
clust

GMclust

, (21)

where rclust is the halo median radius, estimated for a
truncated singular isothermal sphere model to be

rclust '
(2GMclust)1/3 ⌦

2/15
M

(27⇡)2/3
t2/3
0

✓
1 + z

1 + zform

◆
. (22)

For instance, one gets rclust ⇡ 30 pc for zform = 20 and
Mclust = 106 M�, which roughly corresponds to the ob-
served minimum size of ultra-faint dwarf galaxies.

Mmin

clust
' 2⇥ 103

mPBH

M�
(1 + z)�1 . (23)

But Petač et al. [2022] use an evaporation time tev ⇠

140 trel with tev = t0 and N = Mclust/mPBH in or-
der to obtain the relation between the minimum clus-
ter mass and its size. [SÉBASTIEN TO CHECK
CLAIMS THAT RELAXATION AND NOT EVAPORA-
TION TIME IS RELEVANT.] This gives

r ' 8.7 pc

✓
mPBH

M�

◆2/3✓ M�
Mclust

◆1/3

⇥

Log

✓
0.14Mclust

mPBH

◆
,

(24)

[BERNARD: [LOG?]] which can be inverted to get
around 104 M� in our example.

A more refined [?] estimate of the dynamical heating
time tdyn was obtained by Brandt [2016] by solving (see
[Carr & Lacey 1987])

d rcl
dt

=
4
p
2 ⇡GfPBHmPBH ln

⇣
mcl

2mPBH

⌘

2� vvir rcl
, (25)

where vvir is the halo virial velocity and � ⇡ 10 is a
parameter depending on the halo profile. When one
integrates this equation, assuming for simplicity that
rclust = 0 at the formation time and expressing the virial
velocity as a function of the halo and PBH masses, one
finds a relaxation time:

trel ⇡ 0.13
m1/2

c r3/2c

G1/2m⇤ ln⇤
, (26)

where ⇤ ⇡ 3mc/5m⇤. Taking ln⇤ = 14, we find

trel ⇡ 1.5⇥ 108 yr (mc/10
6 M�)

1/2
⇥

(rc/pc)
3/2(m⇤/M�)

�1 .
(27)

A simple calculation for the evaporation rate due to two-
body encounters gives tevap ⇡ 100 trel (Spitzer 1975).
Thus the condition tevap > tg implies

m⇤ < 0.5M�(mc/10
6 M�) (rc/pc)

3/2

⇥ (tg/1.5⇥ 1010 yr)�1 .
(28)

This neglects core collapse, which occurs after a time
tcc ⇡ 15 trel. Cluster reexpansion following core collapse
may drive most of the mass over the tidal limit faster
than two-body evaporation if the tidal radius rt is not
too large compared to the cluster radius [Lee & Ostriker
1986].

In Fig. (3) we show tdyn obtained with this method
as a function of the (sub-)halo [?] mass and radius and
find that masses below 106 M� are dynamically unstable
over times comparable to the age of the Universe. The
corresponding radius is about 20 pc but a more adequate
estimation must also takes into account the existence of a
central intermediate-mass black hole — possibly a PBH
in the high-mass tail of their distribution — which can
change Mmin

clust
and the corresponding rmin

clust
by factors of

order one.

Despite crude assumptions, one naturally ends up with
a model with cluster masses between 106 M� and 107 M�
with cluster radii between 10 and 100 pc. This corre-
sponds to the characteristics of ultra-faint dwarf galax-
ies, for which one can show that the initially captured
baryonic gas is quickly accreted onto PBHs, thereby gen-
erating the observed very large mass-to-light ratios.

We stress that this picture for the clustering history
must be refined with numerical or semi-numerical meth-
ods, including N -body simulations and more advanced
formalisms for the halo formation. Preliminary work in
this context can be found by Ali-Häımoud [2018] and
Tkachev et al. [2020] but none of this contradicts the
simple picture presented above.

Poisson fluctuation = isocurvature fluctuation

� =
1p
N

⇥
✓
1 + zeq
1 + z

◆
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FIG. 1. Expected dark matter density distribution over a scale of 2 kpc/h at redshift z = 100 obtained from N -body simulations
by Inman & Ali-Häımoud [2019] for mPBH = 30M� and fPBH = 10�5 (left panel) and fPBH = 0.1 (right panel).

One can associate a halo mass scale with each fluctua-
tion wavelength � = k/2⇡ defined as mcl = 4⇡/3�3⇢m0,
which gives

mcl(�) ' 1.15⇥ 1012
✓

�

Mpc

◆3

M� . (3)

Poisson-induced fluctuations decouple from the expan-
sion and form a bound PBH cluster when they become
larger than the overdensity threshold �clust

th
' 1.686,

which implies a formation redshift around

zform + 1 ' 3.7⇥ 10�3k�3/2

✓
mPBH

M�

◆�1/2

(4)

' 24⇥


106mPBH

mcl

�1/2
. (5)

in the matter era. This implies that clusters of mass up
to 106 � 107M� will form at early times compared to
the current age of the Universe. When a bound cluster
is formed, the theory of spherical collapse predicts that
its density is approximately 178 times the background
density, allowing to derive the cluster radius at formation
as

rcl ' 135 pc

✓
mPBH

M�

◆1/2 ✓ mcl

106M�

◆�1/6

(6)

According to the (extended) Press-Schechter formal-
ism [Bond et al. 1991, Bower 1991, Lacey & Cole 1993,
1994], the fraction of fluctuations that collapse into halos
with a mass Mclust is given by

F (Mclust, z) = erfc


�clust
th

p
2 �(Mclust, z)

�
, (7)

where �clust
th

' 1.686 is the overdensity threshold leading
to the collapse and

�2(Mclust, z) =

Z
d ln k

k3

2⇡2
P (k, z)W (k) . (8)

Here W (k) a window function, commonly taken to be
a top-hat between k and k + ln k. Figure 2, shows
the expected value of F (Mclust, z = 0) for the previ-
ous example (M = 3M�, fPBH = 1) and indicates that
F (Mclust < 106 M�) is very close to unity. This means
that almost all the fluctuations below this scale collapse
to PBH clusters, so most PBHs end up in such clusters
at some point. The maximum [BERNARD:] (surviv-
ing/timing?) clustering scale for this model is therefore
around 106 – 107 M�.

Finally, we can estimate the redshift associated with
the formation of a cluster of mass Mclust. If one considers
that [SÉBASTIAN TO COMPLETE]

Some authors argue PBH clustering going beyond the
Poisson e↵ect should be expected [Ballesteros et al. 2018,
Chisholm 2006, 2011, Clesse & Garćıa-Bellido 2017, Des-
jacques & Riotto 2018, Ezquiaga et al. 2020, Trashorras
et al. 2021]. Although there is some controversy about
this [Ali-Häımoud 2018, Sasaki et al. 2018], Clesse and
Garćıa-Bellido point out that PBHs should be clustered
into subhalos if they are part of a larger-scale overdense
region [Clesse & Garćıa-Bellido 2017] and this conclu-
sion is supported by the work of Trashorras et al. [2021],
who have performed an extensive study on the clustering
dynamics of PBHs in N -body simulations, allowing for
evaporation, merging, mass segregation and dynamical
friction. Furthermore, in PBH formation models with
large curvature fluctuations generated during inflation,
there is universal quantum di↵usion that gives rise to
exponential non-Gaussian tails [Ezquiaga et al. 2020],

Very early (cf. N-body simulation) 
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Dynamical heating

Compact clusters are dynamically heated   

Brandt, 1605.03665

Green, 1609.01143

S.C, Garcia-Bellido, 1711.10458

Evaporation

Increase of the cluster radius with time:

No lensing,  
microlensing limits  

apply

7

halo objects are clusters since they may be disrupted by
collisions before dynamical friction can take them into
the nucleus. From Eq. (18) this requires

rc >

8
><

>:

0.5 pcf�1

h

⇣
mc

106 M�

⌘4/3
(mc < m2)

0.8 pcf�1

h

⇣
mc

106 M�

⌘
(mc > m2) .

(20)

D. Evaporation/Heating of PBH Clusters

[BERNARD: THIS SECTION MUST BE CLAR-
IFIED. IS PETAC CONSTRAINT WEAKER OR
STRONGER THAN OURS?] If one näıvely extrapo-
lated the Press-Schechter formalism to smaller scales, one
would conclude that smaller clusters are formed inside
larger clusters, in a self-similar way down to the PBH
scale itself. However, one ingredient is missing in this
picture: a lower bound on the PBH cluster mass arises
because sub-clusters are dynamically unstable and ex-
pand until they are completely diluted within their host
cluster.

An estimate of this lower bound was calculated by Af-
shordi et al. [2003], based on the evaporation time tev for
the cluster, this being linked to the relaxation time trel
for a halo [?] of N objects

tev ⇠ 300 trel ⇠ 300


0.14N

ln(0.14N)

�s
r3
clust

GMclust

, (21)

where rclust is the halo median radius, estimated for a
truncated singular isothermal sphere model to be

rclust '
(2GMclust)1/3 ⌦

2/15
M

(27⇡)2/3
t2/3
0

✓
1 + z

1 + zform

◆
. (22)

For instance, one gets rclust ⇡ 30 pc for zform = 20 and
Mclust = 106 M�, which roughly corresponds to the ob-
served minimum size of ultra-faint dwarf galaxies.

Mmin

clust
' 2⇥ 103

mPBH

M�
(1 + z)�1 . (23)

But Petač et al. [2022] use an evaporation time tev ⇠

140 trel with tev = t0 and N = Mclust/mPBH in or-
der to obtain the relation between the minimum clus-
ter mass and its size. [SÉBASTIEN TO CHECK
CLAIMS THAT RELAXATION AND NOT EVAPORA-
TION TIME IS RELEVANT.] This gives

r ' 8.7 pc

✓
mPBH

M�

◆2/3✓ M�
Mclust

◆1/3

⇥

Log

✓
0.14Mclust

mPBH

◆
,

(24)

[BERNARD: [LOG?]] which can be inverted to get
around 104 M� in our example.

A more refined [?] estimate of the dynamical heating
time tdyn was obtained by Brandt [2016] by solving (see
[Carr & Lacey 1987])

d rcl
dt

=
4
p
2 ⇡GfPBHmPBH ln

⇣
mcl

2mPBH

⌘

2� vvir rcl
, (25)

where vvir is the halo virial velocity and � ⇡ 10 is a
parameter depending on the halo profile. When one
integrates this equation, assuming for simplicity that
rclust = 0 at the formation time and expressing the virial
velocity as a function of the halo and PBH masses, one
finds a relaxation time:

trel ⇡ 0.13
m1/2

c r3/2c

G1/2m⇤ ln⇤
, (26)

where ⇤ ⇡ 3mc/5m⇤. Taking ln⇤ = 14, we find

trel ⇡ 1.5⇥ 108 yr (mc/10
6 M�)

1/2
⇥

(rc/pc)
3/2(m⇤/M�)

�1 .
(27)

A simple calculation for the evaporation rate due to two-
body encounters gives tevap ⇡ 100 trel (Spitzer 1975).
Thus the condition tevap > tg implies

m⇤ < 0.5M�(mc/10
6 M�) (rc/pc)

3/2

⇥ (tg/1.5⇥ 1010 yr)�1 .
(28)

This neglects core collapse, which occurs after a time
tcc ⇡ 15 trel. Cluster reexpansion following core collapse
may drive most of the mass over the tidal limit faster
than two-body evaporation if the tidal radius rt is not
too large compared to the cluster radius [Lee & Ostriker
1986].

In Fig. (3) we show tdyn obtained with this method
as a function of the (sub-)halo [?] mass and radius and
find that masses below 106 M� are dynamically unstable
over times comparable to the age of the Universe. The
corresponding radius is about 20 pc but a more adequate
estimation must also takes into account the existence of a
central intermediate-mass black hole — possibly a PBH
in the high-mass tail of their distribution — which can
change Mmin

clust
and the corresponding rmin

clust
by factors of

order one.

Despite crude assumptions, one naturally ends up with
a model with cluster masses between 106 M� and 107 M�
with cluster radii between 10 and 100 pc. This corre-
sponds to the characteristics of ultra-faint dwarf galax-
ies, for which one can show that the initially captured
baryonic gas is quickly accreted onto PBHs, thereby gen-
erating the observed very large mass-to-light ratios.

We stress that this picture for the clustering history
must be refined with numerical or semi-numerical meth-
ods, including N -body simulations and more advanced
formalisms for the halo formation. Preliminary work in
this context can be found by Ali-Häımoud [2018] and
Tkachev et al. [2020] but none of this contradicts the
simple picture presented above.

Poisson fluctuation = isocurvature fluctuation

� =
1p
N

⇥
✓
1 + zeq
1 + z

◆
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FIG. 1. Expected dark matter density distribution over a scale of 2 kpc/h at redshift z = 100 obtained from N -body simulations
by Inman & Ali-Häımoud [2019] for mPBH = 30M� and fPBH = 10�5 (left panel) and fPBH = 0.1 (right panel).

One can associate a halo mass scale with each fluctua-
tion wavelength � = k/2⇡ defined as mcl = 4⇡/3�3⇢m0,
which gives

mcl(�) ' 1.15⇥ 1012
✓

�

Mpc

◆3

M� . (3)

Poisson-induced fluctuations decouple from the expan-
sion and form a bound PBH cluster when they become
larger than the overdensity threshold �clust

th
' 1.686,

which implies a formation redshift around

zform + 1 ' 3.7⇥ 10�3k�3/2

✓
mPBH

M�

◆�1/2

(4)

' 24⇥


106mPBH

mcl

�1/2
. (5)

in the matter era. This implies that clusters of mass up
to 106 � 107M� will form at early times compared to
the current age of the Universe. When a bound cluster
is formed, the theory of spherical collapse predicts that
its density is approximately 178 times the background
density, allowing to derive the cluster radius at formation
as

rcl ' 135 pc

✓
mPBH

M�

◆1/2 ✓ mcl

106M�

◆�1/6

(6)

According to the (extended) Press-Schechter formal-
ism [Bond et al. 1991, Bower 1991, Lacey & Cole 1993,
1994], the fraction of fluctuations that collapse into halos
with a mass Mclust is given by

F (Mclust, z) = erfc


�clust
th

p
2 �(Mclust, z)

�
, (7)

where �clust
th

' 1.686 is the overdensity threshold leading
to the collapse and

�2(Mclust, z) =

Z
d ln k

k3

2⇡2
P (k, z)W (k) . (8)

Here W (k) a window function, commonly taken to be
a top-hat between k and k + ln k. Figure 2, shows
the expected value of F (Mclust, z = 0) for the previ-
ous example (M = 3M�, fPBH = 1) and indicates that
F (Mclust < 106 M�) is very close to unity. This means
that almost all the fluctuations below this scale collapse
to PBH clusters, so most PBHs end up in such clusters
at some point. The maximum [BERNARD:] (surviv-
ing/timing?) clustering scale for this model is therefore
around 106 – 107 M�.

Finally, we can estimate the redshift associated with
the formation of a cluster of mass Mclust. If one considers
that [SÉBASTIAN TO COMPLETE]

Some authors argue PBH clustering going beyond the
Poisson e↵ect should be expected [Ballesteros et al. 2018,
Chisholm 2006, 2011, Clesse & Garćıa-Bellido 2017, Des-
jacques & Riotto 2018, Ezquiaga et al. 2020, Trashorras
et al. 2021]. Although there is some controversy about
this [Ali-Häımoud 2018, Sasaki et al. 2018], Clesse and
Garćıa-Bellido point out that PBHs should be clustered
into subhalos if they are part of a larger-scale overdense
region [Clesse & Garćıa-Bellido 2017] and this conclu-
sion is supported by the work of Trashorras et al. [2021],
who have performed an extensive study on the clustering
dynamics of PBHs in N -body simulations, allowing for
evaporation, merging, mass segregation and dynamical
friction. Furthermore, in PBH formation models with
large curvature fluctuations generated during inflation,
there is universal quantum di↵usion that gives rise to
exponential non-Gaussian tails [Ezquiaga et al. 2020],
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Probability of collapse
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Probability of collapse

Almost 100% of fluctuations collapse up to 107 Mʘ 
Sub-sub halos diluted in their sub halo  
Natural clustering scale above 107 Mʘ 
S.C, Garcia-Bellido, 2007.06481

Evaporation

Fraction of (Poisson) fluctuations that collapse,  

in the Press-Schechter formalism:

No lensing,  
microlensing limits  

apply

F (mcl) ⇡ erfc
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Heating of the galactic disk

Evaporation

No lensing,  
microlensing limits  

apply

99% 90%

Clusters dynamically heat the galactic disk  
Clue or limit ? 

Carr & Lacey, 1987

mcl < 3⇥ 106M�
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Disk heating
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Poisson PBH clusters would have 
too much heated the galactic disk => excluded 
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Initial cluster size

Evaporation

No lensing,  
microlensing limits  

apply

99% 90%

For dynamical heating, we 
assumed negligible initial size… 

Disk heating

Size of the cluster at formation,  
in the theory of spherical collapse: 
(when cluster density 178 times background density)

4

FIG. 1. Expected dark matter density distribution over a scale of 2 kpc/h at redshift z = 100 obtained from N -body simulations
by Inman & Ali-Häımoud [2019] for mPBH = 30M� and fPBH = 10�5 (left panel) and fPBH = 0.1 (right panel).

One can associate a halo mass scale with each fluctua-
tion wavelength � = k/2⇡ defined as mcl = 4⇡/3�3⇢m0,
which gives

mcl(�) ' 1.15⇥ 1012
✓

�

Mpc

◆3

M� . (3)

Poisson-induced fluctuations decouple from the expan-
sion and form a bound PBH cluster when they become
larger than the overdensity threshold �clust

th
' 1.686,

which implies a formation redshift around

zform + 1 ' 3.7⇥ 10�3k�3/2

✓
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M�

◆�1/2

(4)

' 24⇥
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in the matter era. This implies that clusters of mass up
to 106 � 107M� will form at early times compared to
the current age of the Universe. When a bound cluster
is formed, the theory of spherical collapse predicts that
its density is approximately 178 times the background
density, allowing to derive the cluster radius at formation
as

rcl ' 135 pc

✓
mPBH

M�

◆1/2 ✓ mcl

106M�

◆�1/6

(6)

According to the (extended) Press-Schechter formal-
ism [Bond et al. 1991, Bower 1991, Lacey & Cole 1993,
1994], the fraction of fluctuations that collapse into halos
with a mass Mclust is given by

F (Mclust, z) = erfc


�clust
th

p
2 �(Mclust, z)

�
, (7)

where �clust
th

' 1.686 is the overdensity threshold leading
to the collapse and

�2(Mclust, z) =

Z
d ln k

k3

2⇡2
P (k, z)W (k) . (8)

Here W (k) a window function, commonly taken to be
a top-hat between k and k + ln k. Figure 2, shows
the expected value of F (Mclust, z = 0) for the previ-
ous example (M = 3M�, fPBH = 1) and indicates that
F (Mclust < 106 M�) is very close to unity. This means
that almost all the fluctuations below this scale collapse
to PBH clusters, so most PBHs end up in such clusters
at some point. The maximum [BERNARD:] (surviv-
ing/timing?) clustering scale for this model is therefore
around 106 – 107 M�.

Finally, we can estimate the redshift associated with
the formation of a cluster of mass Mclust. If one considers
that [SÉBASTIAN TO COMPLETE]

Some authors argue PBH clustering going beyond the
Poisson e↵ect should be expected [Ballesteros et al. 2018,
Chisholm 2006, 2011, Clesse & Garćıa-Bellido 2017, Des-
jacques & Riotto 2018, Ezquiaga et al. 2020, Trashorras
et al. 2021]. Although there is some controversy about
this [Ali-Häımoud 2018, Sasaki et al. 2018], Clesse and
Garćıa-Bellido point out that PBHs should be clustered
into subhalos if they are part of a larger-scale overdense
region [Clesse & Garćıa-Bellido 2017] and this conclu-
sion is supported by the work of Trashorras et al. [2021],
who have performed an extensive study on the clustering
dynamics of PBHs in N -body simulations, allowing for
evaporation, merging, mass segregation and dynamical
friction. Furthermore, in PBH formation models with
large curvature fluctuations generated during inflation,
there is universal quantum di↵usion that gives rise to
exponential non-Gaussian tails [Ezquiaga et al. 2020],
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But then, microlensing limits apply !!!  

You are back to your starting point…
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Broad PBH mass function

Evaporation

No lensing,  
microlensing limits  

apply

99% 90%

If PBHs explain LIGO/Virgo black holes 
they also seed Poisson clusters 

Disk heating

Poisson fluctuations:

� /
Z

mPBHfPBHf(mPBH)d lnmPBH ⇠ 10� 100
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but still, PBH peak around 3 Mʘ 

We get a minimal clustering scale  
around 105-106 Mʘ 
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Collisional/tidal disruption

Evaporation

No lensing,  
microlensing limits  

apply

99% 90%

If clusters are too large: 
Carr & Lacey, 1987

Disk heating
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all this, if they are the dark matter 

and at our galactocentric radius

- Tidal shocking when they traverse the galactic disk:

rcl . 100pc

✓
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- Disruption by collisions between clusters:  

- Disruption by the galactic tidal field:  

rcl . 30pc
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Observations of UFDGs

Evaporation

No lensing,  
microlensing limits  

apply

99% 90%

Ultra-faint dwarf galaxies 
Brandt 2017, Simon 2019…


Disk heating

Naïve estimation : 

Half light radius vs dynamical 

mass from the Virial theorem
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• Minimum size and mass of UFDGs could be 
explained by dynamical heating (Clesse, Garcia-
Bellido 2017)         

• Large mass-to-light ratios could be explained by 
PBH accretion  (Clesse, Garcia-Bellido 2017)


• High-redshift formation could explain spatial 
correlations between X-ray and infrared 
backgrounds (Kashlinsky 2016) 


• Many UFDGs expected below the detection limit 

• No clusters in the galactic center
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PBH merger rates

Evaporation

No lensing,  
microlensing limits  

apply

99% 90%

Disk heating
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4. Our playground • LIGO/Virgo (GW190425) :  250-2800 yr-1 Gpc-3


• Early binaries (Hutsi et al, 2020):  2400 yr-1 Gpc-3         
see Hardi’s talk - debate about the fraction of 
binaries not in clusters


• Late binaries  :  ~1000 yr-1 Gpc-3   

• Three-body interactions:  (Francioloini 22) rates at 
odds with late binaries


fsup ⇡ 0.002
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Conclusion:
Lot of effects and uncertainties still to include

To be improved: 

• Radiation-Matter transition 

• Mass/size of UFDGs from luminosity  

• PBH cluster profile and mass segregation 

• CMB limits for PBH clusters 

• Disruption of sub-sub halos in sub-halos 

• Simulations of microlensing events 
including the lensing effect 

• N-body simulations of cluster formation/
evolution 

• etc… 

My two-cents: 

• Natural clustering scale around 105-107 Mʘ  

• Microlensing limits evaded due to the 
lensing+microlensing effect 

• Need of broad PBH mass distribution 

• Effects:  evaporation, dynamical heating, 
initial cluster size and redshift, fraction of 
collapsed halos, lensing by clusters, disk 
heating, collisions, tidal disruptions…


Strong claims are premature
22
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Conclusion:
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Do not neglect the Poisson effect in a PBH sea
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Conclusion:
Merging rate suppression for early binaries  

down to LIGO/Virgo merging rates

due to disruption in or by early clusters


[Raidal+18]
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fsup ⇡ 0.002
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Do not neglect the Poisson effect in a PBH sea
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Conclusion:
Merging rate suppression for early binaries  

down to LIGO/Virgo merging rates

due to disruption in or by early clusters


[Raidal+18]


High-z clusters: spatial correlations 
in IR and X-ray backgrounds 

[Kashlinsky 16]

23

Press-Schechter:

~100% probability to collapse 
at z > 20 for small perturbations


Mʘ PBHs: halos up to 106 - 107 Mʘ  

fsup ⇡ 0.002
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Conclusion:
Merging rate suppression for early binaries  

down to LIGO/Virgo merging rates

due to disruption in or by early clusters


[Raidal+18]


High-z clusters: spatial correlations 
in IR and X-ray backgrounds 

[Kashlinsky 16]

Ultra-faint dwarf galaxies 
min radius ~20 pc and 


large mass-to-light ratios 

 (dynamical heating + accretion) 


[S.C.+17, S.C.+20]


subhalos diluted in larger halos
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Conclusion:
Merging rate suppression for early binaries  

down to LIGO/Virgo merging rates

due to disruption in or by early clusters


[Raidal+18]


High-z clusters: spatial correlations 
in IR and X-ray backgrounds 

[Kashlinsky 16]

Ultra-faint dwarf galaxies 
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Macho/EROS 
90% PBH in clusters
10% uniformy dist.

Star from the 
LMC/SMC

‘Heated’ PBH cluster
of size ~20 pc 

Magnification 
due to microlensing

is suppressed

Lensing:
flux spans an 

‘Einstein arc’ larger 
than Einstein radius

of PBHs

Black hole sling-shot away from its host cluster ~10-30% of DM
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Conclusion:
Merging rate suppression for early binaries  

down to LIGO/Virgo merging rates

due to disruption in or by early clusters


[Raidal+18]


High-z clusters: spatial correlations 
in IR and X-ray backgrounds 

[Kashlinsky 16]

Ultra-faint dwarf galaxies 
min radius ~20 pc and 


large mass-to-light ratios 

 (dynamical heating + accretion) 


[S.C.+17, S.C.+20]


subhalos diluted in larger halos

Evade micro-lensing limits  [Carr+19]

Boost the merging rate of late binaries 
up to LIGO/Virgo rates 


[S.C.+20]
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Press-Schechter:

~100% probability to collapse 
at z > 20 for small perturbations


Mʘ PBHs: halos up to 106 - 107 Mʘ  

fsup ⇡ 0.002
<latexit sha1_base64="oEbmQ4On57RGQ1jEDqZN6z13MNI="></latexit>

�2
Poisson

/ (fPBHmPBH)⇥ k3
<latexit sha1_base64="Rm7esFPgLaybzF9Hr1aKtV3oCjQ="></latexit>

Do not neglect the Poisson effect in a PBH sea


