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Lecture Plan

Statistics basic concepts (Monday/Tuesday)

These lectures: Computing statistical results

Confidence intervals

Upper limits
Systematics and profiling
Bayesian techniques

See also the Hands-on tutorial yesterday covering both sets of lectures.


https://indico.in2p3.fr/event/26179/timetable/?view=standard#1-basic-concepts-of-statistics
https://indico.in2p3.fr/event/26179/timetable/?view=standard#2-basic-concepts-of-statistics
https://indico.in2p3.fr/event/26179/timetable/?view=standard#13-hands-on-basic-statistitics

Highlights : Hypothesis Tests and Discovery

Given a PDF P(data; u), define likelihood L(p) = P(data; p)

To estimate a parameter, use the value L that maximizes L(u) = best-fit value

L\H
To decide between hypotheses H and H , use the likelihood ratio ( ")
L(H,)
L(S=0) .
To test for discovery, use q,= —2log ( < ) 5=0
L(S)
For large enough datasets (n >~ 5), Z =+ 9,
For a single Gaussian measurement, Z = %
B
For a single Poisson measurement, Z = {] 2 (§+ B) log|1 + % —_
3/
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Confidence Intervals
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Confidence Intervals

Last lecture we saw how to estimate (=compute) the value of a parameter

Maximum Likelihood
Estimator (MLE) [x:

A

nw = arg maxL(u)

However we also need to estimate the associated uncertainty.

What is the meaning of an
uncertainty ?

We don’t know what the true
value is, but there is a

68% chance that it is within
the error bar

T
— Total uncertainty

Stat. uncertainty

Tevatron I combination
PRD 70 (2004) 092008

DO II
PRL 108 (2012) 151804

LEP combination
Phys. Rept. 532 (2013) 119

ATLAS
EPJC 78 (2018) 110

LHCb
JHEP 01 (2022) 036

CDF II
Science 376 (2022) 170

Electroweak Fit (J. Haller et al.)
EPJC 78 (2018) 675

Electroweak Fit (J. de Blas et al.)
arXiv:2112.07274

80100 80200

80500
my, [MeV]

80300 80400
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Gaussian confidence intervals

Consider a Gaussian likelihood:

= 3
S 5 _ 1{n—p|’
:_32'5: L(U)_exp ~Hl| o )
< 2-
S 15 P(u—o<n;+o)=68.3%
1_ P(n—0<u<n+o)=68.3%
0.5+
- Still a statement on n!
of
—Q. 5t b b

—54—3—21012345
Observed data (n)

H=nzoat68%CL(“1la”)

The reported interval n = o will contain the true value of p 68.3% of the time
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Gaussian confidence intervals

Consider a Gaussian likelihood:

= 3
S 5 _ 1{n—p|’
732'5; L(un) = exp ~5| o )
o 2r
S g P(u—o<n;+o)=68.3%
1; P(n—0<u<n+o)=68.3%
0.5;
- Still a statement on n!
0
—Q. 5t b b

—54—3—21012345
Observed data (n)

H=nzoat68%CL(“1la”)

The reported interval n = o will contain the true value of p 68.3% of the time
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Gaussian confidence intervals

Consider a Gaussian likelihood:

-~ 3

= N

S opgf - 1{n—p)’
[ L(u) = exp ~5| 7o

© 2

T B

S 1.5 Plu—o<n<p+0)=683%

|

Pln—o<p<n+0)=683%

e
T T 1 11

Still a statement on n!

0Bl

Observed data (n)

H=nzoat68%CL(“1la”)

The reported interval n = o will contain the true value of p 68.3% of the time

6/
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Gaussian confidence intervals

Frequentist interpretation
- Experime|f1
If we would repeat the same - -
experiment multiple times, )
with true value pn*, then 68.3%
of the 1o intervals would

contain p*. -

= Crucially, this works even if

u*-c  u* u*+o

we do not know p* !

For each experiment, get the interval m=nz=o at 68% CL (“16”)

The reported interval n = o will contain the true value of p 68.3% of the time

7/
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Neyman Construction

General case: build 1o intervals of observed values for each true value

=> Confidence belt

True value p*

68% intervals for [

Observed value jt

>~ 8

76



Neyman Construction

General case: build 1o intervals of observed values for each true value

=> Confidence belt

True value p*

68% intervals for [

Observed value jt

>~ 8
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Inversion using the Confidence Belt

General case: Intersect belt with given [I, get P([i — o, < w<fi+ o;) = 68 %

— Same as before for Gaussian, works also when P(u°® | n) varies with p.

True value p*

= —-
Observed value J

9/
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Inversion using the Confidence Belt

General case: Intersect belt with given [I, get P([i — o, < w<fi+ o;) = 68 %

— Same as before for Gaussian, works also when P(u°® | n) varies with p.

True value p*

.
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Inversion using the Confidence Belt

General case: Intersect belt with given [I, get P([i — o, < w<fi+ o;) = 68 %

— Same as before for Gaussian, works also when P(u°® | n) varies with p.

True value p*

o, comes from the model,

not the data

— data only provides [l.

o ' from negative side of [l intervals

o, from positive side of (1 intervals

Problem: Doesn’t generalize well to many

parameters in realistic models
—>

9/

Observed value J e



General case: Likelihood Intervals Probability to observe
the data for a given L.

Confidence intervals from L(p):

L
* Test various values p using the Profile t (U) = —2 log (lj)
Likelihood Ratio t(p) L(fi)
*  Minimum (=0) for p=[l, rises away from . t
* Good properties thanks to the Neyman- Probability to obs?r\ie
Pearson lemma. the data for best-fit .
. ATLAS-CONF-2017-047 Gaussian L(p):
2 ATLAS Preliminary  — corpraion )
N 7T \s-13Tev, 361" R N 1| n—
61— H—)Jj:ansti;Z*—MI _______ Z-»Z*—w | L(M) — exp _E o'u)
m, = 125.09 GeV k
5 _
f 2
4 _|n—p
2 e t(1) is parabolic, distributed as a x>
1 e Minimum occurs at = [l

t =1=>u=nz0o 1lointervallo
—e— 4 =1.09 £0.12 (ui) " /


https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2017-047/

General case: Likelihood Intervals

Confidence intervals from L(p):

-2In(A)

Test various values p using the Profile
Likelihood Ratio t(p)

Minimum (=0) for p=, rises away from [l

Good properties thanks to the Neyman-

Pearson lemma.

[0 0]

ATLAS-CONF-2017-047

T T ‘ T T T | T T
ATLAS Preliminary

7™ §=13TeV,36.1 b

6 H-yyand H-ZZ*—4l
m,, = 125.09 GeV

5_

4

3

2

1

|
Combination

—e— 4 =1.09 £0.12

General case:
o Generally not a perfect parabola
e Minimum still at p=

Asymptotic approximation
— Compute t(u) using the exact L(p)

— 1o interval given by t(p) 1



https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2017-047/

Homework 3: Gaussian Case -

Consider a parameter m (e.g. Higgs boson mass) 2
whose measurement is Gaussian with known
width g, and we measure m_ . 3

2
m_mobs
Om

1

2

L(m;mobs) — €

— Compute the best-fit value (MLE) m
— Compute t(m)
— Compute the 10 (68.3% CL) interval on m

Solution: m = m + O

obs m

— As expected!
— General method can be applied in the same way to more complex cases



2D Example: Higgs o, Vs. o,

ATLAS-CONF-2017-047

F
E‘ :I [ | 1T 1T 1 | | L | Itl<ll2 3IOI I | | L | T 1T 1 | | L t = —210g L(XAO,-YAO)
2 40" —— Combined 68% CL < 500 ATLAS Preliminary L(X,Y)
w L : < o. -1 -
M | asssa=s 0, = —

S 35F Combined 95% CL /s =13 TeV, 36.1 fb =y ~%*(N, =2) g
L H—yy 68% CL H—yy and H—»ZZ* —4l -1 " QoF.VBF 2

30 -iere HsZZ* 4] 68% CL m,, = 125.00 GeV, ly |<25 — ¢

- 4 Bestfit 112 g

25 e IPRAE PN — 4 Ceemmmmm——aL %

~ I SM prediction g N

: ; 'Ql 'O . E

20 — Y .’.’. . 15

15 :_ “;“‘ ............ + _‘ : é

- ..:“I”” o e . i ] E

10— S ; — ¢

- N m VBF ¢

5 ,.,.,,--r--.','.',:-,,-;.,,w,_,;.;.- ettt = 5

.. >

— SM . %

B 11 1 | | I I | | 1 1 1 1 | 1l 1 1 1 | I I | | 11 1 1 | I I | | 11 1 1 8

10 20 30 40 50 60 70 | go - 3

o) g9 c

68.3% (10) 95% 95.5% (20) aoF PV 3

1.00 3.84 4.00 : .

Gaussian case: elliptic £
2.30 .99 6.18 paraboloid surface 13

~~


https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2017-047/

Reparameterization

Start with basic measurement in terms of e.g. (o x B)

— How to measure derived quantities (couplings, parameters in some theory model,

etc.) ? = just reparameterize the likelihood:

e.q. nggs cou pllngs: O'ggF, O'VBF
GggF_) OggF (KV ’ KF)
L (GggF ’ 0'VBF)
Oypr ™ Oypr (KV , KF)
3‘ :I T T T | T T 171 | LI | T T T T | T T T 1 | T T T T I T T T T | LI
2 40" —— Combined 68% CL ATLAS Preliminary
Ié 35 EERCLEELT Combined 95% CL Vs =13 TeV, 36.1 fb’! =
© T H—>yy 68% CL H—yyand H—ZZ*—4] -
30 ----  HsZZ* 4] 68% CL m,, = 125.00 GeV, [y [<2.5
L H |
o5 - + Bestft ]
— [ SM prediction ST .
20 :_ .. .IQ'g’ _:
1o R & E
: f_ S ::7-'..'..1._"_,_‘._.‘_.." """'_‘_'_'_:»t. ..... ' _f
- SM ]
_I 11 1 | Il 1 1 1 | 11 1 1 | Il 1 1 1 | 1 1 1 | 1l 1 1 1 I Il 1 1 1 | 11 1 1
10 20 30 40 50 60 70 80

2.5

1.5

0.5

> L(OggF(KV’ KF)’ OVBF(KV’ KF))

sensitive to Higgs coupling modifiers K, K..

L'(KV’KF)

'

*  SM prediction ATLAS Preliminary
+ Bestiit Vs = 13 TeV, 36.1 b

Combined 68% CL H—yy and H—ZZ*—4l
Combined 95% CL

H—yy 68% CL
H—ZZ*—4l 68% CL

my =125.09 GeV

LT}
~~~~~
. .

o*

.

0.7



Upper Limits



Hypothesis tests for Limits

If no signal in data, testing for discovery not very relevant (report 0.20 excess ?)
— More interesting to exclude large signals

= Upper limits on signal yield

— Typically report 95% CL upper limit (p-value = 5%) : “S<S, @ 95% CL”

> i

S 300 ‘_Jf+

S 250 +‘l’++H+ ?

% 2005 ++++++Jr+ qu "

'c—:s 100 b ++ *ﬂ

P00 110 120 130 140 150 160
m (GeV)



Hypothesis tests for Limits

If no signal in data, testing for discovery not very relevant (report 0.20 excess ?)
— More interesting to exclude large signals

= Upper limits on signal yield

— Typically report 95% CL upper limit (p-value = 5%) : “S<S, @ 95% CL”

300[
250F
200
150
1001
501

Allowed

Normalized events per GeV

oo 110 120 130 140 150 160 16
m (GeV)



Hypothesis tests for Limits

If no signal in data, testing for discovery not very relevant (report 0.20 excess ?)
— More interesting to exclude large signals

= Upper limits on signal yield

— Typically report 95% CL upper limit (p-value = 5%) : “S<S, @ 95% CL”

300}t
2501 +
200f t

150} &
100
50

Excluded

Normalized events per GeV

00710 120 130 140 150 160 16
m (GeV)



Hypothesis tests for Limits

If no signal in data, testing for discovery not very relevant (report 0.20 excess ?)
— More interesting to exclude large signals

= Upper limits on signal yield

— Typically report 95% CL upper limit (p-value = 5%) : “S<S, @ 95% CL”

% B
) 300_!
8  o50F per limit
2] B
o 200F
= —
o B
3 150:
N B
© 100
- -
S 500
P00 110 120 130 140 150 160 16
m (GeV)



Test Statistics for Limit-Setting

04;* ii
Confidence 0.35- I (0=
Interval : 02;2:_ : t(l‘»o) =—2log (M A”o)
0.15F
Try to echucA:|e K values ot
away from [L. 0.05-

g “Two-sided” test
-4 -3 -2 -1 0 1 2 3 4

Limit-setti L(S=S A
mitsetng q(s,) =| —2log (=5, S,> S
Try to exclude L ( S) N
values of S that 0 Sg =S8

are above S.

Discovery was also

“One-sided” test : only interested in excluding above one-sided, for $>0 -
/



Inversion : Getting the limit for a given CL

Procedure:

— Compute q(S,) for some S,
get the exclusion p-value p(S).

Asymptotics: P(So) =1- @(\/m)

— Adjust S to get the desired exclusion
Asymptotics: need Vq(S,,) = 1.64 for 95% CL

CL Region
90% | 10% VIO >128
95% 5%  VAS)>1.64
99% 1% VA >233
Ja(s) = 1.64
(P = 5%)

> - 0.5¢
S 300) 0.45F
2 250 0.4)
@ i 0.35
g 200 0.3/
()] C E
- 150 025;
GNJ - 0.2:—
‘® 100F =)
E -
S 50 S : (too) strong exclusion 0,050
fo0 710 120 130 140 150 160 0

m (GeV)

0. 1 2
p-value for q, /! Va, /

3 18



Inversion : Getting the limit for a given CL

Procedure:

— Compute q(S,) for some S,
get the exclusion p-value p(S).

p(S) =1-o(Vq(s,))

— Adjust S to get the desired exclusion

Asymptotics:

Asymptotics: need Vq(S,,) = 1.64 for 95% CL

> B

& 3001"}L

3 250—1&1T

£ F 1T+', I

& 2000 s t o4

G 1507 +“TL +

o —

&J E +++ LI{' Lr+l

s 1000 sttt

S 500 S, : no exclusion !

foo 110 120 130 140 150 160

m (GeV)

0.5F
0.45F
0.4f
0.35f
0.3F
0.25}
0.2F
0.15E
0.1
0.05f

CL Region
90% | 10% VA >128
95% 5% VOS> 1064
99% 1% VA >233
Ja(s) = 1.64
(P = 5%)

Ya,,




Inversion : Getting the limit for a given CL

Procedure:

— Com
gett

Asymptotics:

— Adju

pute g(S,) for some S,
he exclusion p-value p(S,).

p(S) =1-o(Vq(s,))

st S, to get the desired exclusion

Asymptotics: need Vq(S,,) = 1.64 for 95% CL

100

Normalized events per GeV

300
250f
200
150f

50

foo 410 120 130 140 150 160

S, : 95% exclusion

m (GeV)

0.5
0.45
0.4
0.35
0.3
0.25
0.2
0.15
0.1
0.05

CL Region
90% | 10% VA >128
95% 5% VOS> 1064
99% 1% VA >233
Ja(s) = 1.64
(P = 5%)

Ya,,:

Ya,,




Homework 4: Gaussian Example

Usual Gaussian counting example with known B:

1

L(S;n)=e o, ~ VB for small S

Reminder: Significance: Z = $/0,

— Compute q(S,)

— Compute the 95% CL upper limit on S, Sup, by solving w/qSo = 1.64.

Solution: S, = S+ 1.640; at 95% CL

S+B




CL A. Read, J.Phys. G28 (2002) 2693-2704
S

Usual p-value

Upper limits sometimes take negative / for $=$,
values (exclude all S>0!) P = p(So)
CL, —

| Ps <« P-value
Known feature - to avoid, usual for S=0

solution in HEP is to use CL_"modified p-value”

= Compute exclusion relative to that of S=0 T osvtimit oL
— Somewhat ad-hoc, but good properties... o T elimb ek,

5~0=p, ~0(1), p,. ~ p(S,) no change

SK0=p,<1,p, > p(S,) no exclusion at S=0

Drawback: overcoverage

— limit is claimed to be 95% CL, but actually >95% CL for small p,. /


http://inspirehep.net/record/599622?ln=en

Homework 5: CL, in the Gaussian Case

Usual Gaussian counting example with known B: 5

2 r

n—(S+B)
Os

1

2

L(S;n)=e

o, ~ VB for small S

Reminder

CL,, limit: S_=S+1.640, at 95% CL

CL_upper limit :
— Compute p_, (same as for CLs+b)

— Compute 1-p_ (hard!)

q)‘l(l - 0.05 ®(8/0 ) o, at 95% CL

Solution: Sup = S+

for§~0, S, = S+ 1.96 o4 at 95% CL



Homework 6: CL, Rule of Thumb for n =0

Same exercise, for the Poisson case with n,  =0. Perform an exact computation of the
95% CLs upper limit based on the definition of the p-value:

p-value : sum probabilities of cases at least as extreme as the data

Hint: for n_ =0, there are no “more extreme” cases (cannot have n<0!), so

p., = Poisson(n=0 | S_+B) and 1 - p, = Poisson(n=0 | B)

Solution: S (Mg =0) = log(20) = 2.996 ~ 3

= Rule of thumb: when n_, =0, the 95% CL_limit is 3 events (for any B) /22



Highlights: Confidence intervals and Upper Limits

L(M=M0)

Confidence intervals: use ( Mo) =—2log =
L(ii)

— Crossings with t(u) = 1 for 1o intervals (in 1D)

Gaussian regime: = [1+ o, at 68.3% CL (1o interval)

= 87— T —

E ATLAS Preliminary —— Combination

N 7T 5-13Tev,364f7 . A B
6 Hoyyand H-zZ*—4 HoZ7* -4l ]

m,, = 125.09 GeV
57 -—
4_. o
3 |
2__ —
1_. e
\ |

Limits : use LR-based test statistic: qs. = —2log

0

— Use CL_procedure to avoid negative limits

Gaussian regime, n~0: S < S + 1.9606 at 95% CL

Poisson regime, n=0: S < 3 events at 95% CL

95% CL Upper Limit on ¢ x B [fb]

—h —

o (@)
N w
\

—_
o
IIIII‘ I T TN

—_
III| T 1T

- ATLAS
= Vs=13TeV, 36.1 fb”
F 99— X 2y
- Jy =0, NWA

—— Observed
""" Expected

[ £1 std. dev.
+ 2 std. dev.

—— Observed from |
ensemble tests 3
------ Expected from 7

ensemble tests

10° 2x10° 3x10°

my [GeV]



Systematic Errors



Reminder on Statistical Modeling

Random data must be described using a statistical model:

Poisson .
s+5)(S+ B)

P(n;S,B)=e"

Poisson product

Mpins sig bkg S §ig B ].)kg n,
P(n,,S,B>:H e_(Sfi +Bf! )( f _:_1 ’ f )
i=1 N

Extended Unbinned Likelihood
—(S + B) Ngyis
H S Psig(mi>+B Pbkg(mi)

evts * =1

e

P(m;;S,B)= -

Model include

o Parameters of interest (POls) - e.g. S but also

e Nuisance parameters (NPs) - e.g. B.



Systematic Errors

The statistical model (PDF) is a way to express uncertainty on the outcome

of an experiment. e.g. 2D Gaussian :

These uncertainties are also called Statistical Uncertainties - they are the
ones encoded in the model PDF.



Systematic Errors

The statistical model (PDF) is a way to express uncertainty on the outcome
of an experiment. e.g. 2D Gaussian :

These uncertainties are also called Statistical Uncertainties - they are the
ones encoded in the model PDF.

However the model itself may be wrong : this is a systematic error

— To account for them, need a set of Systematic uncertainties, i.e. uncertainties
on the form of the PDF itself.



SYSte m aﬁCS 'Systematic uncertainty is, in any

statistical inference procedure,
the uncertainty due to the

Systematics = what we don’t know about incomplete knowledge of the
the random process. probability distribution of the
observables.

G. Punzi, What is systematics ?

How to describe them in practice ?
b Parameterize using additional nuisance parameters (NPs)

But: if the NPs are completely free, no measurement is possible (e.g. free B ?...)

=> Add constraints in the likelihood

L(u,ﬁ;data) — Lmeasurement(u”e;data) C(G)

} p }

Systematics Measurement NP Constraint
NP Likelihood term

POI

C(0) represents external knowledge about the NPs that we inject into the statistical 7
model - e.g. to say that “B ~ 100 £ 5" /


https://www-cdf.fnal.gov/physics/statistics/notes/punzi-systdef.ps

Frequentist Systematics

Prototype: Systematics NP = measured in a separate auxiliary experiment
e.g. background levels.

— Build the combined PDF of the main+auxiliary measurements

Independent

(u,0;main data) P, _(0;aux.data) | measuements:
= just a product

P(un,0;data) = P

main

Gaussian form often used by default: ~ P,..(8;aux. data) = G(6°";6,0_ )

In the combined likelihood, systematic NPs are constrained
= Can be measured simultaneously with the POls. in a fit to data.

— Often no clear setup for auxiliary measurements
(e.g. theory simulation uncertainties)
—> Define constraints “by hand” (“pseudo-measurement”) 28



Profiling Nuisance Parameters



Profiling

How to deal with nuisance parameters in likelihood ratios ?

— Let the data choose = use the best-fit values (Profiling)

0(s,) bestfit value for S=S,
= Profile Likelihood Ratio (PLR) / (conditional MLE)

S, 9) <— 9§ overall best-fit value
(unconditional MLE)

Wilks’ Theorem : same properties as plain likelihood ratio without NPs
f(tso | S= So) = fxz(nd le)( tso) also with NPs present

— Profiling “builds in” the effect of the NPs

. e _ege . 30
= Can use t(S ) to compute limits, significance, etc. in the same way as before )



Homework 7: Gaussian Profiling

Counting experiment with background uncertainty: n= S+B:

— Signal region (SR):n_ ~G(S+B,0__) L(S,B) = G(n,,;S + B,0.) G(Bu.;B,0u,)

— Control region (CR): B~ G(B, abkg)
. . . S _ nobs ’
Recall: Signal region only (fixed B): t(S) l
— Compute the best-fit (MLEs) for S and B
— Show that the conditional MLE for B is
B(S)=Bobs+ ) bkgz (S_S)
Gstat+0bkg

— Compute the profile likelihood t(S)
— Compute the 1o confidence interval on S

2 2

Answer: S = (nobs_Bobs) * \/Gstat + Gbkg 0'S - Jo‘stat + 0'bkg

31

Stat uncertainty (on n) and systematic (on B) add in quadrature /



Uncertainty decomposition

All systematics NPs excluded : statistical uncertainty only
All systematics NPs included: stat+syst uncertainties |

ATLAS '

— Total — Theory — Stat
H — yy, m,=125.09 GeV

2In A\

Subtraction in quadrature

2

10 intervals -
; 0'syst,tot = VO tal — Ostar

12 £ 13 y 1.4

:0.9 1 111

0.8
u = 0.99 + 0.12 (stat) + 0.06 (syst) + 0.06 (theo) -

o
'\|||||



Pull/Impact plots

Systematics are described by NPs included in
the fit. Define pull as

(@_ HO) / OH
Nominally:

* pull =0:i.e.the pre-fit expectation
* pull uncertainty = 1 : from the Gaussian

However fit results may be different:

e Central value # 0: some data feature
differs from MC expectation
= Need investigation if large

o Uncertainty < 1 : effect is constrained by
the data = Needs checking if this
legitimate or a modeling issue

— Impact on result of 1o shift of NP allows

to gauge which NPs matter most .

ATLAS-CONF-2016-058

Pre-fit impact on p:
6,=+A8 6,=-A6

Post-fit impact on p:
I 6,=+AB 0,=-AB

0
—e— Nuis. Param. Pull

Jet-vertex association

200Thad/3¢ non-prompt sample variation
ttH acceptance (QCD scale)
200Tha9/3€ non-prompt e transfer factor
Pileup modeling

281Thag non-prompt normalization

ttH cross section (QCD scale)

ttW acceptance (QCD scale)

Jet Energy Scale variation 1

HW acceptance (NLO vs LO)
280Thgg/3¢ non-prompt p transfer factor
ttW cross section (QCD scale)
Luminosity

2£0THag €M non-prompt CR stat.

Jet Energy Scale (flavor composition)

Ap
04 -02 0 0.2 0.4

UL L I B BN B
ATLAS Preliminary
Vs =13 TeV, 13.2fb"

—————
———
— |
e

— ;
L———in

— I —
——u
—_———

1111l 1111 IIIIIIII L1l L1l
<2 -15 -1 -05 0 05 1 15

(0-6,)/A6



https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2016-058/

Pull/Impact plots

Systematics are described by NPs included in
the fit. Define pull as

(AH_ 6,) | o,
Nominally:
* pull =0:i.e.the pre-fit expectation
* pull uncertainty = 1 : from the Gaussian

However fit results may be different:

e Central value # 0: some data feature
differs from MC expectation
= Need investigation if large

e Uncertainty < 1 : effect is constrained by
the data = Needs checking if this
legitimate or a modeling issue

— Impact on result of +10 shift of NP allows

to gauge which NPs matter most .

13 TeV single-t XS (arXiv:1612.07231)

Parton Shower generator
JES: flavour composition
JES: Eff1

tt /FSR

Luminosity

Wt ME generator

JES: nintercal. model
PDF central value

JES: pileup p

b-jet efficiency scale fac. 0
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https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2016-058/
https://arxiv.org/abs/1612.07231

Profiling Takeaways

When testing a hypothesis, use the best-fit values L(” =W, 0 (“‘0))

of the nuisance parameters: Profile Likelihood Ratio. L(
Allows to include systematics as uncertainties on nuisance parameters.

Profiling systematics includes their effect into the total uncertainty.
Gaussian:

2
syst

— 2
Ototal - Jostat +0

Guaranteed to work well as long as everything is Gaussian, but typically
also robust against non-Gaussian behavior.

Profiling can have unintended effects :
need to carefully check behavior



Bayesian Analysis



Bayesian methods

Remember the problem from yesterday:

* PDFs give possible outcomes for known parameters

* We already know the outcome, and want information on the parameters

P(A="?)

0.025(
0.02t
0.015)

0.015

Normalized events per GeV

0.005|

fo0 110 120 130 140 150 160

m (GeV)

G

Estimate

G

Normalized events per GeV

Poo 10 120 130 140 150 160

m (GeV)

Solution: maximum likelihood estimation of the parameters, given the data

This is a (good) solution (“classical/frequentist”) but there is another way.

36



Bayesian methods

Bayesian methods: promote parameters (POls and NPs) to random variables
— Represent our best knowledge of their value, not the true values.

Can use Bayes’ Theorem to obtain a PDF for the parameters .
Prior PDF on u:

p ( ) represents our
P(uln) = P(n|u) s knowledge before

Bayes’' Theorem

P(n) the measurement
Posterior PDF: represents our Measurement PDF, Normalization
total knowledge from same as for the factor: adjus.ted
prior + measurement frequentist P(n:p) so P(u|n) is

normalized to 1)
Immediately useful to get intervals on p:

* Peak of P(u|n) gives the central value : %5
Maximum a posteriori (MAP). 0.25/
* 68.3% interquantile gives the 1o interval oﬁf

Problem: what to use for the prior ?... 4



Bayesian methods

Systematics and nuisance parameters:

Each NP is considered a random variable: Bayes theorem gives P(l, 6 | n)
Define a prior 11(0) for each nuisance parameter.

= Obtain P(p|n) for n alone by integrating out the 6:

P(uln) = [ P(u,6ln) C(8) d6

Use probability distribution P(p) to compute intervals and limits as before.

68.3% CL interval: Here CL means 95% CL upper limit
B “Credibility Level”) L
fP (n|n)dp = 68.3 % _J;P(M|")du=95%
A

0.4
0.35
0.3
0.25
0.2
0.15
0.1
0.05¢

md L L
Q4 -3 -2 -1 0 1 2 3

2



Bayesian vs. frequentist “Bayesians address the question everyone is

interested in, by using assumptions no-one

believes.

Many points of commonality Frequentists use impeccable logic to deal
with an issue of no interest to anyone.”
- Louis Lyons

Bayesian analysis typically
@ Conceptually simpler - frequentist results often difficult to interpret

© No simple way to test for discovery

@® Hybrid methods sometimes used (frequentist discovery + Bayesian systs)

© No support for NPs constrained in data
© Integration over NPs can be CPU-intensive (but can use MCMC methods)
@ Minimization over many NPs also not a simple problem for frequentist case...

© Need to specify priors, which often contains some arbitrariness - e.g. a prior flat

in one parameterization is usually not flat in another.
@ Can use Jeffreys’ or reference priors to avoid this, although difficult in practice.

@ Frequentist and Bayesian results often agree, so not a big issue in practice! 39


https://indico.cern.ch/event/317007/attachments/609186/838273/CERN_Summer_Students_2_June20.pdf

Homework 8: Bayesian methods and CL

Gaussian counting problem with systematic on background: n=S+B + asyste

P(n;S,8)=G(n;S+B+o_ 0,0, )G(0,=0;0,1)

syst obs

—> What is the 95% CL upper limit on S, given a measurementn_, _?

1. CLs computation:
e Use the result of Homework 7 to compute the PLR for S
e Use the result of Homework 6 to compute the CLs upper limit
2. Bayesian computation:
 Integrate P(n; S, ©) over O to get the marginalized P(n| S)
o Use Bayes' theorem to compute P(S|n) « P(n|S) P(S), with P(S) a flat prior over
S>0.
 Find the 95% CL limit by solving ]O' P(S|n)dS=5%
Sw

Solution:
_ n—B
- So' =n—-B+|®7'[1-0.05 | ———| || Vol +0l,
1 DO €ases ‘/ostat'l' O syst 40

/




Example: W'=lv Search

Events

Data / Bkg

Data / Bkg
oo == 00

(post-fit)

POI: W’ o x B — use flat prior over [0, +inf].
NPs: syst on signal € (6 NPs), bkg (6), lumi (1) = integrate over Gaussian priors

10"

— k.

DOLNR DL R

—|T|'|T|T| IIHIm] IIIIIIH| IIIIHII| [T

ATLAS
¥s=13TeV, 36.1 fb™
W' — ev selection

— W' (3 TeV)
— W' (4 TeV)
— W' (5 TeV)

arXiv:1706.04786

Trigger Multijet background
: : - Lepton reconstruction Top extrapolation
« Data E and identification Diboson extrapolation
W ] Lepton momentum PDF choice for DY
@l Top quark 5 scale and resolution PDF variation for DY
[ Multijet ] ET"™ resolution and scale .
OZy: _§' Jet energy resolution EW corrections for DY
[JDiboson _ Pile-up Luminosity
E: E 10 % T T T T ‘ T T T T | T T T T | T T T | T T T é
3 = = ATLAS =
— = B -~ Expected limit ]
EI T 's =13 TeV, 36.1 fb” P -
J = U3 W' — Iv | Expected + 16 =
S 95% CL Expected + 26
E X1071E L
- g 8 — Observed limit 3
. 3 g_ B Wigey i
$ 2102 =
b - -
1078 =
—4 1 1 1 | | | | 1 ‘ 1 | 1 | | | 1 1 1 | | 1 1 | 1 1 | )
555 10 1 2 3 4 5 6
Transverse mass [GeV] m,,. [T4Y¥]


../../home/nberger/Data/Applications/analysisDoc/PDF/1706.04786.pdf

Presentation of Results

— Cannot test every model : need to make enough information public so that others
(theorists) are able to do it independently

=» Gaussian case: sufficient to provide measurements + covariance matrix
— For example using the HEPData repository.

. Ys=13 TeV, 36.1 fb
ATLAS Preliminary ;= 1 212500 Gev
H

agH (0 jet) — —_—

"=
ATLAS Preliminary Io.a?-é'_

-1
gat 1t <60 G| {s=13 TeV, 36.1 tb ™
ggH (1jet, 60 = p' <120 GeV) | 0.16 H— vy, mH=1 25.09 GeV
—0.4
ggH (1 jet, 0 = p!! < 120 GeV) — ggH (1jet, 120 =p% <200 GeV) | 013  -0.22 0.
—0.2
ggH (1 jet, 120 = p¥ < 200 GeV) | - ggH (=2jet) | 014  0.147
: —o
agH (= 2jet a9~ Haa (o) <200 GeV) | -0.07  0.00 -0
—-0.2
w0 Haa (pi <200 vy ; ggH +qq — Hqq (BSM-ike) | 0.06  -0.08
. — |04
ggH - qg = Haq (BSM-lke) | 0.08  -0.07  -0.

ggH + qq — Hqq (BSM-like) —

VH (leptonic) | -0.02 -0.01 .|

VH (leptonic) —

top | 0.00 -0.05 -O.

top |—

§ s = = § s ®¥ ® 3T 8
; e ] 8 & o 8 = = 5 &
Lo b b by by Lo by T 2 b § I\'-" § 5 é E
SM prediction -05 0 05 1 15 2 25 S S g F 3
Measured ¢ x BR normalized to SM T 8 8 g 11
A
;S S

Non-Gaussian case: not so simple, but can publish full likelihood (e.g. here) 42


https://hepdata.net/
https://www.hepdata.net/record/ins1748602?version=1

Generating Pseudo-data

Model describes the distribution of the observable: P(data; parameters)
b Possible outcomes of the experiment, for given parameter values
Can draw random events according to PDF : generate pseudo-data

2,5,3,7,4,9, ..
P ( }\’ - 5) - Each entry = separate “experiment”

Generate -
> 3000
> ® byt '
8 O] _+;'l_'-¥{'+ C
> 0025 g 2000 MW,
r r : . ]
; 0.02: -g 2000 C “ﬁﬁ“
3 : 3 o Mt
® 0.015F © 1500 F [ AN
3 - . ® - - o,
¥ o0t Unbinned N q1000F [ f e,
g - g - = W e
5 0.005- 5 500 [ | T
Z - Z u o
o0 H0 720 130 14070 Te0 Poo L
m (GeV) 0 110 120 130 140 150 160
m (GeV)
43



Expected Limits: Toys

Expected results: median outcome under a given hypothesis
— usually B-only for searches, but other choices possible.

Two main ways to compute:
— Pseudo-experiments (toys):
* Generate a pseudo-dataset in B-only hypothesis

. Phys. Lett. B 775 (2017) 105
* Compute limit

E [
. = | —— Observed CL,limit ATLAS
* Repeat and histogram the results D L ---- Expected CL, limit {5 - 13 TeV, 36.7 10"
_ . z E I Expected + 1o Spin-0 Selection
° Central Value !‘nedlan, ba ndS g - Expected + 26 NWA (I, = 4 MeV)
based on quantiles g 0
-

68% of toys A 95% of toys

17, 1

S\ 350 =

2wl i o
0 = 107

o | 2 oo |
o "¢ col o b ey
E 100} 500 1000 1500 2000 2500

2 sof m, [GeV]

Eur.Phys.J.C71:1554,2011 Computed limit 44

/


https://arxiv.org/abs/1007.1727
http://www.sciencedirect.com/science/article/pii/S0370269317308511?via=ihub

Expected Limits: Asimov Datasets

Expected results: median outcome under a given hypothesis
— usually B-only for searches, but other choices possible.

Two main ways to compute: Strictly speaking, Asimov dataset if
X = X, for all parameters X,
/ where X is the generation value
— Asimov Datasets

* Generate a “perfect dataset” - e.g. for binned
data, set bin contents carefully, no fluctuations.

* Gives the median result immediately:
median(toy results) ¢© result(median dataset)

* Get bands from asymptotic formulas:
Band width | 53

Og 4™

0o

Events / (0.5 GeV )

qs, (Asimov)

_II\I|III\|III
‘POO 110 120

[ [ 11
130

[ [ 11
140

| | | ]
150 160
m,, (GeV)

® Much faster (1 “toy”) /45
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Toys: Example

JHEP 10 (2017) 112

ATLAS X—Zy Search: covers 200 GeV < m, < 2.5 TeV
— for m, > 1.6 TeV, low event counts = derive results from toys

> 10 ATLAS | -
O Vs = 13 TeV, 36.1 fo' ]
& 10° hu E
£ 10° E
g) .
w 10 =
10—1 —e— Data %
— Background fit 3

1072 N
(O] 4 | —
T -2 - .
2 _4 ‘ ‘ roeperogeesgeoapoe R
@ 3x10° 10° 2x10°
m,, [GeV]

95% CL Upper Limit on ¢ x B [fb]

10°

102

10

- ATLAS

Vs =13 TeV, 36.1 fb™
g9 —> X— 2y

Jy = 0, NWA

Observed
Expected

* 1 std. dev.
+ 2 std. dev.
Observed from
ensemble tests
Expected from
ensemble tests

3x10?

10°

2x10° 3x10°
my [GeV]

Asimov results (in gray) give optimistic result compared to toys (in blue)


https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/PAPERS/HIGG-2016-14/

Upper Limit Examples
ATLAS 2015-2016 4l aTGC Search

2 | OpcervedCL, limit  ATLAS © 2 TFamas 0 Expecibd 5% CL -
o 2 ----Expected CL_limit {s =13 TeV, 36.7 fo! _ =, - y{s=13 TeV, 36.1 fb1 — Observed 95% CL i
X.y__: 10 S Expectedi% Spin-0 Selection ] v 201 B tio
c - Expected * 26 NWA (I'y = 4 MeV) i = | #20
o O -
= 10 = 10_—
£ Phys. Lett. B 775 (2017) 105 - x
& i
c | 10
B 10 B
R ST B R Ty e
500 1000 1500 2000 2500 - - - 4 ]
m, [GeV] .. C‘T A" [TeV
CcMS H—2zz 19716 (8TeV) + 5.1/ (7 TeV)
D WE 07 GO0 G4 2
s P ______ N
e TN % 57 5557 77 7 %% 7 8
e : :%:%: 7 7% 7 e T2 S
Zj i: * i%iﬁi i Ai : ! I ! ! I I I ! | E /E 1 8
0.3;— 1 1 ,l\\)
02— 9
= o
0 s L o
ebeifitlo  AF AT AT AT B AT A oF oF oT1EF A B AT B BT BT oF oF or & &F BF A B B BT oF oF 6 1o
KE)’(‘E:L?&?EI S osa oL gg production : = o roducts ' decay-only discriminants 8
[ Expected at 68% CL : qq production (gg acceptance) I

~ A
N


http://inspirehep.net/record/1625109
http://www.sciencedirect.com/science/article/pii/S0370269317308511?via=ihub
http://dx.doi.org/10.1103/PhysRevD.92.012004

Look-Elsewhere Effect



10*

Look-Elsewhere effect . Dot
a 10 E —— Background-only fit _§

I% 102 ;_ Spin-0 Selection _;

. o = Vs =13 TeV, 3.2 fb” -
Sometimes, unknown parameters in signal model - n -
e.g. p-values as a function of m, £ * ‘ H ]
= Effectively: multiple, simultaneous searches ol N
— If e.g. smalll resolution and large scanrange, ¢ i~ e
many independent experiments g 104 # m =
s 5 H#Ai4L@¢;L;j____i__1¢______z

i R

§ —103—. i L' =

e .
LI I I I N B B O Y IO 2604d0 660 86010I0012b014b016I0018b02000

% 1 fI_OG _E m,, [GeV]
“ e -
10 E
- % 1 = More likely to find an excess
102 3 .
| 1 anywhere in the range, rather
B 30 --------------------------------------------------------------- ] i i i
107 AT AS - than in a predefined location
- /s =13TeV, 3.2 - = Look-elsewhere effect (LEE)
10* NWA =
S Spin-0 Selection .
10 6400 600 500 1000 1200 1400 1600 1800 2000

m, [GeV] 49



Global Significance

Probability for a fluctuation anywhere in the range — Global p-value.
— Local p-value

Global
p-value

- pglobcml > plOCCIl = Z

at a given location

Trials factor

global

more likely = less significant

A

Trials factor : naively = # of independent intervals:

2?2
N

trials —

However this is usually wrong — more on this later

N

__ Scan range

mdep " peak width

<Z_. globadlfluctuation

Events / 20 GeV

Data - fitted background

— pglobal =1- (1_plocal)N ~ N plocal

. Local
p-value
1042\ | B [ . L R ror | [ =
F ATLAS 1 1 1 1 1 1 [ I
I 1 1 1 ¢t Data 1 -
105 1 1 1 1 1 1 1 LI
S 1 1 1 —1— Backgropnd-ogly fit ¢ 3
- 1 1 1 1 1 1 1 (I
102" 1 1 1 Spin-0 Selection 1 '
E 1 1 1 1 1 1 1 N 1 =
| 1 1 Vse13TeV, 32 [P—
o 1 1 1 1 1 1 [
10 1 M 0 1 1 1 1 1 =
E o 1 Hl 1 1 1 1 (-
o 1 1 1 1 1 1 (-
11 1 i 1 1 1 1 -
E 1 1 1 1 1 1 1 1 I
- 1 1 1 1 1 1 (I
e
o L L R e e =
N I L i o o o B B o o U R
15;j| 1 1 1 1 1 1 1 [
o 1 1 1 1 1 1 1 (-
100y 1 1 1 1 1 1 1 1 3
5| i |¥ 1 1 1 1 1 [
: 1 1 1 1 1 1 [
0H =
sl [ 1 1 1 1 1 1 1
_5§_| 1 1 1 1 1 (-
_100-|n i 1 1 1 1 1 1 I—A
K2 I T D DU T N D DU o) €
200 400 600 800 1000 1200 1400 1600 1800 20

m,, [GeV]
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Global Significance

Probability for a fluctuation anywhere in the range — Global p-value.
at a given location — Local p-value

For searches over a parameter range, the global p-value is the relevant one

— Accounts for the actual search procedure: look for an excess anywhere in

the scanned range ATLAS Preliminary  {s=13TeV, 3.2fb" Spin-0 Selection

2 )
— Depends on the scanned £ " 35 %
parameter ranges = g £
252
° g
e.g. X—Yy: 4 1o
« 200 <m,< 2000 GeV 2 .
.+ 0<T, <10%m,. |

QOO 400 600 800 1000 1200 1400 1600
m, [GeV]

= Dieal is what comes out of the usual formulas

How to compute p_ ., (or N,..) ?



Trials Factor

Trials factor N = # of independent searches:

N
Global — pglobal =1~ (1_plocal) ~ N plocal R E— Local
p-value 1 p-value

Trials factor

10

2 O EamAs v 1 a1 a4 a4 d
o 1 1 1 1 ¢t Data 1 -
i :c:; 103? . . . p. L Be;ckgro:md-o;ly fit s E
Naively, one could expect PN bl shosead | b
S ™ 1 BE13TeV.32f 1 -
PEL WAL T 1 1
22 scan range N b ) ‘: H: '
N giats = Nipaep = o SRRl S
peak width Iy e
.g 15;1;: ,':I ‘=: “:: ,I:I “:1',!:5',':I ,':l_i
g o0Mll a4 =
However this is only correct for a discrete 5 gj-: LT S
Number of experiments (i.e. 10 different regions) % -t Voo
T 105" 1 1 1 1 1 1 1 -3
° 500400 600 800 1000 1200 1400 160018002000

m,, [GeV]



o o o Gross & Vitells,
Trials Factor for continuous variables £PL.C70,525-

Asymptotic limit : trials factor (1 POI) is N trials — 1+ 1/ N mdep Zocal

— Trials factor is not just N, also dependsonZ___ ! N _ scan range

indep’ dep —
neP peak width

Why ? Slicing range into N, . regions MISSES % O mag 1 1 Data HE
peaks siffing on edges between regions & oht v v 4 oo ]
True N IS > N | 2 § : : : : Backgropnd o?ly fit : E
~ s naee’ i\ @ SehoSpecin i
= o ' ' ' . o1l '
80, & R M "V v B
g ¢ - =L MR s
© L < L 1 1 1 1 1 1 (I
S S e IR IR L
O PP o TN ‘: H: y 3
501 Toy data L
40;_ , _§ 15;T'€: IE Ii: I:.Ii:.:::!i::li..li.é
30} 7~ Search in 10 fixed BT S : IR
_. bins: Ntriqls =10 S 5 : I :+ : : : : _;
20E | E 0F— : ii ﬂ: : -
100 ~. . F : b3
L, IS —105—“| I | I -
0'.”.|.\.\\...\IH..M.HI.H. ()] L 1 | L~
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o o o Gross & Vitells,
Trials Factor for continuous variables £PL.C70,525-

— JU
Asymptotic limit : trials factor (1 POI) is N trials — 1+ 1/5 N indep Zocal

— Trials factor is not just N.

naep QlSO dependsonZ, !

local N __ SCan range

ndep " heak width

Why ? Slicing range info N, ., regions misses 3 10' aas 1T
peaks sitting on edges between regions & ook v vy T
; N . N | P =\ . : : . — Backproung-only fit =
= True trials IS > indep’ L% 102 ; E E ESpin-(E Selei:tion E E 1'2
= 1 1 Nl -1 1 =
80, 5 S E g 1 as-mwTe szt . A
5 - 0\ > . A 10 ' ++=+ ' ' 1 1 1 L=
=700 SO B - ' % 8| i 1 5
.G = \o S B 1 1 + 1 1 1 1 1 (i
“60f L | I S
E%QA . : ; 1 1 1 1 1 1 E
50, . Toy data T T =
40;_ .;. .§ 15;T' il EI:EI.EI.E::E!::E!:EI:.’E
30 tS)_ecmrcI{I\ in lOlfoed L A
E InS: . — _8 5:— 1 1 & 1 1 1 1 1 é
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* Data

10° . =
E —— Background-only fit E

Global Significance from Toys

Events / 20 GeV

102 — Spin-0 Selection

Local 3.90 ¢ (5= 13TeV, 320"

— e (T E

Principle: repeat the analysis in toy data: e — \ H .
— generate pseudo-dataset 10“; IIIIIIIIIIIIIIIIIIIIIIIIIIII 3
— perform the search, scanning over parameters c, 12;?“ I E
as in the data - 9l LI

— report the largest significance found Ll A
— repeat many times e

= The frequency at which a given Z; is found is the global p-value

e.g. X=»yySearch:Z =390 (=>p_, ~510°,

— However we are scanning 200 < m,< 2000 GeV and 0< T, < 10% m, !

local

— Toys : find such an excess 2% of the time somewhere in the range

= Pyopa ~ 2 107, Z,o0a = 2-10 Less exciting, and better indication of frue Z!

® Exact tfreaiment

e CPU-intensive especially for large Z (need ~O(100)/p toys)

global



Conclusion

Significant evolution in the statistical methods used in HEP

Variety of methods, adapted to various situations and target results

Allow to

— model the statistical process with high precision in difficult situations (large
systematics, small signals)

— make optimal use of available information

Implemented in standard RooFit/RooStat toolkits within the ROOT framework, as
well as other tools (BAT)

Still many open questions and areas that could use improvement
— e.g. how to present results with all available information



Homework solutions



Homework 1: Gaussian Counting

Count number of events n in data
— assume n large enough so process is Gaussian
— assume B is known, measure S

_1{n=(s+B)}"
L(S;n)=e 2| JS+B
Likelihood : (S B) )
n—|\S+
AMS;n) =
( n) VS+B

MLE forS:S=n-B

Test statistic: assume S > 0,

L(S=0) _

g, = —2log — —7\(520)—

L(S)

Finally:

Z=«/€,=%

Y R

2

n—B
VB

Known formula!

A (S) =

— Strictly speaking only

valid in Gaussian regime




Homework 2: Poisson Counting

Same problem but now not assuming Gaussian behavior:

L(S;n)= e_(S+B)(S+B)" M(S;n)=2(S+B)—2nlog(S+B)
MLE: S = n - B, same as Gaussian

Test statistic (for S > 0):

g = A(5=0) — A(8) = —25—2(8+B) log
S+B

Assuming asymptotic distribution for g,

Z=| 2| (5+B) log|1+

o | >
|
A

See G. Cowan’s slides for case with B uncertainty /58


http://www-conf.slac.stanford.edu/statisticalissues2012/talks/glen_cowan_slac_4jun12.pdf

Homework 3: Gaussian CL

Usual Gaussian counting example with known B: g o

: -
n—(S+B)|° 3 :

;\'(S) = (Gs ) 3 :
Reminder: 3 :
Best fit sighal : S=n-B et
Significance: Z = §/VB
Compute the 95% CL upper limit on S:

L(S=SO) o n_(50+B) 2 50_3 2 for

qs, = —2log L(3) A(S,) — A(S) 5. op 0>

so gy =2.70 for S;=8++2.70 o

Andfinally S, =S+ 1.640 at 95% CL



Homework 4 : Gaussian CL

Usual Gaussian counting example with known B: 2

—(S+B)|’
a(s) =" %
Reminder 2
Best fit signal : S=n-B e 3
CL_, limit: Sup = S 1.640 at 95 % CL
g _§|2 (Fors,>9) °~ 66,9950
CL_ upper limit : still have  qs, = OGS UnderH (S =S,) :
so need to solve / «/q: - 6(01)
o s,— 1—-@ s
_ps . 1-e(Wa)” . Ps, (Yas)
Pcr, = 1 — = — =5%
P 1—(1)(‘/%0_ 50/05) Under H (S = 0) :
>
fOI’S=O, J?&)NG(SOIGS,I)
Sup = S + <I>_1(1 — 0.05 <I>(§/GS)) O, at 95% CL py=®(yqs—S,/0)




Homework 5: Poisson CL,

Same exercise, for the Poisson case
Exact computation : sum probabilities of cases “at least as extreme(as)data” (n)
n k Ds \N
B _(s,+5) (So+B) _ Ds,
Pso(") — Z ¢ (5*B) o and one should solve p, p.(n)
0 °

0
Forn=0 Pcr = Ps.(0) =e "=5% = S, =log(20)=2.996 ~ 3
' s Po(o)

=5% for S
up

= Rule of thumb: when n_, =0, the 95% CL_limit is 3 events (for any B)

S,+B
n

Asymptotics: as before, qg = MS,) — )\.(3) =2(S,+ B— n)—2n log

Forn=0, qSO("=0) = 2(S,+B)
Ps, _ 1- ®(vq5(n=0))
b, l_q)(N/QSo(n=O)_‘/QSO(n=B))

= Sup ~ 2, exact value depends on B

=5%

Pcr, =

= Asymptotics not valid in this case (n=0) - need to use exact results, or toys /



Homework 6: Gaussian Intervals

Consider a parameter m (e.g. Higgs boson mass)
whose measurement is Gaussian with known
width o_, and we measure m___:

2
)\‘(m,m )_ m—m, e e
> "obs/ T O m
m
9 CMS H-> yy 19.7 " (8 TeV) + 5.1 b (7 TeV)
—_— Ay 1

: PN £ AL M, = 124.70 +0.34 GeV R
— Best-fit value (MI—E) m = mobs' o 85 % 124.70 +0.31 (stat) +0.15 (sys) GeV ; [ | T
7E\ " 3 Tl
) B Floating tygr vy @nd W gghi ik 1 O
m-— mobs ® = 3 -
Test statistic: w=|—0o - —
— |ES . m Om SH 1A~
= 1N
4 - '\ —— Total uncertainty -4 O
3 = “‘ - - Statistical only = :
— lointerval m = m + O : E

obs m oF E
- 1 O
s RIS
- ]

C PR B R [ I T ]

0 124 1245 125 125.5

m,, (GeV)

—~ o
| N


http://dx.doi.org/10.1007/JHEP11(2017)047

Homework 7: Gaussian Profiling

Counting experiment with background uncertainty: n= S+0:

— Signal region: n~G(S+6,0__) } L(5,0)= G(n;S+0,0,.) G(6™:6,0..)
’ ’ Y ™~ stat » ¥y Mayst

— Control region: 6°° ~ G(0, Gsyst)

, o . For S = S, matches
Then:  A(S,8) = "_((35”9) + 90—9) MLE as it should
stat syst 1
A 2
MLEs: S=p—0" Conditional MLE: 6(S)= 0"+ 2°syst2 (§ - s)
6 — eobs Gstat+05yst
L(s,6(s)) : A (S—8)
. t=—2lo ———~ = A(S,0(S AS,0) =
TR A

2 2

>
+

. _ 2
1ointerval S = s \/ Ogat T Ogyet

_ 2
0'S - \/Ostat + O’syst

Stat uncertainty (on n) and systematic (on 8) add in quadrature ?3



Homework 8: CL_computation

Gaussian counting with systematic on background:n=S +B + o6

L(n;S,B) = G(n;S+B+csyst6,Gstat) G(Gobs=0;9,1)
R N\
MLE: S=n—B
2
. A O, > PLR: A(p)= S-IZ-B—:q
Conditional MLE: 8(u) = ——>*.—(n — S—B) Jol +ol,
stat syst

This boils down to the Gaussian case of HW 6, so the CL_limif is

CL: s%“=n-B+|®1-0050-_"=B «/o2 +G°
stat syst

S up \/ 2 2
o stat +0 syst




Homework 8: Bayesian computation

Gaussian counting with systematic on background: n=S+B + osyste

P(n|S,0)=G(n;S+B+c__ 0,0

syst stat )

G(6]0,1)

Bayesian: G(0) is actually a prior on 8 = perform integral (marginalization)

i
P(n|S)=G(S; n—-B, ‘/Gsm iyst) same effect as profiling!
Need P(S|n) = a prior for S - take flat PDF over S >0 0.4
= Truncate Gaussian at S=0: 0.35/
P(S|n)=P(n|S) P(S) o3
r 1 o.25§—
P(S|n) = G(Sin-B,obtol)| 0| || 2=
‘/ostat"'osyst .O 17
Bayesian Limit: 0_05;
r S,—(n—B — - S p——
_fPSlnds—S%—lcb“pz(nz) n—B teeo e s
Sup Jostat-l-osyst Jostat-l-osyst
Sll?;yes — n—B + (I)—l 1 — 0.05 ® n—B Jostat+0syst same result as CLS!
J o ztat + Giyst 65

/
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[ J H . 2] T T T N T N T
Categories arXivi21T1.06712 5 Fawe | 0 gom mor mie
Dilepton [Jtf + light []JOther ./ Uncertainty
Post-Fit

10°

10

Multiple analysis regions often used.
— Exploit better sensitivity in some regions

10°

102

10

: : ]

Here (t1tH, H—=bl analysis) 7 regions: O

— 4 Signal Regions (SR) split in p,(Higgs) & * = pﬁslosjz:z o
Q)Ge'/ 7 O,QO)G QSOO)GGI/ o,oo) Geyy

*: normalised to total Bkg

@ 1200 T T T T T T T T T T T T T [T T[T
§ [ ATLAS ¢ Data [HttH
w L Vs=13TeV,139fb" --tiH* [t +=>1b
1000~ Dilepton WtH [t +>1c
" SR, Mtt+V i +light |
800; Pre-Fit []Other 72 Uncertainty ]
i 1 Better sensitivity at high p.
¢

— lower B backgrounds, higher S/B

Backgrounds levels from simulation here

L o — Large systematic uncertainties!
%Lii/// ///////////////
R oo 67

nggs boson candldate P, [GeV]


https://arxiv.org/abs/2111.06712

Categories

Multiple analysis regions often used.
— Exploit better sensitivity in some regions
— Constrain NPs: Confrol regions for bkgs

Here (ttH, H—=bl analysis) 7 regions:
— 4 Signal Regions (SR) split in . (Higgs)

arXiv:2111.06712 s

10°

10

10°

102

10

T
ATLAS

T T T
¢ Data  [tH Wit + >1b

Vs =13 TeV, 139 fb" W Ot + 21c @+ V
Dilepton [Jtf + light []JOther ./ Uncertainty
Post-Fit

" ////t////—////#///%///f/*%/,///// //// chpy

Data / Pred.
oo —_
W L. —

— 3 Background Confrol Regions (CR)

Events

Data / Pred.

1200

1000

800

600

400

200

T

0 100

*: normalised to total Bkg

L B B LI B R

T ATLAS ¢ Data [tiH

L Vs=13TeV,139fb" --tiH* [t +=>1b

I~ Dilepton WtH [t +>1c

L SR [t + v [t + light

- Pre-Fit []Other 77 Uncertainty
,Signal regions only ;

Backgrounds from
simulation (large -
uncertainties!)

500
nggs boson candldate P, [GeV]

600

Include
Background CRs

SR Spy Sp Sk 3 2q;
R b ’? o ko o OB R
Ble '° € Pl e PH & b b
ol DGe, YGe, 7’ Cev
*: normalised to total Bkg
‘@1200—1»|||1|||‘|||||||||| |||||||
5 [ ATLAS ¢ Data [HtH
w L {s=13TeV,139fb" - ttH* [t +>1b
1000~ Dilepton WtH [t +2>1c N
L SR [t + Vv [t + light ]
- Post-Fit []Other 72 Uncertainty
800— —
Backgrounds
from control

Data / Pred.

regions

1.25F
94///4/.
0.75F

0.5t

=k

o /////i///m

Higgs boson candidate P, [GeV]

Signal + Bkg regions

0 700 200 300 400 500 _ 600

68
/


https://arxiv.org/abs/2111.06712

[ ] H 2] E T T T T T
Categories arXiv:i2111.06712 § | anas oDxa  WH
g5l 1E=13Tev, 139" mH Ot +>1c @+ V
E Dilepton [Jtf + light []JOther ./ Uncertainty
[ Post-Fit
10

Multiple analysis regions often used.
— Exploit better sensitivity in some regions
— Constrain NPs: Confrol regions for bkgs

10°

107

10

: : .
Here (1tH, H—bl analysis) 7 regions: L
— 4 Signal Regions (SR) split in p,(Higgs) g " S’fé"p,u,fffiE:S,Z’}}E;fs,j,’jfréfs,;ji’% R o
: G, 00y, 00 G, Y Gey
— 3 Background Control Regions (CR) ’
= Combined PDF : PDF for category k
nCEltS
( ) k=1..  Nars ( )
P(s,B;{m"}1 i) = LIPS, Bs(m")

No overlaps between categories = No stafistical correlations
= can simply fake product of individual PDFs.

Multiple categories allows to constrain nuisance parameters (e.g. B)

~~


https://arxiv.org/abs/2111.06712

Counting model, the full version

P(u ) { 6j}j=1'"nNP ; { nsk)}lk:llr::d;j: ) { e‘}bs }j=1V

> O . - '/\
[T P{nsue..(8) Noi(8) + B, (6)] [T 6(65756;51)

J

T\ PN

Expected
bin yield

POI '
Bin Yields or NPs | [ Systematics
Observable Sig/Bkg Shapes,
values efficiencies
/ \ / \ Auxiliary
Pseudo- Data MC Data

experiments \

70
x humber of categories!



Eur.Phys.J.C71:1554,2011

CL : Gaussian Bands
00 F’h“
Usual Gaussian counting example with known B: . 00 '(f |
95% CL, upper limit on S: Z 150l :
with 0
Sy =S+ (1)—1(1 — 0.05 d)(S/oS)) Os o,=VB ¥
Compute expected bands for S=0: 2 | 1
— Asimov dataset & S =0 Sﬂp =196 0,
— + NC bands: . B _
e = (in + [1 — @7'(0.05 ®(¥n) )] o,
Cls:
o Positive bands
somewhat reduced,
S « Negative ones more so
+1 272 | Gaaaa
""""""""""" Band width from .2 _ S’
0 1.96 Oc .=
STIIIIIIiIiiiiiiiizi dependson S, forTsA ;
’," non-Gaussian Coses,diffeq'é(rﬁsmov)
-1 1.4] K values for each band...
[ 71
/



https://arxiv.org/abs/1007.1727

Comparison with LEP/TeVatron definitions

Likelihood ratios are not a new idea: q,.,=—2log L(M:O’g)
- LEP: Simple LR with NPs from MC L(u=1,86)
— Compare p=0 and p=1 (W=0, 50)
* Tevatron: PLR with profiled NPs 9 1ovaron ——2 108 ~
L (M =1, 61)
Both compare to p=1 instead of best-fit _ camserom Clle doumenttn 00t 555
u=0  u=1 LR e

Cls.p

LEP/Tevatron Ho ._' .I > H]

1 [] F
LHC Ho e, F, o VA!
! %}.ﬂri 1 0 ”“' 5
% 108L cms Preliminary ‘J.e_a=7'TeV L,,=0.209 "
— Asymptotically: S 107t st e 0
« LEP/Tevaton: glinearin y = ~Gaussian g 1oy BT
' . = I
« LHC: g quadraticinu= ~x2 o
10%¢
10E
\ L1 .

—_

— Still use TeVatron-style for discrete cases e Ca—
Test Statistic q,

| LOZ Sd3 ‘AojAioy Asipuy



‘ A ,' ) Cowan, Cranmer, Gross & Vitells
IIkS Theorem Eur.Phys.J.C71:156564,2011

To test the S=S_ hypothesis, consider 0.5p 520
0.45| °~ )
L(s=s,) 0.4 X’(n,_=1)
t(S,) = —2log A 0.35[
L(S) o
( 0.3} Observed
0.25/ value g °*
— Assume Gaussian regime (e.g. large n_, 0.2F
0.15f p-value
Central-limit theorem) : then: 0.1 ‘
0.052 large S
Wilk’s Theorem: t(S ) is distributed as a x* Y23 456 7 8 9

under S=S : f(tso | S=So) — fXZ(nd,,f=1)(t80)

= In particular, the significance is:

Z =4q,



https://arxiv.org/abs/1007.1727

Profiling Example: ttH—bb

Analysis uses low-S/B categories to constrain backgrounds. ...
— Reduction in large uncertainties on tt bkg

— Propagates to the high-S/B categories through the —
statistical modeling
= Care needed in the propagation (e.g. different
kinematic regimes)

GeV

0

—
o
o
o
o

Events/ 10

Data / Pred.

8000

6000

4000

2000

RN L R R RN RN R
- ATLAS Preliminary -e-Data

_ \s=13TeV, 13.2fb" EﬁH o -
[ ' + lig i
[ D|Ie.pton [Jtt+21c |
_241,2b -t1+21b |
| Pre-fit mtt+ V. i

[ ]Non-tt -

7z Uncertainty |

0 E , . N . . N . . ]
200 300 400 500 600 700 800 900 1000

H' [GeV]

§o)

o
o 1
—~—
< 0.75
T 05
o

ot4j,2b 2l4],3b ol4],z4Db
S/B = 0.0% S/B=03% S/B=22%
L g @
o 1 a I o 1
o o | I | o | I |
215j,3b 215j,24b
S/B=0.1% S/B=06% S/B =3.6%
la o )
o 1 o 1 o 1
L
2126j,2b 21>26j,3b 2l26j,24b
S/B=0.1% SB=1.3% S/B=52%
o ] o
a ‘(B 1.‘ "
L 0

[T

_ Dilepton %E : !%T
- 24],2b mtt + >1b
- Post-fit mutt+ V.
- [ 1Non-tt

RN N LN LN LN LN LR
- ATLAS Preliminary -e-Data
- (s=13TeV, 13.2fb" H1H

77z Uncertainty

ol b b b b b e by
80-910Z-ANOD-SV LY

500 300 400 500 600 700 800 900 1000 /4
H' [Gev] /


https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2016-080/
https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2016-080/

Profiling Issues

JES

Too simple modeling can have unintended effects

— e.g. single Jet E scale parameter:
= Low-E jets calibrate high-E jets — intended ?

z

-
Jet E

Two-point uncertainties:

— |Inferpolation may not cover full configuration
space, can lead to too-strong constraints

Pre -fit constraint Post -fit constraint

. Pythia Nature
Pythia Nature

@ Sherpa Nextyears (O
generator

@ Sherpa
Nextyears (O

generator Herwig

W. Verkerke, SOS 2014


https://indico.in2p3.fr/event/9742/contribution/16/material/1/0.pdf

Profiling Issues

JES

Too simple modeling can have unintended effects

— e.g. single Jet E scale parameter:
= Low-E jets calibrate high-E jets — intended ?

Two-point uncertainties:

— |Inferpolation may not cover full configuration
space, can lead to too-strong constraints

Pre -fit constraint Post -fit constraint

"

Pythia
Pythia o

Nature

O
@ Sherpa Nextyears (O

generator W ﬁw

W. Verkerke Ms 2014

Nextyears (O
generator

-
Jet E


https://indico.in2p3.fr/event/9742/contribution/16/material/1/0.pdf

Test Statistics for Limit-Setting 04

0.35

II 0.3
0

Interval : 0.2

e o
o=y L 0.1

0.05f
i, HO i 4
Try to exclude p values t(pn,)=—2log (M_Au")
away from (1. L (u)
Limit-setting 0.4F
0.35]
H,:S=S$ osf .
0 0 025 S S,
H12$<So L(S=SO) . 0.2% :
q(S,) =| —2log < 5,>S % i
L ( S) 0.1; i
A 0.05; ;
0 S50 =3 03 2 S0 1 23
Try to exclude values of S that are above S. Discovery is also one-
= “One-sided” test : only interested in excluding above sided, for 5>0! .
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