
Fluctuations and the QCD phase 
diagram

1

“A theory is something nobody believes, 
except the person who made it. 
An experiment is something everybody 
believes, except the person who made it.”



Lecture 1

• Introduction 
• Phase transitions 
• Phase diagrams 
• Spinodal instability 
• Remarks phase diagram  
• Towards measurements
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An old question
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Fermi 1953



More modern versions
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What we know about the Phase 
Diagram
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T

µ~920 MeV

Lattice QCD: 
Tc ~ 155 MeV 
pseudo-critical line up to O(µ2) 
pressure (EoS) up to O(µ6)

Theory, 
Measurements 

155MeV

Nuclear  
Liquid-Gas



What we “hope” for
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T

µ~920 MeV

Cross over transition155MeV

Nuclear  
Liquid-Gas

NB: critical point of water is at T=647K and p=22.06 MPa

How do explore finite baryon density and why?
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How does one find a critical point?
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Google is your “friend”



Statistical Ensembles
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micro-canonical: S(E, N, V )

canonical: ;   energy exchange with heat bathF(T, N, V )

grand-canonical: , energy and particle exchange with heat bathΩ(T, μ, V )

Extensive variables: scale with system size   E, V, N, (m)

Intensive variables: independent of system size   T, p, μ, (h)

conjugate variables: E ↔ T, N ↔ μ, V ↔ p,

used for lattice QCD, most field theory calculations 

experiment ?!

experiment ?!

Equivalence of ensembles? 



Phase Transitions
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Examples: 
Water - vapor  (liquid - gas) 
Water - ice 
Ferromagnet 
….
Order parameter: Tells in which phase the system is 
                             Examples ? 

Control parameter: Moves system from one phase to another 
                               Examples ?

Phase co-existence: Two or more phases can exist together 
                                  Examples ?



Phase Co-Existence
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Water-vapor co-existence 
a.k.a your water kettle 

Ferro-magnet 
Weiss domains 



Phase coexistence
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What are the conditions and why?



Landau Ginzburg 101
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Thermodynamic Potential

Φ = Φ0 + a(t)η2 + bη4

order parameter 

  reduced temperature

η =
t = T − Tc

b > 0 stability

minimum at No term η = 0 ⇒ ∼ η3
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Example: 
mean field Ising model
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Free Energy  

F(m, t) =
1
2

t m2 +
1
4

m4 − h m

m = magnetization 
h = external magnetic field

: no true phase transition|h | > 0
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Mean field Ising model
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F(m, t) =
1
2

t m2 +
1
4

m4 − h m

Equilibrium: 
dF
dm

= 0

⇒ h = t m + m3

t > 0
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 non-monotonic! 
for given h multiple values of m!
h(m)



Mean field Ising model
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h = t m + m3

t < 0
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for : three real solutions (branches)

m(h) :
t < 0 -2 -1 1 2
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“Pressure”
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Ω = F − m h =
1
2

t m2 +
1
4

m4 − m(t m + m3) = −
1
4

(3m4 + 2m2t)

Free energy (grand canonical ensemble)

“Pressure” P ∼ − Ω
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“Pressure”
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Pressure vs magnetic field h

t = 0t < 0; t = − 1 t > 0
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Phase diagram
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Statistical Ensembles
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micro-canonical: S(E, N, V )

canonical: ;   energy exchange with heat bathF(T, N, V )

grand-canonical: , energy and particle exchange with heat bathΩ(T, μ, V )

Extensive variables: scale with system size   E, V, N, (m)

Intensive variables: independent of system size   T, p, μ, (h)

conjugate variables: E ↔ T, N ↔ μ, V ↔ p,

used for lattice QCD, most field theory calculations 

experiment ?!

experiment ?!

Equivalence of ensembles? 



Simple density functional model

21

(		50,		3.0,		2.70,		3.22)

"QCD-like"	phase	transition:
									(Tc

(Q),		nc
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Figure 3.1: An example of the fitting procedure used for the VDF model. Pressure is plotted

as a function of baryon number density at three significant temperatures (T = 0, nuclear

critical temperature T
(N)
c , and quark-hadron critical temperature T

(Q)
c ) for an EOS with

characteristics from set I, see Table 3.1 or the legend (where T
(Q)
c is given in MeV, while the

critical density n
(Q)
c and the boundaries of the spinodal region at T = 0, ⌘L and ⌘R, are given

in units of saturation density, n0 = 0.160 fm�3). Specific points at which the parameters of

the EOS are fixed are indicated on the plot; see text for more details. Figure from [177].

3.2. VDF model results: Pressure, the speed of sound, and

energy per particle

We illustrate the fitting procedure in Fig. 3.1, where we show pressure as a function of baryon

number density at three significant temperatures (T = 0, nuclear critical temperature T
(N)
c ,

and quark-hadron critical temperature T
(Q)
c ) for an EOS with characteristics from set I (see

Table 3.1) and where we also indicate the location of key features that determine the fit
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TABLE II. Comparison of values of the nuclear phase transi-
tion critical temperature T (N )

c (MeV), the critical baryon number
density n(N )

c (fm−3), pressure at the critical point Pc (MeV fm−3),
and incompressibility K0 (MeV) as obtained in experiment [40] and
in various models, where “W” denotes the Walecka model [31],
“QVdW” denotes the quantum Van der Waals model [47], “VDF
N” denotes the VDF model with nuclear phase transition only (two
interaction terms), and “VDF N+Q” denotes the VDF model with
both nuclear and “quark-hadron” phase transitions (four interaction
terms). For the last case, the values of Pc and K0 are given as averages
calculated across all obtained EOSs for quark-hadron critical tem-
peratures T (Q)

c ∈ {50, 100, 125} (MeV) and critical baryon number
densities n(Q)

c ∈ {3.0, 4.0, 5.0} (n0). Values marked with an asterisk
are input parameters of the models.

Experiment W QVdW VDF N VDF N+Q

T (N )
c 17.9 ± 0.4 18.9 19.7 18* 18*

n(N )
c 0.06 ± 0.01 0.070 0.072 0.06* 0.06*

Pc 0.31 ± 0.07 0.48 0.52 0.311 0.3066 ± 0.0014
K0 230-315 553 763 282 273.5 ± 5.1

nuclear matter in the transition region. We expect that this
correct description would manifest itself through agreement
of simulation results with experimental data.

C. Results: Phase diagrams

The phase diagrams for the EOSs corresponding to the
characteristics listed in Table I are shown in Fig. 4. Solid and
dashed lines represent the boundaries of the coexistence and
spinodal regions, respectively. The coexistence and spinodal

regions of the nuclear phase transition, depicted with black
lines, are common for all used EOSs by construction.

It is immediately apparent that the QGP-like coexistence
curves on the phase diagrams all look alike. This is a conse-
quence of our choice to employ only interactions depending
on vector baryon number density, as in this case the depen-
dence of the thermal part of the pressure on temperature T
and effective chemical potential µ∗ is just like that of an
ideal Fermi gas, as can be seen from Eq. (30). Consequently,
all VDF EOSs display similar behavior with increasing tem-
perature T . This can be especially easily seen on the T -µB
phase diagram (right panel of Fig. 4), where the coexistence
lines exhibit the exact same curvature. An exception from
this behavior shown on the plot is the curve calculated for
a system with both nucleons and thermally produced ! reso-
nances (denoted with a red line), which bends more forcefully
towards the µB = 0 axis as the temperature increases. This
is to be expected as including an additional baryon species
lowers the value of the baryon chemical potential for a given
baryon number density. Including more baryon species would
strengthen this effect.

Another feature, easily discerned on the T -nB phase dia-
gram (left panel of Fig. 4), is that the spinodal regions [ηL, ηR]
(and likewise the coexistence regions [nL, nR]) are always
approximately centered around the critical baryon number
density, n(Q)

c . This is again an effect related to having only
the ideal-gas-like contribution to the thermal pressure in case
of vector-like interactions (for details see Appendix D). As a
result, the critical baryon number density, n(Q)

c , and the bound-
aries of the spinodal region, ηL and ηR, are not independent. In
consequence, we have effectively one less free parameter. For
example, once we set the ordinary nuclear matter properties,
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FIG. 4. Phase diagram in the T -nB (left panel) and T -µB (right panel) planes for sets of characteristics listed in Table I. Solid and dashed
lines represent the boundaries of the coexistence and spinodal regions, respectively. In the legend, the critical temperature of the QGP-like
phase transition T (Q)

c is given in MeV, while the critical baryon number density n(Q)
c and the boundaries of the spinodal region, ηL and ηR, are

given in units of saturation density, n0 = 0.160 fm−3. The coexistence and spinodal regions of the nuclear phase transition, depicted with solid
black and dashed black lines, respectively, are common to all sets of characteristics. Also shown are chemical freeze-out points obtained in
experiment and a parametrization of the freeze-out line from [48].
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Phase diagrams
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Free Energy
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: Order parameter

What we are used to: 
One minimum 



Free Energy
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Free Energy
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(close to transition)



Free Energy
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Free Energy
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Free Energy
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Simple density functional model
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Figure 3.1: An example of the fitting procedure used for the VDF model. Pressure is plotted

as a function of baryon number density at three significant temperatures (T = 0, nuclear

critical temperature T
(N)
c , and quark-hadron critical temperature T

(Q)
c ) for an EOS with

characteristics from set I, see Table 3.1 or the legend (where T
(Q)
c is given in MeV, while the

critical density n
(Q)
c and the boundaries of the spinodal region at T = 0, ⌘L and ⌘R, are given

in units of saturation density, n0 = 0.160 fm�3). Specific points at which the parameters of

the EOS are fixed are indicated on the plot; see text for more details. Figure from [177].

3.2. VDF model results: Pressure, the speed of sound, and

energy per particle

We illustrate the fitting procedure in Fig. 3.1, where we show pressure as a function of baryon

number density at three significant temperatures (T = 0, nuclear critical temperature T
(N)
c ,

and quark-hadron critical temperature T
(Q)
c ) for an EOS with characteristics from set I (see

Table 3.1) and where we also indicate the location of key features that determine the fit
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TABLE II. Comparison of values of the nuclear phase transi-
tion critical temperature T (N )

c (MeV), the critical baryon number
density n(N )

c (fm−3), pressure at the critical point Pc (MeV fm−3),
and incompressibility K0 (MeV) as obtained in experiment [40] and
in various models, where “W” denotes the Walecka model [31],
“QVdW” denotes the quantum Van der Waals model [47], “VDF
N” denotes the VDF model with nuclear phase transition only (two
interaction terms), and “VDF N+Q” denotes the VDF model with
both nuclear and “quark-hadron” phase transitions (four interaction
terms). For the last case, the values of Pc and K0 are given as averages
calculated across all obtained EOSs for quark-hadron critical tem-
peratures T (Q)

c ∈ {50, 100, 125} (MeV) and critical baryon number
densities n(Q)

c ∈ {3.0, 4.0, 5.0} (n0). Values marked with an asterisk
are input parameters of the models.

Experiment W QVdW VDF N VDF N+Q

T (N )
c 17.9 ± 0.4 18.9 19.7 18* 18*

n(N )
c 0.06 ± 0.01 0.070 0.072 0.06* 0.06*

Pc 0.31 ± 0.07 0.48 0.52 0.311 0.3066 ± 0.0014
K0 230-315 553 763 282 273.5 ± 5.1

nuclear matter in the transition region. We expect that this
correct description would manifest itself through agreement
of simulation results with experimental data.

C. Results: Phase diagrams

The phase diagrams for the EOSs corresponding to the
characteristics listed in Table I are shown in Fig. 4. Solid and
dashed lines represent the boundaries of the coexistence and
spinodal regions, respectively. The coexistence and spinodal

regions of the nuclear phase transition, depicted with black
lines, are common for all used EOSs by construction.

It is immediately apparent that the QGP-like coexistence
curves on the phase diagrams all look alike. This is a conse-
quence of our choice to employ only interactions depending
on vector baryon number density, as in this case the depen-
dence of the thermal part of the pressure on temperature T
and effective chemical potential µ∗ is just like that of an
ideal Fermi gas, as can be seen from Eq. (30). Consequently,
all VDF EOSs display similar behavior with increasing tem-
perature T . This can be especially easily seen on the T -µB
phase diagram (right panel of Fig. 4), where the coexistence
lines exhibit the exact same curvature. An exception from
this behavior shown on the plot is the curve calculated for
a system with both nucleons and thermally produced ! reso-
nances (denoted with a red line), which bends more forcefully
towards the µB = 0 axis as the temperature increases. This
is to be expected as including an additional baryon species
lowers the value of the baryon chemical potential for a given
baryon number density. Including more baryon species would
strengthen this effect.

Another feature, easily discerned on the T -nB phase dia-
gram (left panel of Fig. 4), is that the spinodal regions [ηL, ηR]
(and likewise the coexistence regions [nL, nR]) are always
approximately centered around the critical baryon number
density, n(Q)

c . This is again an effect related to having only
the ideal-gas-like contribution to the thermal pressure in case
of vector-like interactions (for details see Appendix D). As a
result, the critical baryon number density, n(Q)

c , and the bound-
aries of the spinodal region, ηL and ηR, are not independent. In
consequence, we have effectively one less free parameter. For
example, once we set the ordinary nuclear matter properties,
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FIG. 4. Phase diagram in the T -nB (left panel) and T -µB (right panel) planes for sets of characteristics listed in Table I. Solid and dashed
lines represent the boundaries of the coexistence and spinodal regions, respectively. In the legend, the critical temperature of the QGP-like
phase transition T (Q)

c is given in MeV, while the critical baryon number density n(Q)
c and the boundaries of the spinodal region, ηL and ηR, are

given in units of saturation density, n0 = 0.160 fm−3. The coexistence and spinodal regions of the nuclear phase transition, depicted with solid
black and dashed black lines, respectively, are common to all sets of characteristics. Also shown are chemical freeze-out points obtained in
experiment and a parametrization of the freeze-out line from [48].
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Looking for signs of a transition
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Cumulants and phase structure  
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What we always see.... What it really means....

“Tc” ~ 160 MeV



Derivatives
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Tc Tc

1st order 5th order

3th order0th order



How to measure derivatives
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At µ = 0:

Cumulants of Energy measure the temperature derivatives of the EOS

Z = tr e�Ê/T+µ/TN̂B

h(�E)2i = hE2i � hEi2 =

✓
� @

@1/T

◆2

ln(Z) =

✓
� @

@1/T

◆
hEi

h(�E)ni =
✓
� @

@1/T

◆n�1

hEi

hEi = 1

Z
tr Ê e�Ê/T+µ/TN̂B = � @

@1/T
ln(Z)

Cumulants of Baryon number measure the chem. pot. derivatives of the EOS



Simple model
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Close to µ=0
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T

µ

a ~ curvature of critical line

Needs higher order cumulants (derivatives)  
at µ ~ 0

F = F (r), r =
p

T 2 + aµ2

�2

�µ2
F (T, µ)|µ=0 =

a

T

�

�T
F (T, µ = 0) � �E�
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Lattice at µ=0 
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Second order Cumulant 
(second derivative w.r.t. µ)

Equation of state 
(first derivative w.r.t. T)

S. Borsanyi et al, JHEP 1011 (2010) 077 

�2

�µ2
F (T, µ)|µ=0 =
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T

�

�T
F (T, µ = 0) � �E�
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Cumulants of (Baryon) Number
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Kn =
�n

�(µ/T )n
ln Z =

�n�1

�(µ/T )n�1
�N�

Kn � VCumulants scale with volume (extensive):

Volume not well controlled in heavy ion collisions 

Cumulant Ratios: K2

�N� ,
K3

K2
,

K4

K2

K1 = �N� , K2 = �N � �N��2 , K3 = �N � �N��3



Measuring cumulants (derivatives) 
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�

N

P (N)(N � �N�)2

K3 = �N � �N��3 =
�

N

P (N)(N � �N�)3

P (N) =
Nevents(N)

Nevents(total)
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