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Including interactions and Cooper pairing

e including interactions between (unpaired) quarks perturbatively

— corrections in powers of a
G. Baym and S. A. Chin, PLB 62, 241 (1976)

B. A. Freedman and L. D. McLerran, PRD 16, 1169 (1977)

2
37

e include energy gap A from Cooper pairing
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Improved perturbative studies of dense quark matter

| | T /|~——'_‘ I I
e second-order corrections in o -
A. Kurkela, P. Romatschke, A. Vuorinen 0'8__
PRD 81, 105021 (2010) 06
e large corrections to bag model “r — e
at all relevant densities! 02 T D model BOSONMEVY ) -
e e I I
Uy [GeV]
e
&~ 1000F :
= : pPQCD
> ‘mater| @ connect nuclear matter
2 |} . s . .
3 feutron g (low density) to perturbative
5 ﬁ Central . .
2 oo e " Ry QCD (high density)
& o / A. Kurkela, E. S. Fraga,
Py S S Y T SOOI J. Schaffner-Bielich, A. Vuorinen,
1 10 100

Quark chemical potential y - p, /3 (MeV) Astrophys. J. 789, 127 <2014)
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Summary: unpaired quark matter

e zcro (uark masses:

quark matter is particularly symmetric:
ny =ng = Ng (and no electrons)

e nonzero strange quark mass:

B-equilibrated, electrically neutral quark matter has ng > ny > ng
(and nonzero ne)

e perturbative results can be used to constrain equation of state
at moderate densities
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Nuclear matter

T A

150 MeV T

Quark—Gluon
Plasma

Hadrons

nucleanmatter

=

Color—flavor locking

(CFL)

308 MeV

v

e
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Nuclear matter

e “ordinary” nuclear matter: neutrons (n), protons (p), electrons (e)
B-equilibrium 4+ charge neutrality — neutron rich matter

non-interacting nuclear matter - Problems 11

e more exotic phases possible at high density:

kaon condensation, hyperons, ...

10"
10” <
e R P o N
.0 , ‘ N -
5 / ™ .
QO g 2 / / ' 0 \ /
= S0t | |l ,
S S - I’ i 'f\ /A ,/ U,=—30 MeV
= Co o ot N U=—28Mev
« { | : T I'(\ : !
-3 | | U ! / _
L B I AR , /
| | ' ] 1o ' \ ' /
| L ] [
IR I I R R AR S A
10_4 | L Ai : A: i | ix \ AII L
0.0 0.3 0.6 0.9 1.2 1.5

Density (fm_3)

A. Schmitt, Lect. Notes Phys. 811, 1 (2010)
J. Schaffner-Bielich, NPA 835, 279 (2010)
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Problems II: non-interacting nuclear matter

1. Show that electrically neutral, non-interacting nuclear matter (n,p,e) at zero
temperature and in S-equilibrium (assuming p, ~ 0)

(a) must contain protons in general, n, # 0

(b) has a proton fraction -2 = ¢ in the ultra-relativistic limit
B

np 1 : : :
(¢) obeys 7£ < g except for very small np (requires numerical evaluation)

2. Show that non-interacting, pure neutron matter in the non-relativistic limit has
a “polytropic” equation of state,

P(e) = K€,
and compute K and p.
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Basic properties of (interacting) nuclear matter
see Sec. 3.1 in A. Schmitt, Lect. Notes Phys. 811, 1 (2010)

e relativistic, symmetric nuclear matter (“Walecka model”)
,C = @Z(?f}/“@u —my + M’yo)lb + ggqﬁgqﬂ — gw&vuwuw

1 , 1 1,

- Moy 2)__ pv oo = I
+3 ((%0(9 0= MG0" ) = JWu™ + oMWW

(with g introduced through H — uN)

300

e two parameters
(to be fitted later): gs, 9.

200

100

V[MeV]

e attractive and repulsive

interaction through w0 tota

sigma and omega exchange 1200 e e

20
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Mean-field approximation

e replace meson fields by their vevs (space-time independent)

o~ (o), Wy = <WO>5O/L
e mecan-field Lagrangian

— /. . . 1 1
L nean—field = ¥ (27M6/1 —Mmy + U 70) (DR im(Qf(O)z + §ma<w0>2
with
my =my = golo), @ = p— guwlwo)

— looks like non-interacting Lagrangian: interaction absorbed

in effective mass m?,; and effective chemical potential p*
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Pressure from partition function

e partition function
7 = f DYDYDoDw exp L c

1,2

(—§7rzd<0>2+%m¢%<w()>2) f D@BD@D exp A @Z (nyua,u — mjv + M*’yo) w

N<

= €

e perform functional integral (see thermal field theory intermezzo)
& ignore “vacuum contribution” & neglect anti-baryons

T 1 1 d3k
szan:—imQ( )2+2m W) +4Tf( 7r)3 1+e_(E’f “)/T)

7

Py

with Ej, = \/k? + (m},)?
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Intermezzo: Thermal field theory (page 1/6)

e partition function and grand-canonical potential density from statistical physics

- T
7 = Tre PH-1N). (T, ) = _VIHZ

e functional integral (scalar field ¢ with conjugate momentum )

z = [ ot g~ [pr [ Do exp[ i (maqu—HwN)]
= Nngb exp/)LE
/}; = '/(;ﬁdT'/‘d?’x, T =4t “imaginary time” B=1/T
t=t, s =B /

t=0 T= T & L
(I)a 2nT
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Intermezzo: Thermal field theory (page 2/6)

e fermionic version:

2= [ pup e f i ]

antiperiodic

with antiperiodicity ¥(0,x) = —(3,x)

e Fourier transform .
V(X)) = —= e Y(K)
>
with
X = (-iT, %), K" = (—iw,, k), K-X=-(w,m+k-x)
and Matsubara frequencies

wp=2n+1)nT, nez (bosonic:  w, =2nnT)
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Intermezzo: Thermal field theory (page 3/6)

e interacting field theories: Feynman rules similar to 7" = 0 quantum field theory

e for instance: photon propagator in a QED plasma D7, =D }W +11,,
with photon polarization tensor

VWQWW =11,,(Q) = 62§;TI[WGO(K)%GO(K_ Q)]
T dk
e Vzn: (27)3%[%(;0([()%(}0([(— Q)]
= F(Q)PL,ILLV + G(Q)PT,/U/

e in “Hard Thermal Loop” approximation |k ~ T (“hard”), qq,q ~ €T (“soft”)]
E. Braaten and R. D. Pisarski, Nucl. Phys. B 337, 569 (1990)

2 n 2 2 n
2@2 ( 9 90 q) T (@ Q@ C])
q 29 qo—q qg \q 2q qO—q

F(Q) =-2m

with m? = %
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Intermezzo: Thermal field theory (page 4/6)

e spectral density

prr(Q) = %Im D r(Q)

with ; P
2 1 ' wL Landau
Dr(Q) = 2 F(Q)-Q? 0_5; @//}/,// damping
1
Dr(Q) = % os 10 15 20
T( ) G(Q) _ QQ o/m
wr(wf = q°) 1 O(¢° - q5) Im Iy
_ San—wr) =8 _ =
pr(Q) 2GR+ _w%)[ (g0 —wr) = 6(qo +wr)] 7 (ReTloo — ¢2)2 + (Im Iyg)?
wr (w? —q2) 1 O(¢?-¢)ImG
/OT(Q) = S < 2)2[5(% ~wr) - 5(90 + wT)] - ( )

T(ReG - Q%)% + (ImG )2
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Intermezzo: Thermal field theory (page 5/6)

e free fermions: can perform the functional integral exactly

S99, = m) == S () L

(K),

with the free inverse fermion propagator in momentum space

Gy (K) = +"K,=y’u+m

e integration over Grassmann variables

K
2= [ POP0 e |- (1) LD
antiperiodic K

¢(K)]

Gy (K) k2 +m? — (ko + )27
= det =7 — =11 [ T ]

(determinant over Dirac and momentum space)
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Intermezzo: Thermal field theory (page 6/6)

2 (ko + )2 2 Y 2 2
:an:Eln[Ek (ko + 1) ] :Z[lnwnJr(ek 1) +lnw"+(€k+’u) ]
T T2
K K
with €. = Vk2 + m?

e sum over fermionic Matsubara frequencies
(for instance via contour integration in the complex w plane)

2

W2 + €
Zln nT2 i %k+21n(1+e‘€k/T)+const

3
()= ——an = —2/ @k Ek + Tln(l + e_(ek_“)/T) +T'In (1 + 6_(€’f+/"‘)/T)]

(2m)°
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Pressure from partition function

e partition function
7 = f DYDYDoDw exp L c

1,2

(—§7rzd<0>2+%m¢%<w()>2) f D@BD@D exp A @Z (nyua,u — mjv + M*’yo) w

N<

= €

e perform functional integral (see thermal field theory intermezzo)
& ignore “vacuum contribution” & neglect anti-baryons

T 1 1 d3k
szan:—imQ( )2+2m W) +4Tf( 7r)3 1+e_(E’f “)/T)

7

Py

with Ej, = \/k? + (m},)?
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Stationarity equations

e compute meson vevs from

OP OP
0 = % = —m(%(fﬂ - gaam]}:\]] = —m%(a) T goNs
oP 9 0PN

0 = - _ = m? _
a(w()) mw<w0> Juw alu* m(,U(wO) gwn p

e for given np the equations decouple and we need to solve

2
m’ =mN—g—UnS
N m%

for m?

=
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Saturation density and binding energy

40 -

e 3 minimum of ¢/ng = E/A
at “saturation density”

no ~ 0.15 fm =3

20

€/np—my

saturation

Or-~
-
~
L N
N
~

=20+

L L L L 1 L L L L 1 L L L L 1 L
0.0 0.1 0.2 0.3

® semi-empirical energy

7 (A-27)?

E = —CL1A + CL2A3/2 +a3——= t Q4
_ Al/3 A
surface T~ ~ d
Coulomb (a)symmetry

e symmetric, infinite nuclear matter without EM has
binding energy Fy= F/A = —a1 = -16 MeV
¢ g, and g, fitted to reproduce ng and Ej
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Saturation density in the QCD phase diagram

150 MeV T Quark—Gluon
Plasma

Hadrons

Color—flavor locking

j (CFL)
>.
(o) :
H=(my-16 MeV)/N,

o g <mpy — Fpy: vacuum with P =0 and ng =0

o 1p = my — Ey: first-order phase transition to nuclear matter with
P=0and ng=nyg

o g > my — Fy: nuclear matter with P >0 and ng > ny
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Two examples from current research |



Nantes, 27 June - 1 July 2022 72

Chiral effective theory and speed of sound
[. Tews, J. Carlson, S. Gandolfi and S. Reddy, Astrophys.J. 860, 149 (2018)

45—
- Avg/

- —— AVS 4+ UIX
[ o---e- LO
[ NLO
35 2

r [ N°LO (TPE + VEl)
[ 0 N2LO (TPE — only)
30F mmm N2LO (TPE + Vg,)

40

Chiral effective theory:
systematic expansion in momentum

> F .
% scale for low-density nuclear matter
< .
20[~
Al based on QCD symmetries
15
10:_ LA R L L L L
r | ] NQLO (TPE+VE1)
F [0 N?LO (TPE — only)
5; —— AVE + UIX
L 10—17
0 S N R E N R S r
0.00 0.05 0.10 0.15 0.20 0.25 0.30
| | | P | |
471%1“ on stars Causality: c{ <1 =
1 méo
1072
E 2/3— (b) —
a8
Conformal limit
1/3
L a Perturbative QCD
o o | | T P U N R I R I
0 1 2 3 1 5 t 50 100 150 0.00 0.05 0.10 0.15 0.20 0.25 0.30

n [ng] n [fm_3]
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Nuclear matter and neutron stars from holography
N. Kovensky and A. Schmitt, SciPost Phys. 11, 029 (2021)
N. Kovensky, A. Poole and A. Schmitt, PRD 105, 034022 (2022)

Vg7

e Nuclear matter from Witten-Sakai-
Sugimoto model with two parameters

(‘)\, l\zfi<1<;)

e Construct entire star from holography
(including crust)

Q-Qix [MeV/m3]

r crust
10—5 L L | h L L | L L L | L L L | L L L | L L L
1080 1100 1120 1140 1160
Mn [MeV]
BO- 1000:----.-\-
‘ ] 500 [
250 ] f (10,949)
i ] I (11,949)
i (10,1000)
20 (11,1000)
¢ | (10,1000) 1008
S 50 '
= 150 (11,1000) < 50
= i
10F
i 10+
0.5_— L
5
0-0- ||||||||||||||||||||||||||||||||||||||||||||||||||||||||||
9 10 11 12 13 14 0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
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Summary: nuclear matter

e neutral nuclear matter in S-equilibrium is neutron-rich

— ‘neutron star”

e symmetric nuclear matter has a “saturation density” ng

and a “binding energy’ Ej

e as a consequence, there is a first-order baryon onset

(liquid-gas transition) in the QCD phase diagram

e first-principle studies of nuclear matter are possible at low densities
(chiral effective theory)

e models, extra(intra)polations are needed for larger densities
(e.g. holographic methods)
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Outline

e Connecting QCD to astrophysical observables
— Basics of QCD and phase diagram

— Neutron stars as laboratories for dense (and hot) QCD

e Equation of state

— Unpaired quark matter at asymptotically large densities

— Nuclear matter in a simple approximation (intermezzo: thermal field theory)

e Color superconductivity

— QCD gap equation

— Color-flavor locking and other color superconductors

e Transport in dense QQCD

— Brief overview of transport in neutron stars

— Bulk viscosity of (color-superconducting) quark matter
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Color superconductivity and color-flavor locking

150 MeV T Quark-Gluon
Plasma

Hadrons

nuclear
superfluid \ = ~pp

o

308 MeV
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Cooper pairing of fermions

o free energy (0= FE — u N

e N0 interactions: add fermion
at /' = pu without cost

e attractive interaction:
add pair with gain

e pairs condense

— “Cooper pairing”

This Bardeen-Cooper-Schrieffer (BCS) argument holds for
electrons in a metal, SHe atoms, nucleons, quarks, ...



