
Hadronic contributions to the running of
αQED from Lattice QCD

Sophie Mutzel for BMW
CPT Marseille

May 25, 2022
GDR QCD

1 / 12

1 / 12



Introduction
α(MZ ) input parameter for electroweak precision tests

0.0072973525693 0.00775 0.00776

α(MZ)α(0)
Running

precision lost by
O(5) of magnitude

R ratio [DHMZ’20]

EWP [MS’20]

EWP future

1

0.0072973525693 0.00775 0.00776
·10�3

↵(Q2)

↵(MZ)↵(0)
Running

O(105) loss in precision
R ratio [DHMZ’20]

EWP [MS’20]

EWP future

0.027 0.028
·10�2

�↵had(M2
Z)

δα(MZ )/α(MZ )

current precision ∼ 10−4

precision needed for future colliders ∼ 5 × 10−5

α(MZ ) one of the least well determined SM input parameters
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The running of αQED
The running QED coupling α is given by

α(s) =
α(0)

1 −∆α(s)
, ∆α(s) = ∆αlep(s)︸ ︷︷ ︸

O(α4)

+∆α
(5)
had(s) + ∆αtop(s)︸ ︷︷ ︸

O(α3
s )

 

am monom monom
Ipr q

−iΠµν(q) = (ie)2
∫

d4xe iq·x ⟨0|T{Jµ(x)Jν(0)}|0⟩ =
(
qµqν − gµνq

2)Π
(
q2)

︸ ︷︷ ︸
Lorentz inv. and current conservation

Dyson resummation of 1PI bubbles

∆α(q2) = 4π αΠ̂(q2) = 4π α
(
Π(q2)− Π(0)

)
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(
qµqν − gµνq

2)Π
(
q2)
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Lorentz inv. and current conservation

Dyson resummation of 1PI bubbles

∆α(q2)had = 4π αΠ̂(q2)had = 4π α
(
Π(q2)− Π(0)

)
had

Largest uncertainty comes from non-perturbative effects in hadronic contribu-
tion in low energy region
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HVP: Data driven approach
Π̂(q2) related to ImΠ(q2) via a dispersion relation (analyticity)

Re(q2)

Im(q2)

Π̂(q2) =
q2

π
−
∫ ∞

sthr

ds
ImΠ(s)

s(q2 − s)

Obtain ImΠ(s) from σ(γ → had) via optical theorem (unitarity)

γ γ

had
γ

had

2

Im

Im Π(q2)

1 2 3 4 [GeV]5

from experimental 
data

R(s) = σ(e+e−→hadrons)
σ(e+e−→µ+µ−)

∆α
(5)
had(q

2) = α(0) q2

3π

(
−
∫ E2

cut
sthr

Rdata(s)
s(q2−s) ds + −

∫∞
E2
cut

RpQCD(s)
s(q2−s) ds

)
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Space-like region accessible in Lattice QCD
Complementary to data driven approach

Re(q2)

Im(q2)

Im Π(q2)

1 2 3 4
[GeV]

5

Π(-q2)

1 2 3 4
[GeV]

5

Run to MZ using Euclidean split method

∆α
(5)
had

(
M2

z

)
=∆α

(5)
had

(
−Q2

0
)
LQCD +

[
∆α

(5)
had

(
−M2

z

)
−∆α

(5)
had

(
−Q2

0
)]

pQCD/ R-ratio

+
[
∆α

(5)
had

(
M2

z

)
−∆α

(5)
had

(
−M2

z

)]
pQCD



HVP: On the lattice
Study time evolution of Euclidean correlation function (Q2 = −q2)

Πµν(Q) =

∫
d4xe iQ·x⟨Jµ(x)Jν(0)⟩ =

(
QµQν − δµνQ

2)Π
(
Q2)

︸ ︷︷ ︸
O(4) inv. and current conservation

with Jµ/e = 2
3 ūγµu − 1

3 d̄γµd − 1
3 s̄γµs +

2
3 c̄γµc

C (t) =
a3

3

3∑

i=1

∑

x⃗

⟨Ji (x)Ji (0)⟩ = C ud(t) + C s(t) + C c(t) + Cdisc(t)︸ ︷︷ ︸
very different systematic errors

...
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• Define ∀Q∈R [Bernecker et al ’11]

Π̂(Q2) ≡ Π(Q2)− Π(0) = 2a
∑

t

Re

[
e iQt − 1

Q2 +
t2

2

]
ReC (t)
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Π̂(Q2) = Π(Q2)− Π(0) mixes different scales

Adler function D(Q2) ≡ 12π2Q2 dΠ̂(Q2)
dQ2 =24π2a

∑
t

[
− t sin(Qt)

2Q
− cos(Qt)− 1

Q2

]
︸ ︷︷ ︸

k(t,Q2)

C(t)
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Discretization errors: Simulations vs PT
D(Q2) receives logarithmically enhanced O(a2) artefacts at leading order [Cè
et al ’21]

D
(
Q2, a

)
= D

(
Q2, 0

){
1 + (aQ)2

∞∑
n=0

cnα
n
s

(
1
a

)
+ (aQ)2ln(aQ)2

∞∑
n=0

Alnα
n
s

(
1
a

)}

1.35

1.4

1.45

1.5

1.55

1.6

1.65

1.7

1.75

0 0.5 1 1.5 2 2.5

D
l,
(0
) (
5

G
eV

2
)

(aQ)2

A0 +A0l(aQ)2 log((aQ)2) +A2(aQ)2 +A4(aQ)4

4 stout ensembles

additional lattice spacings
continuum value

Numerical 1-loop lattice perturbation theory

Confirms leading coefficient of ln((aQ)2) that we computed analytically in
lattice perturbation theory: Al0 = −ncq

2
f /30

→ 1-loop lattice perturbation
theory reproduces well discretization
errors observed in simulations at
high Q2
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)
-
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Dwindow(Q
2, tc) =

∑tc
t=0 k(t, Q

2)C(t) Q2 = 1 GeV2

Q2 = 5 GeV2

Q2 = 10 GeV2

LO LPT

⇒ reduce discretization errors of simulation results via
D(Q2, a) → D(Q2, a) + D(0)(Q2, 0)− D(0)(Q2, a)

→ 1-loop lattice perturbation
theory reproduces well discretization
errors observed in simulations at
high Q2
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Isospin breaking effects
• Include e2 effects and δm = md −mu difference by expanding on isospin symmetric

configurations [DeDivitiis et al. ’13], distinguish between sea and valence charges

⟨O⟩ ≃
∫
[dU][dA]e−S[U,A] dets0

(
1 + es

dets′1
dets0

+ e2
s
dets′′2
dets0

)(
O0 + δm

ml
O′

m + evO′
1 + e2

vO
′′
2

)
∫
[dU]e−Sg [U]

∫
[dA]e−Sγ [A] dets0

(
1 + es

dets′1
dets0

+ e2
s

dets ′′
2

dets0

)
= ⟨O0⟩0

+ ⟨O′
m⟩0

+
〈
O′′

2
〉
0

+
〈
O′

1
dets′1
dets0

〉
0

+
〈
[O0 − ⟨O0⟩0] dets′′2

dets0

〉
0

where dets [U,A; {mf } , {qf } , e] =
∏

f detMf

[
VUe

ieqf A,mf

]1/4 (M fermionic matrix),
O0 = O|(0,0) ,O′

m = ml∂δmO|(0,0) ,O′
1 = ∂evO|(0,0) and O′′

2 = 1
2∂

2
evO

∣∣
(0,0) 7 / 12



D l(5 GeV2): Preliminary global fit

D(Q2) = D(Q2, 0) + A(a2)︸ ︷︷ ︸
continuum

extrapolation

+ BXl + CXs︸ ︷︷ ︸
interpolation to
physical point

+DXδm + EXvv + FXvs + GXss︸ ︷︷ ︸
extrapolation to
physical δm,e2
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Conclusion
Aim: compute Adler function on the lattice to yield ∆α

(5)
had(M

2
Z ) with uncertainty

≲ 1.5 × 10−4

• Complete analysis for all flavours (light,
strange, charm, disconnected) with QED
and strong isospin breaking corrections
and various values of Q2

• Computing finite volume effects

• Performing analytic taste improvement
(important for small values of Q2)

• Assessing systematic error by performing
cuts in the lattice spacing, varying choice
of fit function, variation of fit ranges for
hadron masses, varying experimental
values of hadron masses etc.

Particularly interesting in light of aµ [BMWc ’20], low energy running of α might
be enhanced as seen in [Mainz ’22]
Exciting times for the lattice! Stay tuned for results on αQED(MZ )!
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Non-lattice approaches
chiral pert. theory (XPT) [Aubin et al’20]

Lellouch-Lüscher approach with exp.
input (LLGS) [Francis et al’13,Giusti et al’18]

generic field theory [Hansen,Patella’20]

NLO XPT

NNLO XPT

lattice NLO NNLO LLGS HP
aµ(big) � aµ(ref) 18.1(2.0)(1.4) 11.6 15.8 16.3 16.3D(Q2)(Lbig,Tbig)− D(Q2)(Lref ,Tref)]4HEX
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+ [D(Q2)(∞,∞)− D(Q2)(Lbig,Tbig)]χPT

• Complete analysis for all flavours (light,
strange, charm, disconnected) with QED
and strong isospin breaking corrections
and various values of Q2

• Computing finite volume effects

• Performing analytic taste improvement
(important for small values of Q2)

• Assessing systematic error by performing
cuts in the lattice spacing, varying choice
of fit function, variation of fit ranges for
hadron masses, varying experimental
values of hadron masses etc.

Particularly interesting in light of aµ [BMWc ’20], low energy running of α might
be enhanced as seen in [Mainz ’22]
Exciting times for the lattice! Stay tuned for results on αQED(MZ )!

9 / 12



Conclusion
Aim: compute Adler function on the lattice to yield ∆α

(5)
had(M

2
Z ) with uncertainty

≲ 1.5 × 10−4

−0.005

0

0.005

0.01

0.015

0.02

0.025

0.03

1 1.5 2 2.5 3 3.5D
(Q

2
)

in
w

in
do

w
[t 1

...
t 1
+
0.
5

fm
]

fin
e

(0
.0

64
fm

)
-

co
ar

se
(0

.1
19

fm
)

t1 in [fm]

Q2 = 0.01 GeV2

Q2 = 0.25 GeV2

Q2 = 1 GeV2

ρ model

[D(Q2)l]0(L, a) → [D(Q2)l]0(L, a)

+ 10
9

[
∆RHO−SRHOD(Q2, L)

]
+ 10

9

[
∆Lref−LD(Q2)RHO

]

• Complete analysis for all flavours (light,
strange, charm, disconnected) with QED
and strong isospin breaking corrections
and various values of Q2

• Computing finite volume effects

• Performing analytic taste improvement
(important for small values of Q2)

• Assessing systematic error by performing
cuts in the lattice spacing, varying choice
of fit function, variation of fit ranges for
hadron masses, varying experimental
values of hadron masses etc.

Particularly interesting in light of aµ [BMWc ’20], low energy running of α might
be enhanced as seen in [Mainz ’22]
Exciting times for the lattice! Stay tuned for results on αQED(MZ )!

9 / 12



Conclusion
Aim: compute Adler function on the lattice to yield ∆α

(5)
had(M

2
Z ) with uncertainty

≲ 1.5 × 10−4

 

Ä

i
Its
PDG

LÜHEPDG

• Complete analysis for all flavours (light,
strange, charm, disconnected) with QED
and strong isospin breaking corrections
and various values of Q2

• Computing finite volume effects

• Performing analytic taste improvement
(important for small values of Q2)

• Assessing systematic error by performing
cuts in the lattice spacing, varying choice
of fit function, variation of fit ranges for
hadron masses, varying experimental
values of hadron masses etc.

Particularly interesting in light of aµ [BMWc ’20], low energy running of α might
be enhanced as seen in [Mainz ’22]
Exciting times for the lattice! Stay tuned for results on αQED(MZ )!

9 / 12



Conclusion
Aim: compute Adler function on the lattice to yield ∆α

(5)
had(M

2
Z ) with uncertainty

≲ 1.5 × 10−4

 

Ä

i
Its
PDG

LÜHEPDG

• Complete analysis for all flavours (light,
strange, charm, disconnected) with QED
and strong isospin breaking corrections
and various values of Q2

• Computing finite volume effects

• Performing analytic taste improvement
(important for small values of Q2)

• Assessing systematic error by performing
cuts in the lattice spacing, varying choice
of fit function, variation of fit ranges for
hadron masses, varying experimental
values of hadron masses etc.

Particularly interesting in light of aµ [BMWc ’20], low energy running of α might
be enhanced as seen in [Mainz ’22]
Exciting times for the lattice! Stay tuned for results on αQED(MZ )!

9 / 12



Backup

10 / 12



Connection to aµ?
• first exploration of connection aLO-HVP

µ ↔ ∆
(5)
hadα(M

2
Z ) [Passera et al ’08]

• most aggressive scenario (see also [Keshavarzi et al ’20]): [Crivellin et al ’20] BMW
results suggest a 4.2σ overshoot in ∆

(5)
hadα(M

2
Z ) compared to result of fit to EWPO

• They assume 2.8% relative deviation in R-ratio for all s (∼ excess BMW found in
aLO-HVP
µ )

• Hypothesis is not consistent with [BMWc ’17] nor new result

0

20
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 x
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KNT18+rhad
lattice incl. bottom

-0.5

0.0

0.5

1.0

1.5

2.0

0...1 1...10 10...100

[GeV
2
]
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[Crivellin:2020zul]

[∆
α

  
- 

 ∆
α

K
N

T
] 
x
 1

0
4

proj(∞)

proj(1.94 GeV)

• values of aLO-HVP
µ even as large as needed to explain aexp

µ do not necessarily imply

∆
(5)
hadα(M

2
Z ) in conflict withs EWPO [Malaescu et al ’20, de Rafael ’20 & Colangelo

et al ’20]
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Simulations and global fit
31 high-statistics simulations, Nf=2+1+1 flavors of 4-stout staggered quarks

D(Q2) = D(Q2, 0) + A2[aα
n
s (1/a)]

2 + A2la
2 log(a2)[αn

s (1/a)]
2 + A4[a

2αn
s (1/a)]

2
︸ ︷︷ ︸

continuum
extrapolation

A︸︷︷︸
continuum

extrapolation

+ BXl + CXs︸ ︷︷ ︸
interpolation to
physical point

+ DXδm + EXvv + FXvs + GXss︸ ︷︷ ︸
extrapolation to
physical δm,e2

6 a’s: 0.134 → 0.064 fm

β a [fm] T × L #conf
3.7000 0.1315 64 × 48 904
3.7500 0.1191 96 × 56 2072
3.7753 0.1116 84 × 56 1907
3.8400 0.0952 96 × 64 3139
3.9200 0.0787 128 × 80 4296
4.0126 0.0640 144 × 96 6980
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β = 3.7000 (1)

β = 3.7500 (3)

β = 3.7753 (3)

β = 3.8400 (3)

β = 3.9200 (4)

β = 4.0126 (1)

Over 25,000 gauge configurations, 10’s of millions of measurements
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