
Fundamental physics with gravitational waves

Chris Van Den Broeck

1st MaNiTou Summer School on Gravitational Waves, Marseille/Luminy, 4-8 July 2022 



Detectable sources of gravitational waves

“Burst” sources

Fast-spinning neutron starsMerging neutron stars, black holes

Stochastic gravitational waves



Inspiral-merger-ringdown



Access to strongly curved, dynamical spacetime

Characteristic timescale
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Yunes et al., PRD 94, 084002 (2016) 



Ø Lovelock’s theorem:
“In four spacetime dimensions the only divergence-free symmetric rank-2 tensor constructed solely from 
the metric gμν and its derivatives up to second differential order, and preserving diffeomorphism 
invariance, is the Einstein tensor plus a cosmological term.”

Ø Relaxing one or more of the assumptions allows for a plethora of alternative theories:

Ø Most alternative theories: no full inspiral-merger-ringdown waveforms known
§ Most current tests are model-independent 

The nature of gravity

Berti et al., CQG 32, 243001 (2015)



1. The strong-field dynamics of spacetime
• Is the inspiral-merger-ringdown process consistent with 

the predictions of GR?

2. The propagation of gravitational waves
• Evidence for dispersion?

3. What is the nature of compact objects?                                                                          
Are the observed massive objects the “standard” black 
holes of classical general relativity?
• Are there unexpected effects during inspiral?
• Is the remnant object consistent with the no-hair conjecture? 

Is it consistent with Hawking’s area increase theorem?
• Searching for gravitational wave echoes

Testing general relativity and the nature of black holes



Ø Inspiral-merger-ringdown process
• Post-Newtonian description of inspiral phase

• Merger-ringdown governed by additional parameters βn, ⍺n

Ø Place bounds on deviations in these parameters:

Ø Rich physics:                                                                                                                
Dynamical self-interaction of spacetime, spin-orbit and spin-spin interactions

Ø Can combine information from multiple detections
• Bounds will get tighter roughly as 

The strong-field dynamics of spacetime

LIGO + Virgo, PRL 118, 221101 (2017) 
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Ø Inspiral-merger-ringdown signal
§ At an appropriately chosen 

frequency, split into inspiral
and post-inspiral

§ From the two parts, estimate 
component masses and spins

§ Compute from these the mass 
and spin of remnant black hole
o Do they agree?  

Consistency of inspiral and post-inspiral

LIGO + Virgo, arXiv:2112.06861



Ø Dispersion of gravitational waves?                                                                           
E.g. as a result of non-zero graviton mass:
• Dispersion relation:

• Graviton speed:

• Modification to gravitational wave phase:

Ø Bound on graviton mass:

The propagation of gravitational waves
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Ø More general forms of dispersion:

§ corresponds to violation of local Lorentz invariance
§ multi-fractal spacetime
§ doubly special relativity
§ higher-dimensional theories

The propagation of gravitational waves
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Ø Does the speed of gravity equal the speed of light?
Ø The binary neutron star coalescence GW170817 came with gamma ray 

burst, 1.74 seconds afterwards

Ø With a conservative lower bound on the distance to the source:

Ø Excluded certain alternative theories of gravity designed to explain 
dark matter or dark energy in a dynamical way

The propagation of gravitational waves

-3 x 10-15 < (vGW – vEM)/vEM < +7 x 10-16

LIGO + Virgo + Fermi-GBM + INTEGRAL, ApJ. 848, L13 (2017)
LIGO + Virgo, PRL 123, 011102 (2019)



Ø How many spacetime dimensions are 
there?

Ø E.g. “braneworld” models:
o Standard model particles 

confined to 3D “membrane”
o Gravity has access to extra 

dimensions
Ø If gravitational waves “leak” into large 

extra dimensions: 

luminosity distance,  
number of spacetime dimensions

Ø GW170817: redshift     known 
because of host galaxy identification
§ Translate into distance using 

Hubble’s law,                  , with 
from EM measurements

Ø More applications of GW propagation:

The propagation of gravitational waves
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Ø Metric theories of gravity allow up to 6 polarizations
Ø Distinct antenna patterns:

Ø In the case of GW170817, sky position was known from EM counterpart
§ Pure tensor / pure vector = 1021 / 1
§ Pure tensor / pure scalar  = 1023 / 1 

Alternative polarizations

Isi & Weinstein, PRD 96, 042001 (2017)

LIGO + Virgo, PRL 123, 011102 (2019)

2

ond method the sky position is a priori left free, allowing
us to turn the tensor-only distribution for the null energy
into a probability distribution for the sky location. This
“sky map” will be biased if alternative polarizations are
present, which can be quantified by comparing it with
the true position of the source on the sky.

Suppose that in a given signal, alternative polariza-
tions are in fact present, mixed with tensor polarizations.
Then to determine the precise nature and relative con-
tributions of the additional modes, in general one would
need a network of at least five detectors in addition to
the sky position [19, 35, 39, 40].1 Although in the near
future KAGRA [42] will join the discovery e�orts, and
LIGO-India [43] is about to be built, for now only the
two LIGO interferometers and Virgo are making regular
detections. However, what we want to establish first of
all is whether or not GW signals contain non-standard
polarizations, irrespective of how much each possible type
contributes, and this is what our two methods enable us
to do. If we were to find evidence that GW signals tend
to contain alternative polarizations, then this would be
a powerful motivation to extend the global detector net-
work even further, in order to be able to study what
precisely is contained in a mixture of polarizations. Note
that this should include checking whether tensor modes
are in fact in the mix.

Finally, the fact that our methodology is based on
the null energy implies that no waveform models are re-
quired, so that apart from compact binary coalescences,
signals from any transient source (supernovae, cosmic
strings, ...) can be studied, on condition that the sky
position is known, e.g. through an identifiable electro-
magnetic counterpart.

This paper is structured as follows. Sec. II recalls the
e�ects of di�erent polarization modes on interferometric
gravitational wave detectors. Sec. III explains our two
methods for finding additional polarizations, one based
on the null energy for the true sky position, and the other
on sky maps. In Sec. IV we perform a simulation whereby
signals with a varying amount of scalar polarization in
addition to the tensor modes are “injected” into synthetic
stationary, Gaussian noise, and we compare the perfor-
mance of the two analysis pipelines. The methodology is
also applied to the binary neutron star signal GW170817,
showing consistency with the hypothesis that only tensor
polarizations were present. A summary and conclusions
are given in Sec. V.

1 An exception occurs for certain special sky positions with respect
to the network; see [36–38]. In the case of third-generation de-
tectors such as Einstein Telescope and Cosmic Explorer, where
signals from coalescing binaries will be in band for an extended
period of time, the variation in time of the antenna patterns can
also be used [41].

II. GRAVITATIONAL WAVE POLARIZATIONS

In generic metric theories of gravity, up to six indepen-
dent polarization modes can be present, namely a breath-
ing mode, a longitudinal mode, the “X” vector mode, the
“Y” vector mode, and the usual tensor modes predicted
by GR [44]. The e�ect of di�erent polarization modes on
a ring of free-falling test masses is shown in Fig. 1. In all
the panels of the figure, a gravitational wave is traveling
in the z-direction. The solid and dotted lines illustrate
the deformation of the ring in response to the various
modes. Interferometric gravitational wave detectors will
react accordingly, with beam pattern functions given by
[44]

FB = ≠
1
2 sin2 ◊ cos 2„,

FL = 1
2 sin2 ◊ cos 2„,

FX = ≠ sin ◊(cos ◊ cos 2„ cos Â ≠ sin 2„ sin Â),
FY = ≠ sin ◊(cos ◊ cos 2„ sin Â + sin 2„ cos Â),

F+ = 1
2(1 + cos2 ◊) cos 2„ cos 2Â ≠ cos ◊ sin 2„ sin 2Â,

F◊ = 1
2(1 + cos2 ◊) cos 2„ sin 2Â + cos ◊ sin 2„ cos 2Â.

(1)
Here (◊, „) is the sky location of the source, and Â is the
so-called polarization angle. The subscripts “B”, “L”,
“X”,“Y”, “+”, and “◊” respectively denote the breathing
mode, the longitudinal mode, the X vector mode, the Y
vector mode, the + tensor polarization, and the ◊ tensor
polarization. As can be seen from the expressions for FB
and FL, there is a degeneracy between the responses of
the two scalar modes; in our analyses we only consider
the breathing mode.

III. METHODOLOGY

Now consider a network of D gravitational wave detec-
tors labeled by – = 0, . . . , D ≠ 1, located on the Earth at
positions r̨– with respect to a geocentric coordinate sys-
tem, and producing strain outputs d–. A gravitational
wave is assumed to originate from a source with sky lo-
cation �̂ = (◊, „), arriving at the geocenter at a time t.
If only the tensor polarizations are present, one has

d–(t+�t–) = F+,–(�̂)h+(t)+F◊,–(�̂)h◊(t)+n–(t+�t–),
(2)

where F+,–, F◊,– are the beam pattern functions and n–

is the noise of detector –. The time shifts �t– are given
by

�t– = r̨–

c
· (≠�̂). (3)
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polarization. As can be seen from the expressions for FB
and FL, there is a degeneracy between the responses of
the two scalar modes; in our analyses we only consider
the breathing mode.

III. METHODOLOGY

Now consider a network of D gravitational wave detec-
tors labeled by – = 0, . . . , D ≠ 1, located on the Earth at
positions r̨– with respect to a geocentric coordinate sys-
tem, and producing strain outputs d–. A gravitational
wave is assumed to originate from a source with sky lo-
cation �̂ = (◊, „), arriving at the geocenter at a time t.
If only the tensor polarizations are present, one has

d–(t+�t–) = F+,–(�̂)h+(t)+F◊,–(�̂)h◊(t)+n–(t+�t–),
(2)

where F+,–, F◊,– are the beam pattern functions and n–

is the noise of detector –. The time shifts �t– are given
by

�t– = r̨–

c
· (≠�̂). (3)
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<latexit sha1_base64="bGmuwIcUzGUDyNBsMF8gNmsVpOU=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiWIVdU2ilARvLiOYCyRJmJ2eTIbOzy8ysGEIewcZCEVvfxDew822cXApN/GHg4//PYc45QSK4Nq777WRWVtfWN7Kbua3tnd29/P5BXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD60neeECleSzvzTBBP6I9yUPOqLHWXfGx2MkX3JI7FVkGbw6Fq89yuQIA1U7+q92NWRqhNExQrVuemxh/RJXhTOA41041JpQNaA9bFiWNUPuj6ahjcmKdLgljZZ80ZOr+7hjRSOthFNjKiJq+Xswm5n9ZKzXhhT/iMkkNSjb7KEwFMTGZ7E26XCEzYmiBMsXtrIT1qaLM2Ovk7BG8xZWXoX5W8tySd+sVKpcwUxaO4BhOwYNzqMANVKEGDHrwBC/w6gjn2Xlz3melGWfecwh/5Hz8ANmKjvk=</latexit><latexit sha1_base64="sIAAezD82vsimp6J6bIjRA2sI6A=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzZaCUBG8uI5gOSI+xt9pIle3vH7pwYjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3Vefqv1yxa25c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroua5Ne/Oq9Sv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QObzo1R</latexit>

x
<latexit sha1_base64="bGmuwIcUzGUDyNBsMF8gNmsVpOU=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiWIVdU2ilARvLiOYCyRJmJ2eTIbOzy8ysGEIewcZCEVvfxDew822cXApN/GHg4//PYc45QSK4Nq777WRWVtfWN7Kbua3tnd29/P5BXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD60neeECleSzvzTBBP6I9yUPOqLHWXfGx2MkX3JI7FVkGbw6Fq89yuQIA1U7+q92NWRqhNExQrVuemxh/RJXhTOA41041JpQNaA9bFiWNUPuj6ahjcmKdLgljZZ80ZOr+7hjRSOthFNjKiJq+Xswm5n9ZKzXhhT/iMkkNSjb7KEwFMTGZ7E26XCEzYmiBMsXtrIT1qaLM2Ovk7BG8xZWXoX5W8tySd+sVKpcwUxaO4BhOwYNzqMANVKEGDHrwBC/w6gjn2Xlz3melGWfecwh/5Hz8ANmKjvk=</latexit><latexit sha1_base64="sIAAezD82vsimp6J6bIjRA2sI6A=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzZaCUBG8uI5gOSI+xt9pIle3vH7pwYjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3Vefqv1yxa25c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroua5Ne/Oq9Sv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QObzo1R</latexit>

x
<latexit sha1_base64="bGmuwIcUzGUDyNBsMF8gNmsVpOU=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiWIVdU2ilARvLiOYCyRJmJ2eTIbOzy8ysGEIewcZCEVvfxDew822cXApN/GHg4//PYc45QSK4Nq777WRWVtfWN7Kbua3tnd29/P5BXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD60neeECleSzvzTBBP6I9yUPOqLHWXfGx2MkX3JI7FVkGbw6Fq89yuQIA1U7+q92NWRqhNExQrVuemxh/RJXhTOA41041JpQNaA9bFiWNUPuj6ahjcmKdLgljZZ80ZOr+7hjRSOthFNjKiJq+Xswm5n9ZKzXhhT/iMkkNSjb7KEwFMTGZ7E26XCEzYmiBMsXtrIT1qaLM2Ovk7BG8xZWXoX5W8tySd+sVKpcwUxaO4BhOwYNzqMANVKEGDHrwBC/w6gjn2Xlz3melGWfecwh/5Hz8ANmKjvk=</latexit><latexit sha1_base64="sIAAezD82vsimp6J6bIjRA2sI6A=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzZaCUBG8uI5gOSI+xt9pIle3vH7pwYjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3Vefqv1yxa25c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroua5Ne/Oq9Sv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QObzo1R</latexit>

x
<latexit sha1_base64="bGmuwIcUzGUDyNBsMF8gNmsVpOU=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiWIVdU2ilARvLiOYCyRJmJ2eTIbOzy8ysGEIewcZCEVvfxDew822cXApN/GHg4//PYc45QSK4Nq777WRWVtfWN7Kbua3tnd29/P5BXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD60neeECleSzvzTBBP6I9yUPOqLHWXfGx2MkX3JI7FVkGbw6Fq89yuQIA1U7+q92NWRqhNExQrVuemxh/RJXhTOA41041JpQNaA9bFiWNUPuj6ahjcmKdLgljZZ80ZOr+7hjRSOthFNjKiJq+Xswm5n9ZKzXhhT/iMkkNSjb7KEwFMTGZ7E26XCEzYmiBMsXtrIT1qaLM2Ovk7BG8xZWXoX5W8tySd+sVKpcwUxaO4BhOwYNzqMANVKEGDHrwBC/w6gjn2Xlz3melGWfecwh/5Hz8ANmKjvk=</latexit><latexit sha1_base64="sIAAezD82vsimp6J6bIjRA2sI6A=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzZaCUBG8uI5gOSI+xt9pIle3vH7pwYjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3Vefqv1yxa25c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroua5Ne/Oq9Sv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QObzo1R</latexit>

y
<latexit sha1_base64="LzPoyrrOhXQaeh4b0yywsjuQ+PE=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gIliFXRutJGBjGdFcIFnC7GQ2GTI7u8ycFcKSR7CxUMTWJ7LzJfIMTi6FJv4w8PH/5zDnnCCRwqDrfju5tfWNza38dmFnd2//oHh41DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDG+nefOJayNi9YijhPsR7SsRCkbRWg/lUblbLLkVdyayCt4CStWTyYQAQK1b/Or0YpZGXCGT1Ji25yboZ1SjYJKPC53U8ISyIe3ztkVFI278bDbqmJxbp0fCWNunkMzc3x0ZjYwZRYGtjCgOzHI2Nf/L2imG134mVJIiV2z+UZhKgjGZ7k16QnOGcmSBMi3srIQNqKYM7XUK9gje8sqr0LiseG7Fu/dK1RuYKw+ncAYX4MEVVOEOalAHBn14hld4c6Tz4rw7H/PSnLPoOYY/cj5/AMEXj6U=</latexit><latexit sha1_base64="7gYkiJHX5wQX+og58P6HHnuOah0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxVbwVBIvepKCF48V7Qe0oWy2k3bpZhN2N0II/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb26Wd8u7e/sFh5ei4reNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7czvPKHSPJaPJkvQj+hI8pAzaqz0UMtqg0rVrbtzkFXiFaQKBZqDyld/GLM0QmmYoFr3PDcxfk6V4UzgtNxPNSaUTegIe5ZKGqH28/mpU3JulSEJY2VLGjJXf0/kNNI6iwLbGVEz1sveTPzP66UmvPZzLpPUoGSLRWEqiInJ7G8y5AqZEZkllClubyVsTBVlxqZTtiF4yy+vkvZl3XPr3r1XbdwUcZTgFM7gAjy4ggbcQRNawGAEz/AKb45wXpx352PRuuYUMyfwB87nD51TjVI=</latexit>

y
<latexit sha1_base64="LzPoyrrOhXQaeh4b0yywsjuQ+PE=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gIliFXRutJGBjGdFcIFnC7GQ2GTI7u8ycFcKSR7CxUMTWJ7LzJfIMTi6FJv4w8PH/5zDnnCCRwqDrfju5tfWNza38dmFnd2//oHh41DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDG+nefOJayNi9YijhPsR7SsRCkbRWg/lUblbLLkVdyayCt4CStWTyYQAQK1b/Or0YpZGXCGT1Ji25yboZ1SjYJKPC53U8ISyIe3ztkVFI278bDbqmJxbp0fCWNunkMzc3x0ZjYwZRYGtjCgOzHI2Nf/L2imG134mVJIiV2z+UZhKgjGZ7k16QnOGcmSBMi3srIQNqKYM7XUK9gje8sqr0LiseG7Fu/dK1RuYKw+ncAYX4MEVVOEOalAHBn14hld4c6Tz4rw7H/PSnLPoOYY/cj5/AMEXj6U=</latexit><latexit sha1_base64="7gYkiJHX5wQX+og58P6HHnuOah0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxVbwVBIvepKCF48V7Qe0oWy2k3bpZhN2N0II/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb26Wd8u7e/sFh5ei4reNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7czvPKHSPJaPJkvQj+hI8pAzaqz0UMtqg0rVrbtzkFXiFaQKBZqDyld/GLM0QmmYoFr3PDcxfk6V4UzgtNxPNSaUTegIe5ZKGqH28/mpU3JulSEJY2VLGjJXf0/kNNI6iwLbGVEz1sveTPzP66UmvPZzLpPUoGSLRWEqiInJ7G8y5AqZEZkllClubyVsTBVlxqZTtiF4yy+vkvZl3XPr3r1XbdwUcZTgFM7gAjy4ggbcQRNawGAEz/AKb45wXpx352PRuuYUMyfwB87nD51TjVI=</latexit>

z
<latexit sha1_base64="h4MMj6v0EKMxkVislPCiB3KgEvc=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiWIVdU2ilARvLiOYCyRJmJ2eTIbOzy8ysEEMewcZCEVvfxDew822cXApN/GHg4//PYc45QSK4Nq777WRWVtfWN7Kbua3tnd29/P5BXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD60neeECleSzvzTBBP6I9yUPOqLHWXfGx2MkX3JI7FVkGbw6Fq89yuQIA1U7+q92NWRqhNExQrVuemxh/RJXhTOA41041JpQNaA9bFiWNUPuj6ahjcmKdLgljZZ80ZOr+7hjRSOthFNjKiJq+Xswm5n9ZKzXhhT/iMkkNSjb7KEwFMTGZ7E26XCEzYmiBMsXtrIT1qaLM2Ovk7BG8xZWXoX5W8tySd+sVKpcwUxaO4BhOwYNzqMANVKEGDHrwBC/w6gjn2Xlz3melGWfecwh/5Hz8ANyUjvs=</latexit><latexit sha1_base64="XaYAXnRcc8cHOFyghSMkgtz/eRI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzZaCUBG8uI5gOSI+xt9pIle3vH7pwQj/wEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3Vefqv1yxa25c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroua5Ne/Oq9Sv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOe2I1T</latexit>

z
<latexit sha1_base64="h4MMj6v0EKMxkVislPCiB3KgEvc=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiWIVdU2ilARvLiOYCyRJmJ2eTIbOzy8ysEEMewcZCEVvfxDew822cXApN/GHg4//PYc45QSK4Nq777WRWVtfWN7Kbua3tnd29/P5BXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD60neeECleSzvzTBBP6I9yUPOqLHWXfGx2MkX3JI7FVkGbw6Fq89yuQIA1U7+q92NWRqhNExQrVuemxh/RJXhTOA41041JpQNaA9bFiWNUPuj6ahjcmKdLgljZZ80ZOr+7hjRSOthFNjKiJq+Xswm5n9ZKzXhhT/iMkkNSjb7KEwFMTGZ7E26XCEzYmiBMsXtrIT1qaLM2Ovk7BG8xZWXoX5W8tySd+sVKpcwUxaO4BhOwYNzqMANVKEGDHrwBC/w6gjn2Xlz3melGWfecwh/5Hz8ANyUjvs=</latexit><latexit sha1_base64="XaYAXnRcc8cHOFyghSMkgtz/eRI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzZaCUBG8uI5gOSI+xt9pIle3vH7pwQj/wEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3Vefqv1yxa25c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroua5Ne/Oq9Sv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOe2I1T</latexit>

z
<latexit sha1_base64="h4MMj6v0EKMxkVislPCiB3KgEvc=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiWIVdU2ilARvLiOYCyRJmJ2eTIbOzy8ysEEMewcZCEVvfxDew822cXApN/GHg4//PYc45QSK4Nq777WRWVtfWN7Kbua3tnd29/P5BXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD60neeECleSzvzTBBP6I9yUPOqLHWXfGx2MkX3JI7FVkGbw6Fq89yuQIA1U7+q92NWRqhNExQrVuemxh/RJXhTOA41041JpQNaA9bFiWNUPuj6ahjcmKdLgljZZ80ZOr+7hjRSOthFNjKiJq+Xswm5n9ZKzXhhT/iMkkNSjb7KEwFMTGZ7E26XCEzYmiBMsXtrIT1qaLM2Ovk7BG8xZWXoX5W8tySd+sVKpcwUxaO4BhOwYNzqMANVKEGDHrwBC/w6gjn2Xlz3melGWfecwh/5Hz8ANyUjvs=</latexit><latexit sha1_base64="XaYAXnRcc8cHOFyghSMkgtz/eRI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzZaCUBG8uI5gOSI+xt9pIle3vH7pwQj/wEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3Vefqv1yxa25c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroua5Ne/Oq9Sv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOe2I1T</latexit>

z
<latexit sha1_base64="h4MMj6v0EKMxkVislPCiB3KgEvc=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiWIVdU2ilARvLiOYCyRJmJ2eTIbOzy8ysEEMewcZCEVvfxDew822cXApN/GHg4//PYc45QSK4Nq777WRWVtfWN7Kbua3tnd29/P5BXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD60neeECleSzvzTBBP6I9yUPOqLHWXfGx2MkX3JI7FVkGbw6Fq89yuQIA1U7+q92NWRqhNExQrVuemxh/RJXhTOA41041JpQNaA9bFiWNUPuj6ahjcmKdLgljZZ80ZOr+7hjRSOthFNjKiJq+Xswm5n9ZKzXhhT/iMkkNSjb7KEwFMTGZ7E26XCEzYmiBMsXtrIT1qaLM2Ovk7BG8xZWXoX5W8tySd+sVKpcwUxaO4BhOwYNzqMANVKEGDHrwBC/w6gjn2Xlz3melGWfecwh/5Hz8ANyUjvs=</latexit><latexit sha1_base64="XaYAXnRcc8cHOFyghSMkgtz/eRI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzZaCUBG8uI5gOSI+xt9pIle3vH7pwQj/wEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3Vefqv1yxa25c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroua5Ne/Oq9Sv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOe2I1T</latexit>

z
<latexit sha1_base64="h4MMj6v0EKMxkVislPCiB3KgEvc=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiWIVdU2ilARvLiOYCyRJmJ2eTIbOzy8ysEEMewcZCEVvfxDew822cXApN/GHg4//PYc45QSK4Nq777WRWVtfWN7Kbua3tnd29/P5BXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD60neeECleSzvzTBBP6I9yUPOqLHWXfGx2MkX3JI7FVkGbw6Fq89yuQIA1U7+q92NWRqhNExQrVuemxh/RJXhTOA41041JpQNaA9bFiWNUPuj6ahjcmKdLgljZZ80ZOr+7hjRSOthFNjKiJq+Xswm5n9ZKzXhhT/iMkkNSjb7KEwFMTGZ7E26XCEzYmiBMsXtrIT1qaLM2Ovk7BG8xZWXoX5W8tySd+sVKpcwUxaO4BhOwYNzqMANVKEGDHrwBC/w6gjn2Xlz3melGWfecwh/5Hz8ANyUjvs=</latexit><latexit sha1_base64="XaYAXnRcc8cHOFyghSMkgtz/eRI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzZaCUBG8uI5gOSI+xt9pIle3vH7pwQj/wEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3Vefqv1yxa25c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroua5Ne/Oq9Sv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOe2I1T</latexit>

z
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FIG. 1. The e�ect on a ring of free-falling test particles of
a gravitational wave in “+” tensor mode (upper left), “◊”
tensor mode (upper right), “X” vector mode (middle left),
“Y” vector mode (middle right), breathing mode (lower left)
and longitudinal mode (lower right). In each case the wave
is traveling in the z-direction. The solid and dotted lines are
the states of the ring with a phase di�erence of fi.

We can write the D-detector observation model more
compactly in matrix form:

d = Fh + n, (4)

where

d =

Q

ca
d0
...

dD≠1

R

db , h =
3

h+
h◊

4
, n =

Q

ca
n0
...

nD≠1

R

db , (5)

and
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!
F+ F◊

"
=

Q

ca
F+,0 F◊,0

...
...

F+,D≠1 F◊,D≠1

R

db . (6)

A. Null energy

In the above, the gravitational wave signal s = Fh can
be viewed as being in a subspace of the space of detector
outputs spanned by F+ and F◊. We can construct the
null projector Pnull(�̂) [34], which projects away the sig-
nal when the projector is constructed with the true sky
location. The null projector is given by

Pnull = I ≠ Fw(F†
wFw)≠1F†

w, (7)

where † denotes Hermitian conjugation and Fw are the
noise-weighted beam pattern functions [34]. If we apply
the null projector with the true sky location on the strain
data in Eq. (4), we obtain

z̃(�̂true) = Pnull(�̂true)d̃w

= Pnull(�̂true)Fw(�̂true)h̃ + Pnull(�̂true)ñw

= Pnull(�̂true)ñw

(8)
where z̃ is the null stream which only consists of noise
living in a subspace that is orthogonal to the one spanned
by Fw,+ and Fw,◊, and w indicates whitening.

In practice, the data are first whitened before apply-
ing the null projector. As in [34] we perform the analy-
sis in the time-frequency domain, but using the Wilson-
Daubechies-Meyer (WDM) time-frequency transform be-
cause of its superior time-frequency localization [45]. The
null energy is then defined as [34]

Enull =
ÿ

k

z̃†
wz̃w

=
ÿ

k

d̃†
wP†

nullPnulld̃w

=
ÿ

k

d̃†
wPnulld̃w, (9)

where w indicates whitening, a tilde refers to the data
matrix resulting from the WDM transform, and

q
k sums

over the discrete time-frequency pixels. The quantity
Enull follows a ‰2 distribution with DoF = N·f (D ≠ 2)
degrees of freedom, where N·f is the number of time-
frequency pixels used in the analysis.2

Now let us assume that there is polarization content in
the signal beyond the tensor polarizations. The whitened
data matrix can then be written as

d̃w = Fw,th̃t + Fw,eh̃e + ñw, (10)

where the index t is summed over + and ◊, while the
index e is summed over whatever additional polarizations
are present. The null energy calculated at the source’s

2 Note that in [34], DoF has an extra prefactor 2, which is not
present here because the WDM coe�cients are real.

3

x
<latexit sha1_base64="bGmuwIcUzGUDyNBsMF8gNmsVpOU=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiWIVdU2ilARvLiOYCyRJmJ2eTIbOzy8ysGEIewcZCEVvfxDew822cXApN/GHg4//PYc45QSK4Nq777WRWVtfWN7Kbua3tnd29/P5BXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD60neeECleSzvzTBBP6I9yUPOqLHWXfGx2MkX3JI7FVkGbw6Fq89yuQIA1U7+q92NWRqhNExQrVuemxh/RJXhTOA41041JpQNaA9bFiWNUPuj6ahjcmKdLgljZZ80ZOr+7hjRSOthFNjKiJq+Xswm5n9ZKzXhhT/iMkkNSjb7KEwFMTGZ7E26XCEzYmiBMsXtrIT1qaLM2Ovk7BG8xZWXoX5W8tySd+sVKpcwUxaO4BhOwYNzqMANVKEGDHrwBC/w6gjn2Xlz3melGWfecwh/5Hz8ANmKjvk=</latexit><latexit sha1_base64="sIAAezD82vsimp6J6bIjRA2sI6A=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzZaCUBG8uI5gOSI+xt9pIle3vH7pwYjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3Vefqv1yxa25c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroua5Ne/Oq9Sv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QObzo1R</latexit>

x
<latexit sha1_base64="bGmuwIcUzGUDyNBsMF8gNmsVpOU=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiWIVdU2ilARvLiOYCyRJmJ2eTIbOzy8ysGEIewcZCEVvfxDew822cXApN/GHg4//PYc45QSK4Nq777WRWVtfWN7Kbua3tnd29/P5BXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD60neeECleSzvzTBBP6I9yUPOqLHWXfGx2MkX3JI7FVkGbw6Fq89yuQIA1U7+q92NWRqhNExQrVuemxh/RJXhTOA41041JpQNaA9bFiWNUPuj6ahjcmKdLgljZZ80ZOr+7hjRSOthFNjKiJq+Xswm5n9ZKzXhhT/iMkkNSjb7KEwFMTGZ7E26XCEzYmiBMsXtrIT1qaLM2Ovk7BG8xZWXoX5W8tySd+sVKpcwUxaO4BhOwYNzqMANVKEGDHrwBC/w6gjn2Xlz3melGWfecwh/5Hz8ANmKjvk=</latexit><latexit sha1_base64="sIAAezD82vsimp6J6bIjRA2sI6A=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzZaCUBG8uI5gOSI+xt9pIle3vH7pwYjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3Vefqv1yxa25c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroua5Ne/Oq9Sv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QObzo1R</latexit>

y
<latexit sha1_base64="LzPoyrrOhXQaeh4b0yywsjuQ+PE=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gIliFXRutJGBjGdFcIFnC7GQ2GTI7u8ycFcKSR7CxUMTWJ7LzJfIMTi6FJv4w8PH/5zDnnCCRwqDrfju5tfWNza38dmFnd2//oHh41DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDG+nefOJayNi9YijhPsR7SsRCkbRWg/lUblbLLkVdyayCt4CStWTyYQAQK1b/Or0YpZGXCGT1Ji25yboZ1SjYJKPC53U8ISyIe3ztkVFI278bDbqmJxbp0fCWNunkMzc3x0ZjYwZRYGtjCgOzHI2Nf/L2imG134mVJIiV2z+UZhKgjGZ7k16QnOGcmSBMi3srIQNqKYM7XUK9gje8sqr0LiseG7Fu/dK1RuYKw+ncAYX4MEVVOEOalAHBn14hld4c6Tz4rw7H/PSnLPoOYY/cj5/AMEXj6U=</latexit><latexit sha1_base64="7gYkiJHX5wQX+og58P6HHnuOah0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxVbwVBIvepKCF48V7Qe0oWy2k3bpZhN2N0II/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb26Wd8u7e/sFh5ei4reNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7czvPKHSPJaPJkvQj+hI8pAzaqz0UMtqg0rVrbtzkFXiFaQKBZqDyld/GLM0QmmYoFr3PDcxfk6V4UzgtNxPNSaUTegIe5ZKGqH28/mpU3JulSEJY2VLGjJXf0/kNNI6iwLbGVEz1sveTPzP66UmvPZzLpPUoGSLRWEqiInJ7G8y5AqZEZkllClubyVsTBVlxqZTtiF4yy+vkvZl3XPr3r1XbdwUcZTgFM7gAjy4ggbcQRNawGAEz/AKb45wXpx352PRuuYUMyfwB87nD51TjVI=</latexit>

y
<latexit sha1_base64="LzPoyrrOhXQaeh4b0yywsjuQ+PE=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gIliFXRutJGBjGdFcIFnC7GQ2GTI7u8ycFcKSR7CxUMTWJ7LzJfIMTi6FJv4w8PH/5zDnnCCRwqDrfju5tfWNza38dmFnd2//oHh41DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDG+nefOJayNi9YijhPsR7SsRCkbRWg/lUblbLLkVdyayCt4CStWTyYQAQK1b/Or0YpZGXCGT1Ji25yboZ1SjYJKPC53U8ISyIe3ztkVFI278bDbqmJxbp0fCWNunkMzc3x0ZjYwZRYGtjCgOzHI2Nf/L2imG134mVJIiV2z+UZhKgjGZ7k16QnOGcmSBMi3srIQNqKYM7XUK9gje8sqr0LiseG7Fu/dK1RuYKw+ncAYX4MEVVOEOalAHBn14hld4c6Tz4rw7H/PSnLPoOYY/cj5/AMEXj6U=</latexit><latexit sha1_base64="7gYkiJHX5wQX+og58P6HHnuOah0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxVbwVBIvepKCF48V7Qe0oWy2k3bpZhN2N0II/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb26Wd8u7e/sFh5ei4reNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7czvPKHSPJaPJkvQj+hI8pAzaqz0UMtqg0rVrbtzkFXiFaQKBZqDyld/GLM0QmmYoFr3PDcxfk6V4UzgtNxPNSaUTegIe5ZKGqH28/mpU3JulSEJY2VLGjJXf0/kNNI6iwLbGVEz1sveTPzP66UmvPZzLpPUoGSLRWEqiInJ7G8y5AqZEZkllClubyVsTBVlxqZTtiF4yy+vkvZl3XPr3r1XbdwUcZTgFM7gAjy4ggbcQRNawGAEz/AKb45wXpx352PRuuYUMyfwB87nD51TjVI=</latexit>

y
<latexit sha1_base64="LzPoyrrOhXQaeh4b0yywsjuQ+PE=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gIliFXRutJGBjGdFcIFnC7GQ2GTI7u8ycFcKSR7CxUMTWJ7LzJfIMTi6FJv4w8PH/5zDnnCCRwqDrfju5tfWNza38dmFnd2//oHh41DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDG+nefOJayNi9YijhPsR7SsRCkbRWg/lUblbLLkVdyayCt4CStWTyYQAQK1b/Or0YpZGXCGT1Ji25yboZ1SjYJKPC53U8ISyIe3ztkVFI278bDbqmJxbp0fCWNunkMzc3x0ZjYwZRYGtjCgOzHI2Nf/L2imG134mVJIiV2z+UZhKgjGZ7k16QnOGcmSBMi3srIQNqKYM7XUK9gje8sqr0LiseG7Fu/dK1RuYKw+ncAYX4MEVVOEOalAHBn14hld4c6Tz4rw7H/PSnLPoOYY/cj5/AMEXj6U=</latexit><latexit sha1_base64="7gYkiJHX5wQX+og58P6HHnuOah0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxVbwVBIvepKCF48V7Qe0oWy2k3bpZhN2N0II/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb26Wd8u7e/sFh5ei4reNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7czvPKHSPJaPJkvQj+hI8pAzaqz0UMtqg0rVrbtzkFXiFaQKBZqDyld/GLM0QmmYoFr3PDcxfk6V4UzgtNxPNSaUTegIe5ZKGqH28/mpU3JulSEJY2VLGjJXf0/kNNI6iwLbGVEz1sveTPzP66UmvPZzLpPUoGSLRWEqiInJ7G8y5AqZEZkllClubyVsTBVlxqZTtiF4yy+vkvZl3XPr3r1XbdwUcZTgFM7gAjy4ggbcQRNawGAEz/AKb45wXpx352PRuuYUMyfwB87nD51TjVI=</latexit>

y
<latexit sha1_base64="LzPoyrrOhXQaeh4b0yywsjuQ+PE=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gIliFXRutJGBjGdFcIFnC7GQ2GTI7u8ycFcKSR7CxUMTWJ7LzJfIMTi6FJv4w8PH/5zDnnCCRwqDrfju5tfWNza38dmFnd2//oHh41DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDG+nefOJayNi9YijhPsR7SsRCkbRWg/lUblbLLkVdyayCt4CStWTyYQAQK1b/Or0YpZGXCGT1Ji25yboZ1SjYJKPC53U8ISyIe3ztkVFI278bDbqmJxbp0fCWNunkMzc3x0ZjYwZRYGtjCgOzHI2Nf/L2imG134mVJIiV2z+UZhKgjGZ7k16QnOGcmSBMi3srIQNqKYM7XUK9gje8sqr0LiseG7Fu/dK1RuYKw+ncAYX4MEVVOEOalAHBn14hld4c6Tz4rw7H/PSnLPoOYY/cj5/AMEXj6U=</latexit><latexit sha1_base64="7gYkiJHX5wQX+og58P6HHnuOah0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxVbwVBIvepKCF48V7Qe0oWy2k3bpZhN2N0II/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb26Wd8u7e/sFh5ei4reNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7czvPKHSPJaPJkvQj+hI8pAzaqz0UMtqg0rVrbtzkFXiFaQKBZqDyld/GLM0QmmYoFr3PDcxfk6V4UzgtNxPNSaUTegIe5ZKGqH28/mpU3JulSEJY2VLGjJXf0/kNNI6iwLbGVEz1sveTPzP66UmvPZzLpPUoGSLRWEqiInJ7G8y5AqZEZkllClubyVsTBVlxqZTtiF4yy+vkvZl3XPr3r1XbdwUcZTgFM7gAjy4ggbcQRNawGAEz/AKb45wXpx352PRuuYUMyfwB87nD51TjVI=</latexit>

x
<latexit sha1_base64="bGmuwIcUzGUDyNBsMF8gNmsVpOU=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiWIVdU2ilARvLiOYCyRJmJ2eTIbOzy8ysGEIewcZCEVvfxDew822cXApN/GHg4//PYc45QSK4Nq777WRWVtfWN7Kbua3tnd29/P5BXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD60neeECleSzvzTBBP6I9yUPOqLHWXfGx2MkX3JI7FVkGbw6Fq89yuQIA1U7+q92NWRqhNExQrVuemxh/RJXhTOA41041JpQNaA9bFiWNUPuj6ahjcmKdLgljZZ80ZOr+7hjRSOthFNjKiJq+Xswm5n9ZKzXhhT/iMkkNSjb7KEwFMTGZ7E26XCEzYmiBMsXtrIT1qaLM2Ovk7BG8xZWXoX5W8tySd+sVKpcwUxaO4BhOwYNzqMANVKEGDHrwBC/w6gjn2Xlz3melGWfecwh/5Hz8ANmKjvk=</latexit><latexit sha1_base64="sIAAezD82vsimp6J6bIjRA2sI6A=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzZaCUBG8uI5gOSI+xt9pIle3vH7pwYjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3Vefqv1yxa25c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroua5Ne/Oq9Sv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QObzo1R</latexit>

x
<latexit sha1_base64="bGmuwIcUzGUDyNBsMF8gNmsVpOU=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiWIVdU2ilARvLiOYCyRJmJ2eTIbOzy8ysGEIewcZCEVvfxDew822cXApN/GHg4//PYc45QSK4Nq777WRWVtfWN7Kbua3tnd29/P5BXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD60neeECleSzvzTBBP6I9yUPOqLHWXfGx2MkX3JI7FVkGbw6Fq89yuQIA1U7+q92NWRqhNExQrVuemxh/RJXhTOA41041JpQNaA9bFiWNUPuj6ahjcmKdLgljZZ80ZOr+7hjRSOthFNjKiJq+Xswm5n9ZKzXhhT/iMkkNSjb7KEwFMTGZ7E26XCEzYmiBMsXtrIT1qaLM2Ovk7BG8xZWXoX5W8tySd+sVKpcwUxaO4BhOwYNzqMANVKEGDHrwBC/w6gjn2Xlz3melGWfecwh/5Hz8ANmKjvk=</latexit><latexit sha1_base64="sIAAezD82vsimp6J6bIjRA2sI6A=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzZaCUBG8uI5gOSI+xt9pIle3vH7pwYjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3Vefqv1yxa25c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroua5Ne/Oq9Sv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QObzo1R</latexit>

x
<latexit sha1_base64="bGmuwIcUzGUDyNBsMF8gNmsVpOU=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiWIVdU2ilARvLiOYCyRJmJ2eTIbOzy8ysGEIewcZCEVvfxDew822cXApN/GHg4//PYc45QSK4Nq777WRWVtfWN7Kbua3tnd29/P5BXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD60neeECleSzvzTBBP6I9yUPOqLHWXfGx2MkX3JI7FVkGbw6Fq89yuQIA1U7+q92NWRqhNExQrVuemxh/RJXhTOA41041JpQNaA9bFiWNUPuj6ahjcmKdLgljZZ80ZOr+7hjRSOthFNjKiJq+Xswm5n9ZKzXhhT/iMkkNSjb7KEwFMTGZ7E26XCEzYmiBMsXtrIT1qaLM2Ovk7BG8xZWXoX5W8tySd+sVKpcwUxaO4BhOwYNzqMANVKEGDHrwBC/w6gjn2Xlz3melGWfecwh/5Hz8ANmKjvk=</latexit><latexit sha1_base64="sIAAezD82vsimp6J6bIjRA2sI6A=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzZaCUBG8uI5gOSI+xt9pIle3vH7pwYjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3Vefqv1yxa25c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroua5Ne/Oq9Sv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QObzo1R</latexit>

x
<latexit sha1_base64="bGmuwIcUzGUDyNBsMF8gNmsVpOU=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiWIVdU2ilARvLiOYCyRJmJ2eTIbOzy8ysGEIewcZCEVvfxDew822cXApN/GHg4//PYc45QSK4Nq777WRWVtfWN7Kbua3tnd29/P5BXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD60neeECleSzvzTBBP6I9yUPOqLHWXfGx2MkX3JI7FVkGbw6Fq89yuQIA1U7+q92NWRqhNExQrVuemxh/RJXhTOA41041JpQNaA9bFiWNUPuj6ahjcmKdLgljZZ80ZOr+7hjRSOthFNjKiJq+Xswm5n9ZKzXhhT/iMkkNSjb7KEwFMTGZ7E26XCEzYmiBMsXtrIT1qaLM2Ovk7BG8xZWXoX5W8tySd+sVKpcwUxaO4BhOwYNzqMANVKEGDHrwBC/w6gjn2Xlz3melGWfecwh/5Hz8ANmKjvk=</latexit><latexit sha1_base64="sIAAezD82vsimp6J6bIjRA2sI6A=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzZaCUBG8uI5gOSI+xt9pIle3vH7pwYjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3Vefqv1yxa25c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroua5Ne/Oq9Sv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QObzo1R</latexit>

x
<latexit sha1_base64="bGmuwIcUzGUDyNBsMF8gNmsVpOU=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiWIVdU2ilARvLiOYCyRJmJ2eTIbOzy8ysGEIewcZCEVvfxDew822cXApN/GHg4//PYc45QSK4Nq777WRWVtfWN7Kbua3tnd29/P5BXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD60neeECleSzvzTBBP6I9yUPOqLHWXfGx2MkX3JI7FVkGbw6Fq89yuQIA1U7+q92NWRqhNExQrVuemxh/RJXhTOA41041JpQNaA9bFiWNUPuj6ahjcmKdLgljZZ80ZOr+7hjRSOthFNjKiJq+Xswm5n9ZKzXhhT/iMkkNSjb7KEwFMTGZ7E26XCEzYmiBMsXtrIT1qaLM2Ovk7BG8xZWXoX5W8tySd+sVKpcwUxaO4BhOwYNzqMANVKEGDHrwBC/w6gjn2Xlz3melGWfecwh/5Hz8ANmKjvk=</latexit><latexit sha1_base64="sIAAezD82vsimp6J6bIjRA2sI6A=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzZaCUBG8uI5gOSI+xt9pIle3vH7pwYjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3Vefqv1yxa25c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroua5Ne/Oq9Sv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QObzo1R</latexit>

x
<latexit sha1_base64="bGmuwIcUzGUDyNBsMF8gNmsVpOU=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiWIVdU2ilARvLiOYCyRJmJ2eTIbOzy8ysGEIewcZCEVvfxDew822cXApN/GHg4//PYc45QSK4Nq777WRWVtfWN7Kbua3tnd29/P5BXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD60neeECleSzvzTBBP6I9yUPOqLHWXfGx2MkX3JI7FVkGbw6Fq89yuQIA1U7+q92NWRqhNExQrVuemxh/RJXhTOA41041JpQNaA9bFiWNUPuj6ahjcmKdLgljZZ80ZOr+7hjRSOthFNjKiJq+Xswm5n9ZKzXhhT/iMkkNSjb7KEwFMTGZ7E26XCEzYmiBMsXtrIT1qaLM2Ovk7BG8xZWXoX5W8tySd+sVKpcwUxaO4BhOwYNzqMANVKEGDHrwBC/w6gjn2Xlz3melGWfecwh/5Hz8ANmKjvk=</latexit><latexit sha1_base64="sIAAezD82vsimp6J6bIjRA2sI6A=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzZaCUBG8uI5gOSI+xt9pIle3vH7pwYjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3Vefqv1yxa25c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroua5Ne/Oq9Sv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QObzo1R</latexit>

y
<latexit sha1_base64="LzPoyrrOhXQaeh4b0yywsjuQ+PE=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gIliFXRutJGBjGdFcIFnC7GQ2GTI7u8ycFcKSR7CxUMTWJ7LzJfIMTi6FJv4w8PH/5zDnnCCRwqDrfju5tfWNza38dmFnd2//oHh41DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDG+nefOJayNi9YijhPsR7SsRCkbRWg/lUblbLLkVdyayCt4CStWTyYQAQK1b/Or0YpZGXCGT1Ji25yboZ1SjYJKPC53U8ISyIe3ztkVFI278bDbqmJxbp0fCWNunkMzc3x0ZjYwZRYGtjCgOzHI2Nf/L2imG134mVJIiV2z+UZhKgjGZ7k16QnOGcmSBMi3srIQNqKYM7XUK9gje8sqr0LiseG7Fu/dK1RuYKw+ncAYX4MEVVOEOalAHBn14hld4c6Tz4rw7H/PSnLPoOYY/cj5/AMEXj6U=</latexit><latexit sha1_base64="7gYkiJHX5wQX+og58P6HHnuOah0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxVbwVBIvepKCF48V7Qe0oWy2k3bpZhN2N0II/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb26Wd8u7e/sFh5ei4reNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7czvPKHSPJaPJkvQj+hI8pAzaqz0UMtqg0rVrbtzkFXiFaQKBZqDyld/GLM0QmmYoFr3PDcxfk6V4UzgtNxPNSaUTegIe5ZKGqH28/mpU3JulSEJY2VLGjJXf0/kNNI6iwLbGVEz1sveTPzP66UmvPZzLpPUoGSLRWEqiInJ7G8y5AqZEZkllClubyVsTBVlxqZTtiF4yy+vkvZl3XPr3r1XbdwUcZTgFM7gAjy4ggbcQRNawGAEz/AKb45wXpx352PRuuYUMyfwB87nD51TjVI=</latexit>

y
<latexit sha1_base64="LzPoyrrOhXQaeh4b0yywsjuQ+PE=">AAAB6nicbZC7SgNBFIbPxluMt6iFhc1gIliFXRutJGBjGdFcIFnC7GQ2GTI7u8ycFcKSR7CxUMTWJ7LzJfIMTi6FJv4w8PH/5zDnnCCRwqDrfju5tfWNza38dmFnd2//oHh41DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDG+nefOJayNi9YijhPsR7SsRCkbRWg/lUblbLLkVdyayCt4CStWTyYQAQK1b/Or0YpZGXCGT1Ji25yboZ1SjYJKPC53U8ISyIe3ztkVFI278bDbqmJxbp0fCWNunkMzc3x0ZjYwZRYGtjCgOzHI2Nf/L2imG134mVJIiV2z+UZhKgjGZ7k16QnOGcmSBMi3srIQNqKYM7XUK9gje8sqr0LiseG7Fu/dK1RuYKw+ncAYX4MEVVOEOalAHBn14hld4c6Tz4rw7H/PSnLPoOYY/cj5/AMEXj6U=</latexit><latexit sha1_base64="7gYkiJHX5wQX+og58P6HHnuOah0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxVbwVBIvepKCF48V7Qe0oWy2k3bpZhN2N0II/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb26Wd8u7e/sFh5ei4reNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7czvPKHSPJaPJkvQj+hI8pAzaqz0UMtqg0rVrbtzkFXiFaQKBZqDyld/GLM0QmmYoFr3PDcxfk6V4UzgtNxPNSaUTegIe5ZKGqH28/mpU3JulSEJY2VLGjJXf0/kNNI6iwLbGVEz1sveTPzP66UmvPZzLpPUoGSLRWEqiInJ7G8y5AqZEZkllClubyVsTBVlxqZTtiF4yy+vkvZl3XPr3r1XbdwUcZTgFM7gAjy4ggbcQRNawGAEz/AKb45wXpx352PRuuYUMyfwB87nD51TjVI=</latexit>

z
<latexit sha1_base64="h4MMj6v0EKMxkVislPCiB3KgEvc=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAiWIVdU2ilARvLiOYCyRJmJ2eTIbOzy8ysEEMewcZCEVvfxDew822cXApN/GHg4//PYc45QSK4Nq777WRWVtfWN7Kbua3tnd29/P5BXcepYlhjsYhVM6AaBZdYM9wIbCYKaRQIbASD60neeECleSzvzTBBP6I9yUPOqLHWXfGx2MkX3JI7FVkGbw6Fq89yuQIA1U7+q92NWRqhNExQrVuemxh/RJXhTOA41041JpQNaA9bFiWNUPuj6ahjcmKdLgljZZ80ZOr+7hjRSOthFNjKiJq+Xswm5n9ZKzXhhT/iMkkNSjb7KEwFMTGZ7E26XCEzYmiBMsXtrIT1qaLM2Ovk7BG8xZWXoX5W8tySd+sVKpcwUxaO4BhOwYNzqMANVKEGDHrwBC/w6gjn2Xlz3melGWfecwh/5Hz8ANyUjvs=</latexit><latexit sha1_base64="XaYAXnRcc8cHOFyghSMkgtz/eRI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtzZaCUBG8uI5gOSI+xt9pIle3vH7pwQj/wEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpn57UeujYjVA04S7kd0qEQoGEUr3Vefqv1yxa25c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzyM6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0nroua5Ne/Oq9Sv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QOe2I1T</latexit>

z
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FIG. 1. The e�ect on a ring of free-falling test particles of
a gravitational wave in “+” tensor mode (upper left), “◊”
tensor mode (upper right), “X” vector mode (middle left),
“Y” vector mode (middle right), breathing mode (lower left)
and longitudinal mode (lower right). In each case the wave
is traveling in the z-direction. The solid and dotted lines are
the states of the ring with a phase di�erence of fi.

We can write the D-detector observation model more
compactly in matrix form:

d = Fh + n, (4)

where

d =

Q

ca
d0
...

dD≠1

R

db , h =
3

h+
h◊

4
, n =

Q

ca
n0
...

nD≠1

R

db , (5)

and

F =
!
F+ F◊

"
=

Q

ca
F+,0 F◊,0

...
...

F+,D≠1 F◊,D≠1

R
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A. Null energy

In the above, the gravitational wave signal s = Fh can
be viewed as being in a subspace of the space of detector
outputs spanned by F+ and F◊. We can construct the
null projector Pnull(�̂) [34], which projects away the sig-
nal when the projector is constructed with the true sky
location. The null projector is given by

Pnull = I ≠ Fw(F†
wFw)≠1F†

w, (7)

where † denotes Hermitian conjugation and Fw are the
noise-weighted beam pattern functions [34]. If we apply
the null projector with the true sky location on the strain
data in Eq. (4), we obtain

z̃(�̂true) = Pnull(�̂true)d̃w

= Pnull(�̂true)Fw(�̂true)h̃ + Pnull(�̂true)ñw

= Pnull(�̂true)ñw

(8)
where z̃ is the null stream which only consists of noise
living in a subspace that is orthogonal to the one spanned
by Fw,+ and Fw,◊, and w indicates whitening.

In practice, the data are first whitened before apply-
ing the null projector. As in [34] we perform the analy-
sis in the time-frequency domain, but using the Wilson-
Daubechies-Meyer (WDM) time-frequency transform be-
cause of its superior time-frequency localization [45]. The
null energy is then defined as [34]

Enull =
ÿ

k

z̃†
wz̃w

=
ÿ

k

d̃†
wP†

nullPnulld̃w

=
ÿ

k

d̃†
wPnulld̃w, (9)

where w indicates whitening, a tilde refers to the data
matrix resulting from the WDM transform, and

q
k sums

over the discrete time-frequency pixels. The quantity
Enull follows a ‰2 distribution with DoF = N·f (D ≠ 2)
degrees of freedom, where N·f is the number of time-
frequency pixels used in the analysis.2

Now let us assume that there is polarization content in
the signal beyond the tensor polarizations. The whitened
data matrix can then be written as

d̃w = Fw,th̃t + Fw,eh̃e + ñw, (10)

where the index t is summed over + and ◊, while the
index e is summed over whatever additional polarizations
are present. The null energy calculated at the source’s

2 Note that in [34], DoF has an extra prefactor 2, which is not
present here because the WDM coe�cients are real.
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where         is the noise-only hypothesis  
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FIG. 3. Sub-hypothesis odds. Box plots for the distribution of the signal vs noise log-odds for each of the sub-hypotheses
considered, for all of the pulsars analyzed. The sub-hypotheses are: (st), vector-tensor (tv), scalar-vector-tensor tensor-only
(t), scalar-only (s), vector-only (v), scalar-vector (sv), scalar-tensor (st), vector-tensor (vt), and scalar-vector-tensor (stv);
these are all combined into the signal hypothesis (S). The quantity represented is log10 Bm

N , which is the same as log10 Om
N if

neither Hm nor HN are favored a priori (hence the label on the ordinate axis). The horizontal red line marks the median of
the distribution, while each gray box extends from the lower to upper quartile, and the whiskers mark the full range of the
distribution of log10 Om

N for the 200 pulsars analyzed. These results were produced without incorporating any information on
the source orientation, and are tabulated in Table II in the supplementary material [40].

values are reported with an error of 5% at 90% confidence;
errors on the upper limits due to the use of finite samples
in estimating posterior probability distributions are at
most 10% at 90% confidence, which is slightly less than
the 15% error expected from calibration uncertainties.

Conclusion. We have presented the results of the first
direct search for nontensorial gravitational waves. This
is also the first search targeted at known pulsars that is
sensitive to any of the five measurable polarizations of
the gravitational perturbation allowed by a generic metric
theory of gravity. From the analysis of O1 data from
both aLIGO observatories, we have found no evidence of
signals from any of the 200 pulsars targeted.

In the absence of a clear signal, we have produced
the first direct upper limits for scalar and vector strains
(Fig. 4, and tables in the supplementary material). The
values of the 95%-credible upper limits are comparable
in magnitude to previously-published GR constraints,
reaching h ⇠ 1.5⇥10�26 for pulsars whose frequency is in
the most sensitive band of our instruments. This means
that, to 95% credibility, none of the pulsars in our set is
emitting gravitational waves (tensorial or otherwise) at
the frequencies analyzed with enough power for them to
reach Earth with amplitudes larger than our upper limits.

Our results have been obtained in a theory-independent
fashion. However, our upper limits on nontensorial strain
can be translated into model-dependent constraints on
beyond-GR theories by picking a specific alternative the-
ory and emission mechanism. To do so, one should use
the upper limits produced under the assumption of a
signal model that incorporates the same polarizations
allowed by the theory one wishes to constrain; these may
not necessarily be those in Fig. 4 (e.g. for limits on a
scalar-tensor theory, one needs upper limits from Hst).

However, this also requires nontrivial knowledge of the
dynamics of spinning neutron stars under the theory of
interest.

While it is conventional to compare the sensitivity of
continuous wave searches to the canonical spin-down limit
for each pulsar, it is not possible to do so here without
committing to a specific theory of gravity. This is because
doing so would require specific knowledge of how each po-
larization contributes to the e↵ective gravitational-wave
stress-energy, how matter couples to the gravitational
field, how the waves propagate (dispersion and dissipa-
tion), and what the angular dependence of the emission
pattern is. However, analogues of the canonical spin-
down limit for specific theories may be obtained from the
results presented here by using the strain upper limits
obtained assuming the sub-hypotheses with polarizations
corresponding to that theory, as mentioned above.

We have demonstrated the robustness of searches for
generalized polarization states (tensor, vector, or scalar)
in gravitational waves from spinning neutron stars. Fur-
thermore, even in the absence of a detection, we were
able to obtain novel constraints on the strain amplitude
of nontensorial polarizations. In the future, once a signal
is detected, similar methods will allow us to characterize
the gravitational polarization content and, in so doing,
perform novel tests of general relativity. Although this
search assumed an emission frequency of twice the ro-
tational frequency of the source, this restriction will be
relaxed in future analyses.
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Ø Search for stochastic backgrounds through cross-correlations of detector 
outputs:

where           the overlap reduction function for polarization     
and the energy densities            are contributions to

Ø Parameter estimation on      ,     ,     : 

Alternative polarizations in stochastic backgrounds

with optimal filter

9

with the corresponding variance

�
�2(f) =

X

i

�
�2
i (f). (12)

Note that, unlike transient gravitational-wave searches,
searches for the stochastic background are well described by
Gaussian statistics due to the large number of time segments
contributing to the final cross-power spectrum [67].

Given the measured cross-power spectrum Ĉ(f), we
compute Bayesian evidence for various hypotheses describ-
ing the presence and polarization of a possible stochas-
tic signal within our data. Evidences are computed using
PyMultiNest [68], a Python interface to the nested sam-
pling code MultiNest [69–73]. We consider several differ-
ent hypotheses:

• Gaussian noise (N): No stochastic signal is present in
our data, and the measured cross power is due entirely
to Gaussian noise.

• Signal (SIG): A stochastic background of any polariza-
tion(s) is present.

• Tensor-polarized (GR): The data contains a purely
tensor-polarized stochastic signal, consistent with gen-
eral relativity.

• Nonstandard polarizations (NGR): The data contains
a stochastic signal with vector and/or scalar contribu-
tions.

These evidences are combined to form two Bayesian odds
[42]: (1) Odds O

SIG
N for the presence of a stochastic signal

relative to pure noise, and (2) odds O
NGR
GR for the presence of

nonstandard polarizations versus ordinary tensor modes. O
SIG
N

quantifies evidence for the detection of a generically polarized
stochastic background, and generally depends only on a back-
ground’s total power, not its polarization content. O

NGR
GR indi-

cates if the background’s polarization is inconsistent with gen-
eral relativity. In particular, the sensitivity of O

NGR
GR to nonstan-

dard polarizations is not significantly affected by the strength
of any tensor polarization which may also be present [42].
See the Supplemental Material for further details about our
hypotheses and odds ratio construction, including the priors
placed on these hypotheses and their parameters.

Results. – Using the cross power measured between LIGO-
Hanford and LIGO-Livingston during Advanced LIGO’s O1
observing run, we obtain odds ln O

SIG
N = �0.53 between Sig-

nal and Gaussian noise hypotheses, indicating a nondetection
of the stochastic gravitational-wave background. Addition-
ally, we find ln O

NGR
GR = �0.25, consistent with values ex-

pected in the presence of Gaussian noise [42]. (We will use
ln and log to denote base-e and base-10 logarithms, respec-
tively.)

Given our nondetection, we place upper limits on the pres-
ence of tensor, vector, and scalar contributions to the stochas-
tic background. To simultaneously constrain the properties

TABLE I. 95% credible upper limits on the log amplitudes of ten-
sor, vector, and scalar modes in the stochastic background at refer-
ence frequency f0 = 25 Hz. We assume an energy-density spec-
trum in which all three modes are present, and present limits follow-
ing marginalization over the spectral index of each component [see
Eq. (13)]. We show results for two different amplitude priors: a
log-uniform prior (dp/d log⌦0 / 1; top row) and a uniform prior
(dp/d⌦0 / 1; bottom row). Additional parameter estimation results
are shown in the Supplemental Material.

Prior log ⌦T
0 log ⌦V

0 log ⌦S
0 ⌦T

0 ⌦V
0 ⌦S

0

Log uniform �7.25 �7.20 �6.96 5.58 ⇥ 10�8 6.35 ⇥ 10�8 1.08 ⇥ 10�7

Uniform �6.70 �6.59 �6.07 2.02 ⇥ 10�7 2.54 ⇥ 10�7 8.44 ⇥ 10�7

of each polarization, we will restrict our analysis to a model
assuming the presence of tensor, vector, and scalar-polarized
signals (this is the TVS hypothesis in the notation of the Sup-
plemental Material). Under this hypothesis, we model the to-
tal canonical energy density of the stochastic background as a
sum of power laws:

⌦(f) = ⌦T
0

✓
f

f0

◆↵T

+⌦V
0

✓
f

f0

◆↵V

+⌦S
0

✓
f

f0

◆↵S

. (13)

Here, ⌦A
0 is the amplitude of polarization A at a reference fre-

quency f0, and ↵A is the corresponding spectral index. We
take f0 = 25 Hz [46]. Standard tensor-polarized stochas-
tic backgrounds are predicted to be well described by power
laws in the Advanced LIGO band. The expected astrophysi-
cal background from compact binary mergers, for instance, is
well modeled by a power law with ↵T = 2/3 [18–20, 74].

We will consider two different prior distributions for
the background amplitudes: a log-uniform prior between
10�13

 ⌦A
0  10�5 and a uniform prior between 0 

⌦A
0  10�5. The former (log-uniform) corresponds to the

prior adopted in Ref. [42]. The latter (uniform) implicitly re-
produces the maximum likelihood analysis used in previous
studies, and is included to allow direct comparison to previ-
ous stochastic results [46, 48]. The upper amplitude bound
(10�5) is consistent with limits placed by Initial LIGO and
Virgo [48]. In order to be normalizable, the log-uniform
prior requires a nonzero lower bound; although parameter es-
timation results will depend on the specific choice of lower
bound, in general this dependence is weak [44]. Our lower
bound (10�13) is chosen to encompass small energy densities
well below the reach of LIGO and Virgo at design sensitivity
[23, 46].

Following Ref. [42], we take our spectral index priors to be
p(↵A) / 1 � |↵A|/↵MAX for |↵A|  ↵MAX and p(↵A) =
0 elsewhere. This prior preferentially weights flat energy-
density spectra, penalizing spectra which are more steeply
positively or negatively sloped in the Advanced LIGO band.
We conservatively choose ↵MAX = 8, allowing for energy-
density spectra significantly steeper than backgrounds pre-
dicted from known astrophysical sources (like compact binary
mergers).
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Ø Black holes, or still more exotic objects?

• Boson stars

• Dark matter stars

• Firewalls, fuzzballs

• Gravastars

• Wormholes

• …

• The unknown

What is the nature of compact objects?



Anomalous effects during inspiral

Ringdown of newly formed object

Gravitational wave echoes

What is the nature of compact objects?



Ø Tidal field of one body causes quadrupole 
deformation in the other:                                                           

where                     depends on                       
internal structure (equation of state)
• Black holes: 
• Boson stars, dark matter stars: 
• Gravastars: 

Ø Enters inspiral phase at 5PN order, through

• O(102 - 104) for neutron stars
• Can also be measurable for black hole 

mimickers, e.g. boson stars

Anomalous effects during inspiral: tidal deformation

4
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FIG. 1. Relative percentage errors on the average tidal deformability ⇤ for BS-BS binaries observed by AdLIGO (left panel),
ET (middle panel), and LISA (right panel), as a function of the BS mass and for di↵erent BS models considered in this work
(for each model, we considered the most compact configuration in the stable branch; see main text for details). For terrestrial
interferometers we assume a prototype binary at d = 100Mpc, while for LISA the source is located at d = 500Mpc. The
horizontal dashed line identifies the upper bound �⇤/⇤ = 1. Roughly speaking, a measurement of the TLNs for systems which
lie below the threshold line would be incompatible with zero and, therefore, the corresponding BSs can be distinguished from
BHs. Here ⇤ is given by Eq. (72), the two inspiralling objects have the same mass, and �⇤/⇤ ⇠ �kE

2
/kE

2 .

TABLE I. Tidal Love numbers (TLNs) of some exotic compact objects (ECOs) and BHs in Einstein-Maxwell theory and modified
theories of gravity; details are given in the main text. As a comparison, we provide the order of magnitude of the TLNs for static NSs
with compactness C ⇡ 0.2 (the precise number depends on the neutron-star equation of state; see Table III for more precise fits). For BSs,
the table provides the lowest value of the corresponding TLNs among di↵erent models (cf. Sec. III A) and values of the compactness. In
the polar case, the lowest TLNs correspond to solitonic BSs with compactness C ⇡ 0.18 or C ⇡ 0.20 (when the radius is defined as that
containing 99% or 90% of the total mass, respectively). In the axial case, the lowest TLNs correspond to a massive BS with C ⇡ 0.16 or
C ⇡ 0.2 (again for the two definitions of the radius, respectively) and in the limit of large quartic coupling. For other ECOs, we provide
expressions for very compact configurations where the surface r0 sits at r0 ⇠ 2M and is parametrized by ⇠ := r0/(2M)� 1; the full results
are available online [65]. In the Chern-Simons case, the axial l = 3 TLN is a↵ected by some ambiguity and is denoted by a question mark
[see Sec. IVC for more details]. Note that the TLNs for Einstein-Maxwell and Chern-Simons gravity were obtained under the assumption
of vanishing electromagnetic and scalar tides.

Tidal Love numbers

kE
2 kE

3 kB
2 kB

3

NSs 210 1300 11 70

ECOs

Boson star 41.4 402.8 �13.6 �211.8

Wormhole 4
5(8+3 log ⇠)

8
105(7+2 log ⇠)

16
5(31+12 log ⇠)

16
7(209+60 log ⇠)

Perfect mirror 8
5(7+3 log ⇠)

8
35(10+3 log ⇠)

32
5(25+12 log ⇠)

32
7(197+60 log ⇠)

Gravastar 16
5(23�6 log 2+9 log ⇠)

16
35(31�6 log 2+9 log ⇠)

32
5(43�12 log 2+18 log ⇠)

32
7(307�60 log 2+90 log ⇠)

BHs

Einstein-Maxwell 0 0 0 0

Scalar-tensor 0 0 0 0

Chern-Simons 0 0 1.1
↵2
CS

M4 11.1
↵2
CS

M4 ?

selection rules that allow to define a wider class of “rotational”
TLNs [22, 23, 75, 76]. In this paper, we neglect spin e↵ects to
leading order.

TLNs as [6, 8]

k
E
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2
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(3)

where M is the mass of the object, whereas El0 (respec-
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Ø Spin of an individual compact object also 
induces a quadrupole moment:

• Black holes: 
• Boson stars, dark matter stars:
• Gravastars:

Ø Allow for deviations from Kerr value: 

Anomalous effects during inspiral: spin effects
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Possible theoretical 
values for boson stars:

… hence constraints 
are already of interest!

Krishnendu et al., PRD 100, 104019 (2019)
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Ø Exotic compact objects (e.g. boson stars) can undergo resonant excitations:
§ When the (monotonically increasing) GW frequency becomes equal to an 

internal resonance frequency, the object gets excited
§ Leads to dissipation of orbital energy 
§ Sudden speed-up of the orbital phase:

Ø Hypothesis             : exotic compact object(s), underwent excitation
Hypothesis             : ordinary binary black hole
Bayes factor:

Anomalous effects during inspiral: resonant excitations

2

II. METHODOLOGY

A. Imprint of resonant excitations on the
gravitational wave phase

Our model of how resonant excitations modify the
gravitational wave signal from inspiraling ECOs will be
based on that of Flanagan et al. [39]; the context of that
work was resonant r-modes in binary neutron star inspi-
ral, but the basic assumptions carry over to the case at
hand. For simplicity, let us begin by assuming that only
one of the two inspiraling objects undergoes a resonance,
at some time t0. The excitation takes away part of the
orbital energy, causing the gravitational wave phase �(t)
to undergo an apparent advance in time �t relative to
the point particle inspiral phase �pp(t):

�(t) =

(
�pp(t) if t < t0,

�pp(t + �t) � �� if t � t0,
(1)

where the phase shift �� is such that �(t) remains con-
tinuous at t = t0. Assuming �t to be su�ciently small,
we may write

�� = �̇pp(t0)�t. (2)

Expanding �(t) in Eq. (1) to linear order in �t, we then
obtain

�(t) = �pp(t) + �̇pp(t)�t � �̇pp(t0)�t. (3)

The instantaneous gravitational wave frequency is ! = �̇;
using this and Eq. (2) leads to

�(t) = �pp(t) + ✓(t � t0)


!(t)

!(t0)
� 1

�
��, (4)

with ✓(t � t0) the usual step function. (Clearly we are
assuming that the resonant excitation is of su�ciently
short duration so as to be near-instantaneous. At least
in the boson star examples of [42] this is a reasonable
approximation, but it may not be typical.) In the sta-
tionary phase approximation [43], this implies that the
phase �(f) of the frequency domain waveform becomes

�(f) = �pp(f) + ✓(f � f0)


f

f0
� 1

�
��, (5)

where �pp(f) is the point particle phase in the Fourier
domain, and f0 the frequency at which the resonance
occurs.

In practice, both objects in the binary system may
experience resonant excitation; moreover, an individual
object may be subject to several resonant excitations at
di↵erent frequencies during the time the signal is in the
detectors’ sensitive frequency band [42]. In order to keep
the data analysis problem tractable in terms of compu-
tational requirements as well as the dimensionality of pa-
rameter space, in this work we will allow for up to two

main instances of resonance, with associated frequencies
f01 and f02, assuming other resonances to have a negli-
gible e↵ect. The frequency domain phase then becomes

�(f) = �pp(f)

+ ✓(f � f01)


f

f01
� 1

�
��01

+ ✓(f � f02)


f

f02
� 1

�
��02. (6)

In what follows, we will assume that the values of reso-
nance frequencies are ordered such that f01 < f02.

In order for resonances to be observable, it is neces-
sary that (a) the cumulative dephasing with respect to
the point particle case is su�ciently large (for second-
generation detectors this can be taken to mean larger
than ⇠ 1 radian), and (b) the resonance frequencies are
within the detectors’ sensitive frequency band. As shown
in [44], it is hard to meet both of these criteria simul-
taneously for ECOs whose horizon modification scale is
microscopic (as would be the case for e.g. fuzzballs [21]).
On the other hand, the analysis of [41, 42] indicates that
for boson stars, it is possible to satisfy both conditions
at the same time.

B. Bayesian analysis

Our expression (6) for the phase in the presence of
resonances leads to a Fourier domain waveform model
h̃ECO(f) (which is discussed in more detail below), and
this in turn defines a Bayesian hypothesis HECO which
states that resonances took place in a given coalescence
event. This can be compared with the hypothesis HBBH

stating that no resonances took place; the associated
waveform model h̃BBH(f) just describes the signal from
binary black hole coalescence. Given a hypothesis H,
data d, and whatever background information I we pos-
sess, a Bayesian evidence is obtained through

p(d|H, I) =

Z
d✓̄ p(d|H, ✓̄, I) p(✓̄|H, I). (7)

The integral is over the parameters ✓̄ (masses, spins, pos-
sible resonance frequencies and phase shifts, ...) that the
waveform h̃(✓̄; f) depends on. p(✓̄|H, I) is the prior den-
sity, and the likelihood p(d|H, ✓̄, I) is given by [45]

p(d|H, ✓̄, I) / exp
⇥
�hd � h(✓̄)|d � h(✓̄)i/2

⇤
, (8)

where the noise-weighted inner product h · | · i is defined
in terms of the noise power spectral density Sn(f):

ha|bi ⌘ 4<
Z fhigh

flow

df
ã
⇤(f) b̃(f)

Sn(f)
, (9)

with flow and fhigh respectively the lower cut-o↵ fre-
quency of a detector and the ending frequency of a given
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Asali et al., PRD 102, 
024016 (2020)



Ø Ringdown regime: Kerr metric + linear perturbations
• Ringdown signal is a superposition of quasi-normal modes 

• Characteristic frequencies            and damping times

Ø No-hair conjecture: stationary, electrically neutral black hole 
completely characterized by mass      , spin 
• Linearized Einstein equations around Kerr background enforce specific 

dependences:

• Look for deviations from the expressions for frequencies, damping times:

Ringdown of newly formed black hole
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Ø Look for deviations from the expressions for frequencies, damping times:

Ø First measurements: 

Ringdown of newly formed black hole
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TABLE IX. The median value and symmetric 90% credible interval
of the redshifted frequency and damping time estimated using the
full IMR analysis (IMR), the pyRing analysis with a single damped
sinusoid (DS), and the pSEOBNRv4HM analysis (pSEOB).

Event Redshifted Redshifted
frequency [Hz] damping time [ms]

IMR DS pSEOB IMR DS pSEOB

GW150914 248+8
�7 247+14

�16 � 4.2+0.3
�0.2 4.8+3.7

�1.9 �
GW170104 287+15

�25 228+71
�102 � 3.5+0.4

�0.3 3.6+36.2
�2.1 �

GW170814 293+11
�14 527+340

�332 � 3.7+0.3
�0.2 25.1+22.2

�19.0 �
GW170823 197+17

�17 222+664
�62 � 5.5+1.0

�0.8 13.4+31.8
�9.8 �

GW190408 181802 319+11
�20 504+479

�459 � 3.2+0.3
�0.3 10.0+32.5

�8.9 �
GW190421 213856 162+13

�14 � 171+50
�16 6.3+1.2

�0.8 � 8.5+5.3
�4.2

GW190503 185404 190+17
�15 � 265+501

�79 5.3+0.8
�0.8 � 3.5+3.4

�1.8

GW190512 180714 382+32
�42 220+686

�42 � 2.6+0.2
�0.2 26.1+21.3

�22.9 �
GW190513 205428 242+25

�27 250+493
�88 � 4.3+1.2

�0.4 5.3+19.2
�3.8 �

GW190519 153544 127+10
�9 123+11

�19 124+12
�13 9.7+1.7

�1.6 9.7+9.0
�3.8 10.3+3.6

�3.1

GW190521 68+3
�4 65+3

�3 67+2
�2 16.0+4.0

�2.5 22.1+12.4
�7.4 30.7+7.7

�7.4

GW190521 074359 198+7
�8 197+15

�15 205+15
�12 5.4+0.4

�0.4 7.7+6.4
�3.3 5.3+1.5

�1.2

GW190602 175927 105+10
�9 93+13

�22 99+15
�15 10.2+2.0

�1.5 10.0+17.2
�4.5 8.8+5.4

�3.6

GW190706 222641 109+11
�10 109+7

�12 112+7
�8 11.3+2.3

�2.3 20.4+25.2
�12.9 19.4+7.2

�8.9

GW190708 232457 497+10
�46 642+279

�596 � 2.1+0.2
�0.1 24.6+23.0

�22.6 �
GW190727 060333 178+17

�16 345+587
�267 201+11

�21 6.2+1.1
�0.8 21.1+25.6

�17.9 15.4+5.3
�6.1

GW190828 063405 239+10
�11 247+350

�15 � 4.8+0.6
�0.5 17.3+25.3

�10.4 �
GW190910 112807 177+8

�8 166+9
�8 174+12

�8 5.9+0.9
�0.5 13.2+17.1

�6.2 9.5+3.1
�2.7

GW190915 235702 232+13
�18 534+371

�493 � 4.6+0.7
�0.6 15.0+30.1

�13.1 �

set of simulated numerical relativity signals with parameters
consistent with GW190521 into real data immediately adja-
cent to the event, and ran the pSEOB analysis on them. For
3 out of 5 injections around the event we recover posteriors
that overestimate the damping time and for which the injected
GR value lies outside the 90% credible interval, suggesting
that the overestimation of the damping time for GW190521 is
a possible artifact of noise fluctuations. A similar study was
conducted with pyRing using the damped sinusoid model for
GW190828 063405 and we also observed overestimations of
the damping time. This suggests that the overestimation of
the damping time is a common systematic error for low-SNR
signals.

In Fig. 14, we show the 90% credible region of the joint
posterior distribution of the frequency and damping time devia-
tions, as well as their respective marginalized distributions. We
only include events that have SNR > 8 in both the inspiral and
postinspiral regimes, with cuto↵ frequencies as in Table IV.
This is because, in order to make meaningful inferences about
� f̂220 and �⌧̂220 with pSEOB in the absence of measurable HMs,
the signal must contain su�cient information in the inspiral
and merger stages to break the degeneracy between the binary
total mass and the GR deviations. The fractional deviations
obtained this way quantify the agreement between the pre- and
postmerger portions of the waveform, and are thus not fully
analogous to the pyRing quantities.

From Fig. 14, the frequency and the damping time of the 220
mode are consistent with the GR prediction (� f̂220 = �⌧̂220 = 0)
for GW190519 153544 and GW190521 074359, while for

�0.5 0.0 0.5 1.0 1.5

�f̂220

�0.5

0.0

0.5

1.0

1.5

��̂
22

0

GW190519 153544

GW190521 074359

GW190910 112807

hierarchically
combined

FIG. 14. The 90% credible region of the joint posterior distribution
of the fractional deviations of the frequency � f̂220 and the damping
time �⌧̂220, and their marginalized posterior distributions, for the
` = |m| = 2, n = 0 mode from the pSEOBNRv4HM analysis. We only
include events that have SNR > 8 in both the inspiral and postinspiral
stage in this plot where we have su�cient information to break the
degeneracy between the binary total mass and the fractional deviation
parameters in the absence of measurable HMs. The measurements
of the fractional deviations for individual events, and as a set of
measurements, both show consistency with GR.

GW190910 112807 it shows excellent agreement with GR
for � f̂220 but the GR prediction has only little support in the
marginalized posterior distribution of �⌧̂220.

In spite of the low number of events, we also apply the
hierarchical framework to the marginal distributions in Fig. 14.
The population-marginalized constraints are � f̂220 = 0.03+0.38

�0.35
and �⌧̂220 = 0.16+0.98

�0.98, which are consistent with GR for both
parameters. The �⌧̂220 measurement is uninformative, which
is not surprising given the spread of the GW190910 112807
result and the low number of events. The hyperparameters also
reflect this, since they are constrained for � f̂220 (µ = 0.03+0.17

�0.18,
� < 0.37) but uninformative for �⌧̂220 (µ = 0.16+0.47

�0.46, � <
0.88). The bounds for the fractional deviation in frequency
for the 220 mode, from the pSEOB analysis, and for the 221
mode, from the pyRing analysis, can be used to cast constraints
on specific theories of modified gravity that predict non-zero
values of these deviations [234, 235], as well as to bound
possible deviations in the ringdown spectrum caused by a non-
Kerr-BH remnant object (see, e.g., [236]).

B. Echoes

It is hypothesized that there may be compact objects having
a light ring and a reflective surface located between the light



Ø During binary black hole merger, horizon area should not decrease

Ø “Ingoing” black holes considered Kerr
§ Measure masses        ,        and initial spins      ,       from inspiral signal
§ Total initial horizon area:

where

Ø Final black hole also Kerr
§ Obtain mass        and spin       from ringdown frequencies and damping times
§ Final horizon area:   

Ø According to the theorem: 

First tests of Hawking’s area increase theorem
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Ø According to the theorem: 

Ø Measurement on GW150914:

§ Agreement at > 95% probability

First tests of Hawking’s area increase theorem

A0 = A(m1,�1) +A(m2,�2) A(m,�) = 8⇡m2(1 +
p

1� �2)

✓ ' 1�

= ⇡
1�

180�
rad

�A/A0 = (Af �A0)/A0 � 0

D =
R

tan ✓
' 365000 km

1

Isi et al., arXiv:2012.04486 



Ø Exotic objects without horizon:
Ingoing gravitational waves bounce 
between inner/outer potential barriers

Ø After formation/ringdown: continuing 
bursts of radiation called echoes

Ø Typical time between echoes O(100) ms
for stellar mass objects

Gravitational wave echoes
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FIG. 1. Qualitative features of the e↵ective potential felt by
perturbations of a Schwarzschild BH compared to the case
of wormholes [12] and of star-like ECOs with a regular cen-
ter [22]. The precise location of the center of the star is model-
dependent and was chosen for visual clarity. The maximum
and minimum of the potential corresponds approximately to
the location of the unstable and stable PS, and the correspon-
dence is exact in the eikonal limit of large angular number l.
In the wormhole case, modes can be trapped between the
PSs in the two “universes”. In the star-like case, modes are
trapped between the PS and the centrifugal barrier near the
center of the star [28–30]. In all cases the potential is of fi-
nite height, and the modes leak away, with higher-frequency
modes leaking on shorter timescales.

where rmin is the location of the minimum of the potential
shown in Fig. 1. If we consider a microscopic correction
at the horizon scale (` ⌧ M), then the main contribution
to the time delay comes near the radius of the star and
therefore,

�t ⇠ �nM log

✓
`

M

◆
, ` ⌧ M , (6)

where n is a factor of order unity that takes into account
the structure of the objects. For wormholes, n = 8 to
account for the fact that the signal is reflected by the
two maxima in Fig. 1, whereas for our thin-shell gravas-
tar model and the empty-shell model it is easy to check
that n = 6 and n = 4, respectively. The results shown in
Fig. 2 for ` = 10�6M are perfectly consistent with this
picture, with the wormhole case displaying longer echo
delays than the other cases with the same compactness.
Our results show that the dependence on ` is indeed log-
arithmically for all the ECOs we studied.

As argued in Ref. [12], the logarithmic dependence dis-
played in Eq. (6) implies that even Planckian corrections
(` ⇡ LP = 2 ⇥ 10�33 cm) appear relatively soon after
the main burst of radiation, so they might leave an ob-

servable imprint in the GW signal at late times. From
Eq. (6), a typical time delay reads

�t ⇠ 54(n/4)M30


1� 0.01 log

✓
`/LP

M30

◆�
ms , (7)

where M30 := M/(30M�).
The picture of GW signal scattered o↵ the potential

barrier is also supported by two further features shown
in Fig. 2, namely the modulation and the distortion of
the echo signal. In general, modulation is due to the
slow leaking of the echo modes, which contain less en-
ergy than the initial one. In the wormhole case, this
e↵ect is stronger due to the fact that modes can also leak
to the “other universe” through tunneling at the second
peak of the potential. While the amplitude of the echoes
is model-dependent, for a given model it depends only
mildly on `. Distortion is also due to the potential bar-
rier, which acts as a low-pass filter and reflects only the
low-frequency, quasibound echo modes. This implies that
each echo is a low-frequency filtered version of the previ-
ous one and the original shape of the mode gets quickly
washed out after a few echoes1.

B. Waves generated by infalling or scattered
particles

The features above are observed in a simple scattering
process, but are also evident in the GW signal produced
by head-on collisions or close encounters, in the test-
particle limit. The latter di↵er from the radial plunge
studied in Ref. [12] in that their pericenter rmin > 3M ,
i.e. the particle does not cross the radius of the PS
(in fact, scattered particles in the Schwarzschild geom-
etry can never get inside the r = 4M surface). In
order to compute the GW signal, we use the Regge-
Wheeler-Zerilli decomposition reviewed in Appendix B
(cf. Ref. [31] for details).
We have studied the GW emitted during collisions or

scatters between point particles and ECOs; again the
general qualitative features are the same as those dis-
cussed in Section IIA and independent of the nature
of the ECO. To be specific, we show in Fig. 3 the Zer-
illi wavefunction for a point particle plunging into (left
panel) or scattering o↵ a wormhole with ` = 10�6M , with
initial Lorentz boost E = 1.5. The coordinate system we
use is such that the particles are moving along the equa-
tor, and it di↵ers - by a ⇡/2 rotation - from the coordinate
axis used in Ref. [12]. As such, the l = 2 Zerilli-Moncrief
wavefunction, for example, has contributions from az-
imuthal numbers m = 0,±2. Note also that it is easy to

1 Incidentally, we note that all these features (namely time delay,
echoes, modulation, and high-frequency filtering) are precisely
what one would expect by the scattering of sound waves in a
finite-size cavity.
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FIG. 2. Left: A dipolar (l = 1,m = 0) scalar wavepacket scattered o↵ a Schwarzschild BH and o↵ di↵erent ECOs with
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gravastar, and a simple empty shell of matter are qualitatively similar and display a series of “echoes” which are modulated
in amplitude and distorted in frequency. For this compactness, the delay time in Eq. (6) reads �t ⇡ 110M for wormholes,
�t ⇡ 82M for gravastars, and �t ⇡ 55M for empty shells, respectively.

-200 0 200 400 600 800
t/M

-0.5

0.0

0.5

1.0

Ψ
22
(t)

0 200 400 6000.5

0.6

0.7

Infall

-200 0 200 400 600 800
t/M

-0.4

-0.2

0.0

0.2

R
e[
Ψ
22
(t)
]

200 400 600 800-0.1

0.0

0.1

Scattering

FIG. 3. Left panel: The waveform for the radial infall of a particle with specific energy E = 1.5 into a wormhole with
` = 10�6M , compared to the BH case. The BH ringdown, caused by oscillations of the outer PS as the particle crosses through,
are also present in the wormhole waveform. A part of this pulse travels inwards and is absorbed by the event horizon (for BHs)
or then bounces o↵ the inner (centrifugal or PS) barrier for ECOs, giving rise to echoes of the initial pulse. This is a low-pass
cavity which cleans the pulse of high-frequency components. At late times, only a lower frequency, long-lived signal is present,
well described by the QNMs of the ECO. Right panel: the same for a scattering trajectory, with pericenter rmin = 4.3M , o↵
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express these results in a rotated frame [32, 33], and we
checked that the waveforms agree up to numerical errors

with our previous study [12] 2.

2 Note however the following typo in the original publication: the

Cardoso et al., PRL 116, 171101 (2016)
Cardoso et al., PRD 94, 084031 (2016)



Ø Theoretical predictions still in early stages

Ø Numerical waveforms for specific black hole mimickers + smaller object: 
§ “Straw man” exotic object
§ Much higher mass ratio than the systems we currently see with LIGO/Virgo

Ø When searching for echoes, in practice one often assumes that echoes will be 
damped and widened copies of (part of) the merger/ringdown signal

Ø Alternatively: morphology-independent search for echoes

Gravitational wave echoes

Abedi et al., PRD 96, 082004 (2017)
Westerweck et al., PRD 97, 124037 (2018)
Lo et al., PRD 99, 084052 (2019)



Ø Morphology-independent search for echoes:

§ Decompose data into generalized wavelets: succession of sine-Gaussians

§ Compare 3 hypotheses for data from a network of detectors: 
: data consists of signal + noise
: data consists of instrumental glitches + noise
: data consists only of noise 

§ A signal is by definition coherent between detectors, and consistent with a 
particular sky position and source orientation
• If a signal is present,             has less degrees of freedom than
• Bayesian analysis will then favor             over                            

Gravitational wave echoes

Characterized by 9 intrinsic parameters:
overall amplitude
time between sine-Gaussians
damping factor
phase difference
widening factor
time of first echo
central frequency
reference phase
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Ø Ratio of evidences for signal versus glitch: Bayes factor 

Ø Analysis of data following the detections of binary coalescences in the 1st and 
2nd observing runs of Advanced LIGO/Virgo:

Ø Similarly for Bayes factor signal versus noise, 

Ø No statistically significant evidence for echoes following these events

Gravitational wave echoes

Tsang et al., PRD 98, 024023 (2018) 
Tsang et al., PRD 101, 064012 (2020)
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• Signal reconstructions:

Gravitational wave echoes

Tsang et al., PRD 101, 064012 (2020)
LIGO + Virgo + KAGRA, arXiv:2112.06861



Ø Merging supermassive binary black holes
§ In general relativity, signals scale 

trivially with total mass
o Does this hold in reality?

Ø Extreme mass ratio inspirals
§ Physically rich inspiral process

Ø Intermediate mass binaries
§ Visible in the LISA and ground-based 

frequency bands
§ Comparing the two links low-

frequency to high-frequency regimes

Fundamental physics with LISA



Ø Next-generation ground-based facilities
§ O(105) detections per year!

o Combine information across 
sources

§ Covers the entire visible Universe
o Exquisitely accurate propagation 

tests
§ Nearby sources can be studied with 

extreme accuracy

Einstein Telescope and Cosmic Explorer (2035?)

Cosmological 
reach of 3G

Stefan Hild LVC Maastricht, Sep 2018 Slide 8
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Ø The first direct detection of gravitational waves has enabled 
unprecedented tests of general relativity:
§ First access to genuinely strong-field dynamics of vacuum spacetime
§ Propagation of gravitational waves over large distances
§ Probing the nature of compact objects

Ø Some highlights:
§ Higher post-Newtonian coefficients constrained at ~10% level
§ Graviton mass mg < 1.76 x 10-23 eV/c2

§ Speed of gravity = speed of light to 1 part in 1015

§ Spin-induced quadrupole moment during inspiral:                             
Access to expected values for boson stars

§ No-hair test consistent with no deviations at ~25% level
§ Area increase theorem passes at > 95% confidence

Ø Ultra-high precision tests with next-generation observatories:           
LISA, Einstein Telescope, Cosmic Explorer
§ Higher accuracy
§ Larger number of sources
§ Propagation of gravitational waves over cosmological distances
§ Primordial backgrounds?

Summary


