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Preamble
References:

e Robert Wald, General Relativity (UCP 1984), the best reference for GR, but very little on GW

e Steven Weinberg, Gravitation and Cosmology (Wiley 1974), old but still quite good for the
general background material including GW

e Eric Poisson and Clifford Will, Gravity (CUP 2014), for a more detailed description of gravita-
tional waves and for going further than these lecture notes. Focuses on LL approach

e Michele Maggiore, Gravitational waves (OUP 2008), for a more detailed description of gravita-
tional waves and for going further than these lecture notes. Focuses on averaging approach, but
gives relation to the LL approach and effective-one-body

e Luc Blanchet, Gravitational Radiation from Post-Newtonian Sources and Inspiralling Compact
Binaries (2013), https://arxiv.org/abs/1310.1528, for the advanced reader who knows al-
ready the PN expansion algorithm (not treated here)

1 Introduction

It is a great pleasure to start these lectures just a couple of days after the announcement by NanoGRAV
of GW signals through PTA.

When the famous apple drops on Newton’s head, the mass distribution of the Earth changes.
Accordingly, the gravitation field created by the mass distribution having the apple on the tree is
different than the one created when the apple has fallen. In Newton’s time, this variation, however
negligible, was assumed to be the effect of some instantaneous ‘action at a distance’. After the discovery
that the speed of light is finite, and that all causal effects in our universe seem to be subject to this
limitation, it seems natural to expect that also the variations of the gravitational field will not be felt
instantaneously in the whole universe, but will rather be propagated at the speed of light - or lessE
The propagation of this perturbation of the gravitational field is intuitively what we call a gravitational
wave. Conceptually, it is the same thing as a water wave or an electromagnetic wave propagating a
modification in the height of water or the intensities of the electromagnetic field, respectively. What
makes these waves physical is that they carry energy. Just like a charged particle emits electromagnetic
waves when moving along a closed trajectory, the Earth emits gravitational waves when orbiting the
sun, these carry away energy and make the orbit decay.

"We will shortly see that Einstein’s GR predicts that they propagate at exactly the speed of light, and if some future
experiment shows that they propagate at a lesser speed, than this would be an explicit violation of GR.



But in practise, it is a much subtler effect. First of all, because the absence of fixed background
structure in GR makes the concept of a propagating way potentially ambiguous, and many decades
passed before a consensus was reached. Famously, Einstein himself initially doubted the physical
existence of GW, for reasons that we will briefly review and clarify below. Second, because if we think
them as waves propagating a medium, this medium is extraordinarily rigid: therefore they go very
fast and have very tiny amplitudes. To give an idea, the power emitted by the Earth in the form of
GW is around 200W a year. This rigidity has to do with the weakness of gravity. You may think
that gravity is strong when you are trying to beat that high jump record, or when you are skydiving.
But this strength is ridiculously small compared to the much much stronger electro-magnetic force.
Example of the chalk. Background independence and weakness of the signal are typical issues that
one has to face when studying GWs.

2 Linearized general relativity

Einstein’s equation of general relativity are given by

2
R — Eg,w Y AG = =T, K= %. (2.1)
2 2 c
The value of the cosmological constant A can be determined from the observed acceleration of the
cosmological expansion assuming homogeneity and isotropy on large scales, and turns out to be A ~
107°2m~2. This scale is largely irrelevant to the perturbative description of GWs we will be concerned
with. Therefore, we will set A = 0 and ignore this term in the following.

The gravitational coupling k2 ~ 10™43kg~'m~'s72 is stupendously small, and this is the origin
of the rigidity mentioned in the preamble. The smallness of this parameter has on the other hand a
positive side: the gravitational force is so weak that many of the observed phenomena, in particularly
virtually all solar system experiments, can be studied using the weak field approximation. This is
quite helpful because the Einstein’s equations are non-linear, and there is no general solution known.
Strong gravity effects occur only near very compact objects, and to treat them, one has to resort to
numerical techniques, or hope to be able to resum many order of the perturbative treatment.

Before discussing the weak field approximation, there are two fundamental facts about Einstein’s
theory that is useful to recall, to better appreciate what follows. First of all, its invariance under
general coordinate transformations, also known as diffeomorphisms. This invariance is very similar
to the gauge invariance of Maxwell and Yang-Mills theories. And indeed just like these theories, the
resulting field equations have a three-sided structure: part of the field is completely arbitrary because
of the gauge freedom, part is completely constrained because of the constraints associated with the
gauge symmetry via Noether’s theorem, and part describes independent degrees of freedom. This
three-sided structure is better exposed doing the Hamiltonianian analysis of the dynamics, but for
linear theories it can also be easily seen at the covariant level, as we will show below.

The second fact that is useful to recall is a direct consequence of diffeomorphism invariance, which
prevents the existence of any fixed background structure. In particular, there is no universal notion of
time, nor well-defined notion of energy density of the gravitational field. We will see that the weak field
approximation, by means of the flat Minkowski background it introduces and its associated class of
Cartesian observers, permits to select their proper time as preferred time. But the lack of well-defined
notion of energy density is a subtlelty that persists also at the weak-field level.



2.1 Linearization of Einstein’s equations

After this preamble, let us discuss the weak-field approximation. It is based on assuming that spacetime
is on average flat, and only small departures from it are allowed. Accordingly, we write

Juv = N + h,uzza ‘h;w| <1 (2.2)
in some chosen coordinate systemﬂ We use the background metric to raise and lower indices, e.g.
hHY — nﬂpn’/o’hpa, h = n#yh/u/' (23)

The inverse metric at leading order is
g =t = . (2.4)

Using the expressions (2.2) and (2.4), we can systematically expand all other geometric quantities.
For instance, the background Levi-Civita connection vanishes if we use Cartesian coordinates, and the
first order is

L o
Fﬁp = 57’# (Qa(uhp)g - 8O'h1/p)' (25)

Similarly,
Ryvpo = _3pa[uhV]a + aUa[uhV]p' (2.6)

Contracting with the background metric, we obtain the expressions for the linearized Ricci tensor and
Ricci scalar,

1 1
Ruy = =30y + 00,1 ) = 50,000, R = 0,0,k —Oh, (2.7)

where [J is the flat space d’Alambertian. Using these results, the linearized Finstein’s equations
(multiplied by an overall —2 for convenience to have a unit coefficient in front of the d’Alambertian)
give
Ohy — 20,0,h" ) + 0,00 h + 1, (0,0,hP° — Th) = —/fZTW. (2.8)
These equations are Poincaré covariant, a symmetry inherited from the chosen background. The
presence of the d’Alambertian suggests that wave solutions are indeed possible. However, there is an
intricate tensorial structure that needs to be dealt with. In particular, notice that the equations are
invariant under the transformation

h;w — hMV =+ 28@6,,). (29)

By analogy with the similar invariance of Maxwell’s equations, we can refer to as a gauge
transformation. This gauge transformation is nothing but an infinitesimal diffeomorphism: in fact,
recall that the transformation of the metric under infinitesimal diffeos is g, — guv + £¢gu,. This
preserves the decomposition and induces at leading order. Therefore, the gauge-invariance
of is nothing but the left-over of the diffeo-invariance of the non-linear theory. We will come
back to this point below when talking about gravitational energy.

This means that four of the components of the matrix h,, are not dynamical: they are not
determined by the field equations and can therefore take arbitrary values. Furthermore, four will be
fixed by the constraints, the linearized version of the diffeomorphism constraints of the full theory. A
linearized canonical analysis, which we report in Appendix [B] exposes the three-sided nature of the
linearized equations, and establishes that there are only two propagating degrees of freedom, just like
in the full theory.

2This can be made covariant writing g,. = gu. + rhu and expanding in powers of #, but the results are equivalent
and comparative factors of k can be restored easily with dimensional analysis.
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2.2 De Donder gauge
The invariance can be exploited to simplify the equations, and bring them closer to the form of a
standard wave equation. To that end, we require the De Donder gauge

1
Ouht'y = 50,h = 0. (2.10)

(in the literature, it is also called Lorenz gauge by analogy with electromagnetism, or harmonic gauge
because of its derivation from the non-linear theory, see App. [A]) It is immediate to see that this gauge
can always be reached, choosing

1
O&d = -9, + 58’%. (2.11)
In this gauge, the field equations simplify to
1
Ok — 577,Wh) = KTy (2.12)
It is then convenient to define ]
Py = hyy — 5n,wh, (2.13)

so that the linearized equations and De Donder gauge can be written more compactly as follows,
Ohyy = —K2Ty, 9" =0. (2.14)

The field equations are now in the form of a wave equation for the ten components of the matrix
BW. However, not all components are allowed to freely propagate, because of the constraints that
have to be imposed to satisfy the De Donder gauge. Furthermore, the De Donder condition does not
fix completely the gauge, since admits infinitely many solutions. In other words, once the De
Donder condition is satisfied, there remains a residual freedom of gauge transformations that satisfy
0E* = 0. We will see below how to further specialize the De Donder gauge to remove any residual
arbitrariness.

2.3 Static Newtonian sources

Let’s consider static solutions with respect to a Newtonian time ¢. In this case T, = p(Z)t,t,, and

(2.14]) reduce to B
%*hoo = —K2p. (2.15)

Recalling the the Newtonian potential satisfies 92V = 4wGp, we identify V = —hgg/4. All remain-
ing components satisfy the vacuum Poisson equation, therefore they vanish with suitable boundary
conditions. It follows that h = —hgy hence hoy = %Bgo = —2V. Then from the geodesic equation we
get

0

oy — 7 —
it = —Th {  Duhop = —0aV. (2.16)

{DDc}
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2.4 Spin and helicities of gravitational waves

A direct comparison of linearized gravity with electromagnetism is useful first to review many of the
same physical concepts in the algebraically simpler case of a vector field as opposed to a tensorial
field, and second to enhance the different physical behaviour due to the fact that one field has spin 1
(dipole moment) and the other has spin 2 (quadrupole moment). Let’s start first by understanding
why we talk about spin, and what is the difference between spin and helicity.

Recall that tensors in Minkowski space provide finite-dimensional representations of the Lorentz
group. This property can be used to decompose each tensor into irreducible parts, namely the decom-
position is preserved and not mixed up by a Lorentz transformation. Furthermore, one can restrict
attention to a rotation subgroup of the Lorentz group, and decompose the tensor into different spin
representations. For instance, a 4-vector or a 4-form like the Maxwell potential A, transforms under
the irreducible Lorentz representation (%, %) Under the rotation little group preserving the time axis,
this splits into two irreducible representations, 1 @ 0, given by the spatial vector A® and the spatial
scalar Ag. We can interpret these components of the field as spin-1 and spin-0 modes respectively.
Introducing the time direction t* = (1,0,0,0), t> = —1, we can write this decomposition in terms of
two projectors

PM =+ t1,, PO = ', 1=PpP"+ PO, (2.17)

The spin-1 mode can be further decomposed into three different helicities: this is nothing but
the familiar decomposition of spherical harmonics in spins [ and magnetic numbers m given by the
projection of the angular momentum along a given direction. In the case of mass-less waves (or
particles), there is a preferred direction given by the spatial momentum. The projection along this
direction defined what is called helicity of the wave (or particle). The decomposition of the spin-1
field into two components, one including the pair of helicities +1, and one of helicity 0, is a special
case of the Helmholtz decomposition.

Recall the Helmholtz decomposition of a 3d vector field into solenoidal and irrotational parts:

A% = A%+ A% 9,42 =0, A=09"A, VxA =0. (2.18)

This decomposition is unique up to harmonic functions, 9?f = 0, which can be freely traded from
one piece to the other. Since the Poisson equation admits a unique solution for suitable boundary
conditions, the Helmholtz decomposition is also unique up to boundary conditions. In the simplest
case these are given by vanishing fields at the spatial boundary, and then all harmonic functions vanish
exactly. Then we can do the usual Fourier transform, and for each mode this decomposition is nothing
but the standard resolution of the identity into projectors,

PP
p?’

10 =P+ PY, PYp=Tf =0 — PV = Lf =220, (2.19)

so that

. hl

(2.20)

—

p
Remark: often one gives up the extra step of working in Fourier space and writes instead the projectors
in configuration space, e.g.

a _’-
A= Pt A= P =P A=t

0“0y
e
This expression is somewhat implicit because one needs to specify boundary conditions in order to
have a well-defined inverse of 9?. With the understanding that the boundary conditions are those of

5 (2.21)
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vanishing fields at spatial infinity, then the projector is equivalent to the momentum space definition.
The latter is more explicit since unambiguous, and manifestly well-defined since p'# 0 for a null vector,
but you can find both in the literature.

The notation T and L stand respectively for transverse and longitudinal, and should be obvious
from the explicit expressions. The shorthand notation 7' and Lj will be useful below. To check that
these correspond to helicities +£1 and 0, we consider a wave propagating along the z axis with positive
frequency w. Then p'= w(0,0, 1), and the rotation matrix of the little group is given by

cosf) sinf O
R% = —sinf cosf 0 |. (2.22)
0 0 1

Furthermore the projectors take the simple form
1 00 0 00
PPy =010, PY%=[000]. (2.23)
0 00 0 01
Next we take the eigenvectors of the projectors and study how they behave under this rotation:

1
+i |,  R%eL =etfed, (2.24)
0

0
PVged = e, et=101], R%efy = €. (2.25)
1

The story is exactly the same for a gravitational perturbation. The symmetric matrix h, trans-
forms under the reducible Lorentz representation (1,1) & (0,0). Under the rotation subgroup SO(3),
this splits into four spin-irreps, 2 ® 1 & 0 @ 0, given respectively by

1
hab—g(Sabhi, hoas  hoo, he. (2.26)

For a given direction of propagation of the wave, we can also introduce the notion of helicity,
namely the projection of the spin along the axis of propagation. This amounts to looking at the
component J- p of the rotational generators. A spin-2 mode then splits into 5 helicities +2,+1,0 and
a spin-1 mode into 3 helicities £1, 0.

To see how this is done, the spin 0 and spin 1 parts work as before. For the spin-2 part, one needs
a generalization of the Helmholtz decomposition, which is given by

1® = PR + P + P, (2.27)
1 b
PR = TeTh — ST, PPty =ToLly + L{Th, B = LE?L - (2.28)

Here (ab) is the symmetric and traceless combination. One can easily check that these are projectors
and that they are orthogonal to one another. Furthermore thanks to having defined them as traceless,

{Rz}



their action on hg, — %(5abh is the same as the action on hg,. Explicitly, using these projectors and
suitable fall-off conditions at spatial boundaries to define the inverse of 9% /Fourier transform, we have

1
T — pRlabped — <T§‘T£ - T“chd) he?, (2.29)
b) hed 29, \
2)abjed _ o (a [ sb) P Pc ) Pd _ _ b a d ¢ cd
PP abped — op( (52 - ) 5 = 20, By), Ba_2<5a— 2 >a2h (2.30)
apb 1 DeP, 1 0.0

p@abped — (L —gab) PP yped _ g 9, — —5,0°)B, B = "<dped 2.31
LL cd ﬁQ 3 ]5»2 ( b 3 b ) ) 94 ( )

One can then write
1 1
hav = (P32 + P + PY + Pi2)hlay = hiy + 200 By) + (90 — §5ab32)3 + §5abhcc- (2.32)

Next, to study the different helicities of the spin-2 mode, we proceed as before and consider their
transformation under a rotation along the axis of propagation. Because the spin-2 mode belongs to
the 5-dimensional irrep of the rotational group, we would need to use the 5x5 version of R;. However
no need to work that out, because this irrep is built simply as the symmetric and traceless tensor
product of two spin-1 irreps, hence the 5d action is isomorphic to the action on the vector space of
symmetric-traceless 3x3 matrices Ay, — (RART),,. The action of the projectors is

1 $(A11 — Ag) Aqp 0
P A = (TAT)™ — 5T1“(TA)Tab = Az —3(A11 — Ap) 0 |, (2.33)
0 0 0

and similarly for the other two. Then it is easy to check that the eigenvectors of the projectors are

1 0 0 010
eb=10 -1 0 10 0 ], (2.34)
0 0 O 0 0O
0 01 0 0O 0 0O
w=102001], =10 01 ess=100 0 |. (2.35)
100 0 10 0 01
Defining as before the circular polarizations,
ey = (e, Eiey),  fip = 2p(alep Tiep), (2.36)
we have under the rotation (2.22))
R°,RY%, eéfi eﬂweaib, R°,RY, id = ¢t aibv R¢uR% €% = % R¢uRY et = ey

In the following, we will use often the TT projector, and just denote it P™ removing the spin-2
label for short. Now the question is how many of these 10 different helicity modes are truly dynamical.

{PTTA}



2.5 Gauge-invariant description: many Newton potentials

Consider first Maxwell’s equations
0A, — 0,0,A" = j,. (2.37)

They are invariant under the gauge transformation A, ~ A, + d,\. Accordingly, the covariant
divergence 0,A" drops out, meaning that this component of the field is undetermined. In other
words, it is a pure gauge quantity. This means that even fixing initial conditions, the PDE operator
cannot be inverted, and the Green’s function does not exist. This fact can be solved decomposing the
equations in gauge-invariant quantities that can be inverted for, or by introducing a choice of gauge.
Let us see one procedure at a time.

The Helmholtz decomposition seen earlier is useful to identify the gauge-invariant components of
the magnetic vector potential, and make the ‘three-sided’ structure of Maxwell’s equations manifest
without recurring to the Hamiltonian analysis. Starting from (2.18)), we see that A% and ® := Ay — A
are gauge-invariant, and Maxwell’s equations can be split into

9*® =jo, AL+ 9D =3 DAL =42 (2.38)

We see that one part of the field, ®, is dynamical but its dynamics is entirely constrained by the matter
content; one part, A has independent propagating degrees of freedom; and one part has dropped out
and is left arbitrary. This is the ‘three-sided’ structure we where referring to earlier. Notice also
that the distinction between independent degrees of freedom and constrained ones is non-local in
configuration space. Therefore it is not possible with any local measurement to distinguish between
the two. [But with a full Cauchy slice at disposal then yes, see the recent gendanken experiments by
Bob]

In the static limit, it is possible to neglect radiation and study the Coulombic part alone. However
one should be careful that this is a non-relativistic description: the Coulombic interaction is described
as an ‘action-at-a-distance’ which violates causality. For instance, if I switch on a localized elctric
source at a given instant of time, the electric field outside the light-cone will remain zero, but to see
this one needs explicitly the radiative part of the field. Using the Coulombic part only, one gets an
electric field instantaneously changing in the whole universe.

The fact that the gauge-invariant quantities are non-local functions of the fundamental variables
makes them often unpractical for performing explicit calculations, and one is then better off working
with a fixed gauge instead. Consider for instance the Coulomb gauge 9,A* = 0. This sets A = 0 and
leads to important simplifications: the gauge-invariant potential coincides with the temporal potential
Ap, and the transverse modes coincide with the vector potential, thus eliminating the non-locality.
Another common gauge choice is the temporal gauge Ay = 0, which corresponds to the reduced phase
space most commonly used in the canonical analysis. This choice also simplifies the description of the
gauge-invariant potential by relating it to the single component A. However the resulting potential
A is then time dependent also when the source is static. This time dependence is clearly a gauge
artefact, hence the Coulomb gauge is clearly preferable when working on static problems.

For radiative problems on the other hand, neither of these choices are preferable. The problem
is that they are manifestly not Lorentz-invariant, whereas the field equations are. As a consequence,
one ends up working with more cumbersome Green’s functions. If we look again at the Maxwell’s
equations, we see that there is a Lorentz-invariant choice that is particularly helpful: the Lorenz
gauge d, A" = 0, which leads to

OA, = ju. (2.39)



One can now solve for the 4 components of A, using a simple and covariant Green function, and the
solution will be valid provided it satisfies the Lorenz gauge condition. However, notice that there
are infinitely many solutions to the Lorenz gauge condition. Given a solution, any other is obtained
performing a further gauge transformation whose parameter satisfies the wave equation, O\ = 0.

One may wonder whether the Coulomb or temporal gauges are part of this family. The answer
depends on whether there are sources or not: the Coulomb is compatible with the Lorenz gauge only
in vacuum or with static sources, and temporal only in vacuum (everywhere).

To see this, notice that we can always achieve Ag = 0 = J,A% on some initial slice ¢ = 0, by
suitably choosing A(0, #) = —Ag and (0, Z) = —1/8%9,A%. This fixes a unique solution of the wave
equation for A, and thus exhausts the gauge freedom. Then by the Lorenz gauge, Ag((), Z) = 0. Then
from the Maxwell’s equations in Lorenz gauge we find (JAg = jo, which fixes Ay everywhere uniquely
in terms of jo and the initial data Ag(0) = Ag(0) = 0. In particular Ag = 0 in vacuum. But if we are
not in vacuum, then Ay # 0 as a consequence of the Lorenz gauge.

Similarly, the Coulomb gauge everywhere is only compatible with the Lorenz gauge in vacuum
or at most with static sources, since imposing 9,A% = 9, A" = 0 everywhere implies Ay = 0 and
0%Ay = jo.

In conclusion, we see that two components of the electromagnetic field A, are non-physical, there-
fore the theory only propagates two independent degrees of freedom. Further, the nature of the
non-propagating degrees of freedom is of two different type: one is arbitrary, and one is fully con-
strained.

These considerations apply also to the gravitational field. The Newtonian approximation given
by Newton’s equation alone is only meaningful in the static limit. It describes an instantaneous
interaction, and causality is restored restoring the radiative dofs.

We can do the same for the gravitational perturbations, introducing gauge-invariant potentialas
was studied initially by York and Bardeen. We denote

hoo = —2V, (2.40)
hoo = Wy =W, + 0,W (2.41)
1 1
hap = ng + 28(aBb) + (8a8b — géabag)B + géabhs- (2.42)
From these we can extract 6 gauge-invariant quantities:
ab » (2.43)
. 1. 1 . 30a0y , ap
P .= ——B=—-h whoa — = h*?, 2.44
V+W 2 5 00 + 9aho 190 ( )
. 0a0b , 1 . Oke : e
o, = W(;r — B, = (6ab - o2 h b) - @abhab + 04 94 hb ) (2'45)
3 0,0

U= —hs+ 0B == (—h™ — haq). 2.4

+ 0B =3 ) (2.46)
In terms of these variables,
1 1. 1
Goo = =%, Gog = =0,V — =0, (2.47)
3 3 2
1

Gap = —iDhaTbT + .. (2.48)
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Decomposing T}, also in irreducible parts,

1 1
Too=p, Toa=Sa+0as,  Tap=0u+ 20,00 + (a0 — gdaba% + 30w (2.49)

one can rewrite the linear equations in terms of the following six independent ones,

I (2.50)

O*V = g,-;?TOO, (2.51)

*®, = —K*Ty,, (2.52)
1 1

(@~ )= Zf»ﬂ(s -2 (2.53)

Check static source: ¥ = 6® thus 9°® = k2 /4p ok.

Why so many ‘Newton potentials’? Similar situation in e.m: relativistic invariance forces us to go
from one potential to two. Consider two charged wires and the analogy with Biot-Savart. Here we go
from one to 4, as a consequence of the higher tensorial nature of the field. The new relativistic effects
include precessions of equinoxes, light bending, and frame dragging (Lense-Thirring effect).

F=-VV-W+TxVxW—2h?) + ... (2.54)

whose first two terms look like a Lorentz force.

This rewriting of the linearized equations in terms of gauge-invariant quantities makes theirs three-
sided nature manifest: We have the four constrained modes, the two independent degrees of freedom,
and four pure gauge quantities that dropped out of the equations. One solves first the equations for
the dynamical modes, then fixes a gauge to determine the whole metric tensor.

In spite of being conceptually appealing, this decomposition turns out to be not very practical for
studying perturbation theory. As in the Maxwell case, it is non-local and non-Lorentz covariant.

Considering gauge-fixing, the best option to study radiation is to use a covariant one like the
De Donder. This is however not unique. It turns out that it can be uniquely specified requiring
h = hg, = 0. This is called the transverse-traceless gauge, and can always be achieved in vacuum.
Once this is done, hqg is fully constrained by the matter content, in particular it vanishes only if there
is no matter anywhere.

If we have a solution in a generic De Donder gauge, we can put it in TT gauge applying the
projector

1
F = PUENR. PT (PUR) - PP, Pa—bu-PEL (25)

The last term can also be written in terms of a unit vector on the sphere, representing the direction
of propagation of the wave. Notice that this projector is defined in Fourier space; it is non-local, and
fully gauge-invariant.

2.6 Polarization tensors

We can solve the vacuum wave equation decomposing it in plane waves,

by (x) = /d4p e (p)e™ + ce. (2.56)

11
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where e, (p) is the polarization tensor, whose form is determined by the field equations and the gauge
choice. To simplify the notation in the following, we can without loss of generality consider a single
monochromatic plane-wave,

() = ey (p) cOs(p - ). (2.57)
Imposing the vacuum equations in the DeD gauge we get
p? =0, p'eu = 0. (2.58)

From the first, we have that p° = +|5|. We choose p* to be future-pointing, and accordingly denote
w := p’ > 0. This convention permits to identify the positive-frequency modesﬂ We can then write

p=w(l,p),  pPw=1 (2.59)

The second condition gives 4 algebraic equations constraining the 10 components of the 4 x4 symmetric
matrix e,,,. There are six independent solutions, that can be parametrized in terms of p* and a choice
of spatial orthonormal basis €, i = 1,2, in the plane orthogonal to p’ (namely t#e, = 0 = pt'e),):

Pubvs  PuChy  €uly +€nens (2.60a)
e%ue?j), eie,ﬂ - eiez. (2.60D)

[MAP these to the previous notation, show which of the ten e, we have eliminated.] It is straightfor-
ward to check that these are all the independent solutions. It is however often convenient to be more
explicit, and pick a specific direction for the momentum. For instance, let’s suppose that the 4-vector
p is aligned with the z-direction, namely

" =w(1,0,0,1). (2.61)

There is no loss of generality in this choice, because we can always achieve this configuration by a
Lorentz transformation, and the theory is Lorentz covariant: all results obtained in this frame can be
trivially mapped to results in any other frame using a Poincare transformation. Then the equation to
be solved is ey, 4+ e3, = 0, and this is done by with ez = 6;, 1 =1,2. In the following, we will
write both the general form of the solution, and the one specialized to (2.61)).

Notice that we have chosen the independent solutions so that they are all traceless, except
the last one of . However, not all solutions are physical. In fact, we still have the freedom

to perform residual gauge transformations. For instance, consider ¢# := —2e*sin(p - z). This is
admissible since C¢* = 2p%e#sin(p - x) = 0, and will set to zero the second of (2.60). Another
example is £# := ptsin(p - ), which will set to zero the first solution. In fact, the four solutions

(2.60a)) can be simultaneously put to zero with residual gauge transformations.
To see this, consider a general linear combination of (2.60a)), with arbitrary coefficients a, b, ¢, d:

aw?  —bw —cw —aw?
—bw d 0 bw
huw(x) = e 0 d i cos (w(t — z)). (2.62)

—aw?  bw cw aw

3This is one instance where the Minkowski background structure plays a key role, thanks to its time translation
symmetry. In a general dynamical spacetime, there is no time-like Killing vector that can be used to identify positive-
frequency modes.
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But as shown above, in vacuum it is always possible to reach the TT gauge in which hg, = h = OE|
In terms of this basis of polarization tensors, this implies that in the TT gaugea =b=c=d =0. In
other words, is a pure gauge solution in vacuum, and can be set to vanish identically without
loss of physical information. For the same reason, it is also possible to make another diffeomorphism
which will replace the ¢ — z in the cosine with ¢ — vz for an arbitrary constant v. Hence the pure gauge
modes don’t really propagate, and if a gauge is chosen so that they look like they are propagating, well
one can do this with an arbitrary speed, the speed is not constrained in any way by the dynamics. Only
for the physical modes, the propagation speed is fixed to be the speed of light by Einstein’s equations.
To use Eddington’s words, the non-physical gauge modes propagate at the “speed of thought”.
The only gauge-invariant ones are the the polarizations ,

00 0 O 00 00
01 0 O o 0 010
€ = Qeg“eg) =l oo -1 0| e, = efe] —ehey = 010 0 (2.63)
00 0 O 00 00
As a result, the general physical plane-wave solution has the form
0 O 0 O
o 0 hy hy O
huv(z) = (hye,, + hyey,)cos(p - z) = 0 h, —h, 0 cos (w(t — 2)), (2.64)
0 O 0 O

for some constants h, and h,. In the second equality we used the polarization tensors given by
when the wave propagates in the z direction. Notice that we removed the bar since the solution is
traceless, hence fLW = hup.

The solution was found in a special case of the De Donder gauge. We see that the resulting
wave tensor is transverse to the direction of propagation, and traceless. For this reason, this gauge
is referred to as transverse-traceless gauge. Here we showed it for a special monochromatic ansatz.
But this gauge can always be reached for vacuum solutions. On the other hand, it is not possible to
achieve this gauge inside sources. This is quite analogue to the electromagnetic case, where the Lorenz
gauge is only compatible with the Coulomb gauge in vacuum, and not inside sources.

The resulting perturbed metric is

ds® = —dt® + (1 + hy coswu)dz? + (1 — h, coswu)dy? + (1 + 2h,, coswu)dzdy + dz?, (2.65)

in terms of retarded time u := t — z to shorten the notation. This metric is not a solution of the exact
Einstein’s equations; but it is a solution of the linearized theory. In other words, there are vacuum
solution the take approximately the form in some regions of spacetime, but none that has that
exact form everywhere in spacetime.

Since we have oco® choices of possible momenta for a plane wave, we conclude that a general
superposition of plane waves will be described by 2 x R3 arbitrary numbers. These are the physical
degrees of freedom of gravitational waves. The linearized approximation has allowed a complete
characterization of the physical degrees of freedom of the theory. Notice that it is the same number
of the Maxwell field, and of two scalar fields. However what changes between these three examples

4If we were not in vacuum, (2.60]) are not solutions.
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is the behaviour under Lorentz transformations of the plane waves. It is clear from the pictures that
the two modes of a GW are related by a m/4 rotation. The electromagnetic modes on the other hand
occur on orthogonal planes and are thus related by a 7/2 rotation, see Fig. [2| This difference can be
characterized in terms of a physical property of the waves called helicity, as we discussed earlier.

SOINI0aIo
OQOCO

Phaze w

Figure 1: Flﬁgf%lpsanelz . Right panel: By comparison if it were a circular distribution of charged test particles
and there is an electromagnetic field passing through, in the linearized approximation in which we neglect their
self-interaction and the magnetic interactions, the whole circle will just move up and down along the azis of
polarization of the wave, without deforming.

—wrE T

wt=mxj2

\_/

. igpols o . ‘ o ‘ g
Figure 2: |F gﬁe%t panel: x polarization. Right panel: Circular polarization, right-handed if direction of
propagation is towards the viewer.

The mapping between notations:
= (el Eies),  fa = 2p(aley) £ ich) (2.66)
ey = (e, Lie),), ab = 2P(a(ep) £ icy)). .
Under the rotation (2.22)) we obtain

RC Rdbe e:t219€:|: RC Rd f

:i:z@
ab’ ed = f

d d
ab? RcRbed—eab, R° Rbed—eab

The last two above are shorthand notations for the pp and trace modes in (2.60a)). We conclude that
the physical modes have helicity 2, whereas the gauge modes have helicities 1 and 0.
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The fact that these modes are pure gauge and can be set to zero will see has the important
implication that GW cannot have neith monopole nor dipole radiation terms, similar to how the pure
gauge nature of A, means that e-m radiation has no monopole component. Since this is strictly
related to the gauge invariance of the system, it would be different for massive theories, and it can
be understood in physical terms as a consequence of the symmetries of the theory, associated to the
invariances by Noether’s theorem.

The fact that only maximal helicities are propagated by the Maxwell and linearized Einstein’s equa-
tions leaves an imprint also in quantum field theory: massless particles must always be in eigenstates
of maximal helicities, unlike massive particles.

2.7 Covariant gauge-invariant description

For the reader familiar with QFT, it is probably more customary to revisit the discussion using
covariant projectors, which don’t rely on a 3+1 splitting. Pro: covariant description of the spin-irreps,
achieved without selecting a given time direction. Cons: off-shell description.

Short-hand notation:

Wy = p;f”, O = Oy — W (2.67)
Spin projectors:
P = 19, 0,0+ 6,0 16,6 2
—5( 1774 1/0+ no up)_g uvYpo ( 68)
1
P = 5 Optove + Ouowup + Ouptyis + OuoWyp) (2.69)
1 1 1
P = §9MV9007 PO = WuvWpo PY) = %Hﬂvwmv PO = %wf‘vepo (2.70)

Using these, we have (adding a source term)
O (P = 2PO) by = KT, (2.71)

This formulation is used in perturbative quantum gravity, and it is also the starting point of the
EFT application to classical gravitational perturbation theory Notice the mixing with the spin 0: this
is ultimately responsible of the Van Damme discontinuity that rules out applications of linearized
massive gravity to solar system physics. We see that one spin-0 and the spin-1 modes drop out: they
are arbitrary, pure gauge. Of the remaining 6, only two propagate independently. However it is slightly
harder to see this here, because going on-shell introduces divergences in the propagator. So what one
has to do is to contract the propagator with conserved sources, then compute the residues at the pole.
Would be nice to add a reference where this is done explicitly.

3 Detection of GWs

3.1 Gauge and reference frames

There is another difference between e-m gauge, which is not observable, and gravitational gauge,
which has instead a physical interpretation. Different coordinate systems can in fact be thought of as
describing different type of reference frames attached to different observers.
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For instance in flat spacetime, Cartesian coordinates describe Newtonian inertial observers, and
rotating coordinates e.g. those obtained from with 6 = wt describe a non-interntial observer on
a rotating frame of constant angular velocity.

More in general in curved spacetime Cartesian coordinates don’t exist, but they can be introduced
locally and this is an implementation of the equivalence principle in Riemannian geometry. For
instance, Riemann normal coordinates satisfy g, = n,, and Iy, = 0 at one chosen point. These
coordinates describe a local inertial frame. One can explicitly construct such coordinates, and prove
that 1 5

G = Nuw — gRWW:I:pxU + O(2?), ry, = —gR“(,,p)U check (3.1)

Another example is Fermi normal coordinates, that satisfy I, = 0 along a time-like geodesics.
These coordinates describe a freely falling frame, and are relevant to describe the physics of Lisa to a
first approximation.

How about the TT gauge used to simplify the solution of the GW equation in vacuum? In this
gauge
1
Thy = dohto — 50"hoo + O(h?) =0+ O(h?). (3.2)
This implies that at first order the coordinate distance between two nearby time-like geodetics remains

the same, and also that their coordinate time delay is the same. To see this, let us look at the geodesics
equation

dut
d—“T + T8 u’uf =0, (3.3)
where
dxt
uu = 7dx s u2 =-1 (34)
T

describes time-like trajectories in proper time. If the velocity is constant, then v = v and u® = yv*
where v = dx®/dt is the velocity wrt lab time. Now assume that these geodesics define a collection
of particles which are initially at rest: ©® = 0. Then

' = —Thu'u® =0 (3.5)

at first order, thanks to . It follows that test particles at rest before the passage of the wave
remain at rest even doing the passage of the wave, at first order. Then using these test masses to
build the coordinate system, we obtain one that remains constant across a gravitational wave. This is
kind of like the temporal gauge that gives us spatial coordinates which are Lie-dragged by the normal,
and a constant lapse function.

3.2 Coordinate displacements versus physical displacements

To study the effect of a gravitational wave, let us look at the geodesics equation

du »
5Uses a FW transported tetrad and proper time coordinate 7, %v" = 2ul*a"ly,. Then goo = —1—2a,2°+0(2?), goo =

O(z?), gab = Sap + O(2®) on the whole trajectory, and hence linear order vanish for a geodesics. With a more general
transport, other inertial effects can be included.
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At first order, using our solution (2.64)), we find that the spatial coordinates are constant:

a
di — _(80h0a — 18ahoo)uouo = 0. (37)
dr 2
Therefore, the coordinate distance between two points  and z’ remains the same.

So this gives a meaning to the T'T gauge: it is the gauge in which coordinates oscillate together
with the wave, so that any two points remain at the same coordinate distance at first order. We could
have chosen another gauge, than coordinate distance would change arbitrarily.

However, recall that the physical distance between two points is not merely the coordinate distance,
but it includes the effect of the curving of spacetime described by the metric,

/

L:/ dsy/guuru, (3.8)

where s is an affine parameter for the curve connecting the two points, and u* = dx* /ds its tangent
vector. For instance, let us consider two points along the x axis, say x1 and x9, and a monochromatic
plane wave going in the z direction. By , the coordinate distance Ax := x5 — x1 is constant even
if a GW like is passing through. But the physical distance changes and oscillates in time:

1
L= / Adx\/Guz = / dz+/1+ hy coswt = \/1 + hy coswt Az ~ (1 + §h+ coswt)Awx. (3.9)
Ax Az

The physical distance, also known as proper distance, which can be measured e.g. bouncing light back
and forth, changes. This is how we can detect GWs!

Notice the important role played by the difference between coordinate and physical distances. It
is something that you should be already familiar with, for instance if you took a course in cosmology.
There, it is often convenient to choose a coordinate system such that the values of the coordinate grid
represent galaxies, so that their coordinate distance does not change, but the physical distance does.

It is in other words a good example of the most fundamental lesson of general relativity: coor-
dinates are absolutely void of any physical meaning, and one can always find coordinates systems
in which things look like nothing is happening. To understand the true dynamics, one has to look
at physical quantities, which are geometric observables built in a coordinate-invariant way, such as
proper distances.

This does not mean that coordinates are useless! They are very often necessary to perform cal-
culations, and it is important to choose a clever coordinate system adapted to the physical system
under scrutiny in order to simplify the calculations. If no mistakes are made, all physical results
will be independent of such choices in the end. In this specific example, it was important to choose
coordinates preserving the location of the test particle, so to be able to use at all values of ¢
without having to change the extrema of the integral. Had we chosen a different coordinate gauge,
we would have needed to incorporate the ¢t dependence of the extrema. Calculation harder, but same
result in the end.

Let us further elaborate on . We can dispose of the coordinate distance Az if we look at the
relative change in physical distance

0L  L—1Lg

1
.= Lo ~ §h+ cos wt, (3.10)

where Lg is the unperturbed physical distance. To see the difference between the hy and hy compo-
nents, let us consider a circular distribution of point masses in the z = 0 plane. Using ([2.64)), it is
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clear that h, causes a shear in the xy directions, hence the label “+”, whereas h, causes a shear in
directions tilted by 45 degrees, hence the label “ x ”. We can then deduce that the effect for two test
masses initially at distance Ly along the direction e® in the plane orthogonal to the wave is

oL

1
= o hab ¢ ev. (3.11)

We have assumed that the wave is perfectly perpendicular to the distribution of test masses. If it is
not, integration will be more complicated. However it remains trivial if we assume that A > L. Then
the formula is still valid, and e® can be any spatial direction for any given direction of propagation of
the wave.

This result can also be derived from the geodesic deviation equation.

We have seen that gravitational waves change the physical distance between bodies. And if we have
a circular distribution of test masses, their spin-2 nature shows up in the quadrupolar deformation of
the distribution. So the most direct way to detect a GW would be to measure the relative acceleration
of two test masses, namely the time-dependence of the gravitational tidal force. For two nearby
free-falling test masses, this force is described by the geodesic deviation equation,

d2er
TEQ = R, pou”ulEe, (3.12)

where £ is a vector connecting neighbouring geodesics, chosen orthogonal to u#. If moving slowly,

d2£a
dr?

= R’ = *B(%l?rfb (3.13)

hence if we have a detector that can detect tidal effects, it will be sourced precisely by the physical
components of the GW, and not by the gauge ones.

If the spacetime curvature is caused by a GW, and the if the distance between the masses is smaller
than the wavelength, then Riemann is roughly constant in space and we can trivially integrate this
equation to get

£4(t) = Lo(e® + haTbTeb) L =e,8% = Lo(1+ haTbTe“eb) (3.14)

as before.

This result can be used to detect waves measuring the distance between test masses. Via laser
bemas, or connecting them say with a resonant bar (a solid bar would be set into oscillation by the
stresses, and one could look for resonant frequencies)

If we set the lasers so that the phases at the beam splitter are identical, the phase shift after the
travel to and back from the mirrors will be

2my

A¢ = = =Ny(2L1 — 2Ly), (3.15)

where N, = 1 for a Michelson device and up to 300 for the Fabry-Pérot type used in Ligo/Virgo.
Plugging in the previous result we arrive at
2
Agp = LVN b LohlE (eeh — egeh), (3.16)

where now e® are the unit vectors giving the direction of each arm.
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Figure 3: Fl eft pamnelz Schematics of an interferometer like LIGO/Virgo. Right panel: Antenna pattern

functions for LIGO in the long-wavelength approzimation, from [?].

This equation is only valid for A > L, otherwise further terms are needed. This is the case for
resonant bars and Ligo but not Lisa, so further effects need to be taken into account.

It is possible to express the result in terms of the two wave polarizations, if we introduce a rotation
from R(0,¢) := R:(¢)R;(0) from the detector’s frame to the frame of propagation, plus a reflection.

This leads to
B 4y

Ap = ?NpLO(FJthr*l'Fxhx), (3.17)

where .
F, = 5(1 + cos? ) cos 2¢) cos 21 — cos 0 sin 2¢ sin 20 (3.18)

1
Fy = 5(1 + cos? ) cos 2¢ sin 21) 4 cos 0 sin 2¢ cos 2¢) (3.19)

are called detector’s pattern functions. Here ¢ is the angle between the &,y axis obtained after the
rotation and whatever basis is used to define the two polarizations. This is interesting because we see
that there are directions in which the detector is blind, like (0, ¢) = (5, §).

So with 3 detectors we can deduce 0, ¢ and ¢ and then we are sensible to polarization.

For non-orthogonal arms, F' multiplied by an overall sin y, provided we orient them symmetrically
with respect to the initial frame.

4 Generation of GWs: Introducing sources

At leading order we have . Hence the sources follow geodesics on Minkowski. Test bodies cannot
be affected by gravity at linear order. To see the effect of gravity, we need to go beyond lowest order,
and look at the geodesic equation, which is associated with V,T* = 0. So recovering Newton’s
law from the geodesics already requires going beyond the linearized approximation. In other words,
the linearized approximation still treats GR as a force on flat spacetime, really. It includes however
special relativistic effects not present in the Newtonian description if we go beyond the slow-motion
approximation.
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We recover Newton’s equations. However recall that we have a very different perspective here:
notion of inertia are different. We now go beyond the static limit. Beyond the static limit, it is not
meaningful to look at the Poisson equation alone: it describes an instantaneous action at a distance,
incompatible with causality. As in electromagnetism, restoration of causality is restored appreciating
that radiative modes are necessarily excited in non-static configurations.

4.1 Source multipoles

Let us go back to the linearized field equation (?7?), and discuss now the situation in the presence of a
non-vanishing right-hand side. The first thing to notice is that by the linearized Bianchi identities on
the left-hand side, the source energy-momentum must be conserved with respect to the background
metric,

9, T =T 4+ 9,T™ = 0. (4.1)

This is nothing but the zeroth order of the covariant conservation law V,T" = 0. Recall from
your GR classes that this equation implies that test masses follow geodesics. Hence, in the linearized
approximation the matter sources follow geodesics of flat spacetime. This means that matter can
interact with itself, but not with the gravitational field: all bodies must move on geodesics of the
Minkowski metric. To include sources whose energy has a non-negligible gravitational origin, we
must go beyond this approximation. Therefore the linearized theory is valid in weak field, but also
neglecting gravitational self-interactions. In other words, the linearized theory still describes gravity in
the Newtonian way, namely as a force acting in flat spacetime. However, it already contains departures
from Newton’s theory, since it includes the special relativistic effects such as the gravito-magnetic
interaction and radiation.

A student asked if these quantities are gauge invariant. The answer is yes, but in a trivial way:
this 7, is the lowest-order one, it is evaluated wth metric 1. Therefore it is not a diffeo tensor (but
only a Poincare tensor), and does not transform under diffeos.

This standard flat spacetime conservation law immediately implies conservation of the total energy
and momentum,

—

M = /d%TUO, M=0, P*= /d3:z:T0“, P=0. (4.2)

where we used integration by parts and vanishing boundary conditions. Although the first is truly the
total energy, it is customary to denote it as a mass, using Newtonian language. Next, we look at the
center of mass position,

M = / Brz®T®, M= —-pP° (4.3)

Thus recovering the familiar result that the total momentum vanishes in the center-of-mass frame.
The quantity M“ can be also called mass-dipole moment. The term moment comes because if we see
p = Too as a distribution, this quantity represent the first moment of that distribution. We define all
higher moments as

M = / dBxTooxa® . . ., (4.4)

and similarly for P¢,
pab- = /d%TOaxb.... (4.5)
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Another useful identity
22T = —2°2°0. T = T0:(a"a?) = 22T = —22(°9, T = 20,2T"® = 217", (4.6)
from which it follows that .
/d3a: 7% = 3 /d3a: 10022, (4.7)

The trace-less part of this second momentum of the energy density is the quadrupole moment.

4.2 Solving the wave equation with sources

Having found vacuum solutions of the wave equations in the previous Section, let us go back to (?7)
and look for inhomogeneous solutions. For this we can use Green’s method for solving differential
equations. First we look for a solution to the distributional problem

0,G(x, ') = 6W(z — a). (4.8)

There are two independent solutions, called retarded and advanced, and characterised by whether
they vanish respectively for z in the past or the future of 2/,
ot —t T — 7 1
Gﬂ@@:—( il i xD:—2®@ur4MNW4W—W—ﬂﬂ. (4.9)
i

Am|d — 2|

The retarded solution imposes no-incoming radiation boundary conditions, and it is the one relevant

to study the emission of waves from a source. Then, in De Donder gauge we have
2 = _ A 7

_ K T,t—|2—22
fW:—M/ffm%wQMA:M/ﬁf“A |W| )

|¥— 7

(4.10)

Recall that outside the source, we can achieve the TT gauge without loss of generality, so h = 0
and hg, = 0, but hgg will not be zero, but rather constrained in terms of the matter distribution.
This integral is in general very complicated and we don’t have an analytic solution. So we resort to
approximation schemes.

We now introduce two independent approximations:

(i) Wave-zone approximation: we assume to be very far away from the sources, hence r := || > |Z’|.
This is an expansion in powers of 1/r, where
1 1 Z-7 3 r'? o x%zb

= s T (W — b)) —— ... 411
FoF et e ) T (a11)

with r:= |Z|, i = &/r.

Furthermore, the direction of propagation of the wave coincides with the direction from the
source 7* := x®/r (assuming the origin inside the source). Hence TT projector can be written
in terms of 7.

From Lo,
Tr-T

Z -2 =r— +.... (4.12)
we also have the Taylor series the components of the energy-momentum tensor,

Tt — |3 — &', 8") = Ty (t — 7, @) + 70 T Ty (t — 1, 87) + ... (4.13)
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(74) Slow dynamics: We assume that the dynamics of the source is slow, so that time derivatives can
be neglected. This is an expansion in v/c < 1 and it is called Post-Newtonian expansion.

For non-gravitational interactions, this is an independent approximation, on top of the weak
grav field. But if the source is held together by gravity, then this is a necessary approximation
in order to be consistent with the weak-field approximation. In the Newtonian approximation,
energy conservation gives uv? = Gum/r and thus v2/c®> = rg/(2r). Weak gravitational fields
hence implies small velocities.

This allows us to neglect higher-order terms in (4.13).

As a consequence of (i7), we can neglect the O(1/r) term in (4.13)) since it involve time variations.
With these two approximations, which are by the way typical also in electromagnetic theory, we arrive

at
2

() = 1 / B2 T (t =1, 7). (4.14)

Indeed we can confirm this result from the leading order approximation we just derived, which

givesﬂ
2 4G M
hoo = L dSJE/ Too(t -, f’) = —

4.16
drr ( )

A
This reproduces the Newtonian result (and notice M constant as a consequence of the conservation
law).

Concerning the radiation part, we write in TT gauge

2

(e LSWPTT/d%’ Tyt — 1, 2"), (4.17)
where the propagation direction in the T'T projector is fﬂ This formula can be further manipulated
to bring out the multipoles of the source. Also a static source cannot radiate so better to make this
explicit bringing in time derivatives. Conservation laws implies that the integrand vanishes if the
source is static. In fact, from the conservation law one has the identity . and we recall that
TY = p is the energy density of matter. This is the second momentum of the energy distribution.
This quantity differs from the quadrupole moment only by a trace term, see (?7). But the trace term
is irrelevant because of the projector, therefore we can freely replace the right-hand side with Qb /2.

We conclude that
ot %) = —QG 71 "TT(t -7) (4.18)
ab \*» A r ab : .

5This result may look unfamiliar, since the Schwarzschild metric in static coordinates differs from it by a factor of 2.
But recall that our analysis assumes De Donder gauge — otherwise (4.10) is immediately incompatible with conservation

of T,,,! —, aka harmonic gauge. The Schwarzschild metric in harmonic gauge reads
—1rs/2 p+ Ts/2 2 2
ds? = P =Ts/2 g2 | dp® + (p +rs/2)%dQ, =r—ry/2,
o2 2% (p+7s/2) P /
and then Y o0/ AN
hoo = 77 hpr = 77 hap = QMPhisz, h = —hoo + haa = 7 (4.15)

So the factor 4 instead of 2 is because we are in traceless gauge, which is not the usual coordinates in which we write
the metric.

"This is line with the far-away approximation we are taking: the structure of the source is neglected, and the direction
of propagation of the wave identified with the direction between the source and the observer.
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This is the celebrated quadrupole formula, derived by Einstein in 1918: The dominant radiation in
the slow-motion approximation arises from the acceleration of the quadrupole moment. From the
derivation, we see that it is the first term in a multipolar expansion of the field. Similarly to what we
did with , the higher order multipolar corrections can also be rewritten in terms of the energy
and momentum of the source. For instance, the next term coming from depends on 7%, and
this can be rewritten in terms of 7' " and 7°09.

The fact that the lowest contribution is quadrupole means that there is no monopole nor dipole.
Absence of monopole is familiar already from Maxwell theory. In particular, if a source has a varying
energy distribution but preserves spherical symmetry, it does not radiate GWs.

Absence of dipole comes on the other hand from the conservation of the energy momentum tensor.
In e-m, the total charge is conserved, but not the charge dipole:

D= Z 4T, D= Z 40, D= Z Qi@ (4.19)
In gravity (even Newtonian), the mass dipole is conserved:
D= md, D= p, D=> pi=0 (4.20)
i i

and similarly the magnetic dipole from ang. mom. conservation.
Absence of monopole and dipole radiation should be expected on general grounds. At the linearized

level, it follows from M = P = 0. These are no longer valid through interactions and back reaction
which lead to a gravitational system losing energy. However they are replaced by other conservation
equations that guarantee absence of monopole and dipole radiation to all orders.

Let’s make some estimates. Imagine that the matter distribution M in a volume of radius R, with
typical time-scale 7. Then Q ~ MR2, and Q ~ MR?/T? = M(v/c)?. Hence an order-of-magnitude

estimate gives
1GM v? M IMpc v?
h~-———=5x10"1 —. 4.21
r o 2 8 <1OM@> ( T >02 (421)

at 100 Mps for 10 solar mass BHs at orbital distance of 10 rS and relativistic velocities we get 10721,
Angular distribution: Using (2.33)) with p = 2,

$(Myy — May) Io 0
o= P"Q)=P"(M) = M —2(My1 — Ma) 0 (4.22)
0 0 0
namely for a wave travelling in the z direction,
G1 .- . 2G'1 .-
h+(t,T) = Cj;(MH - Mgg)’t_r, hX = CT;Mm(t - 7") (4.23)

say the north pole. Then if travelling in an arbitrary direction at an angle (0, ¢) from the north pole,
we can reach this point with a rotation R(6, ¢) := Rs(¢)Rz(0), under which M’ = R(6, $) M R (0, ¢),
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leading to

1/ . . .
hy = §47 (1\411(0052 ¢ — sin? ¢ cos? 0) + *7\/.1'22(81112 ¢ — cos? ¢ cos? 0) — Mss sin’ 0
cAr
— M sin 2¢(1 + cos® 8) + M3 sin ¢ cos 20 + Mag cos ¢ sin 29) (4.24)
2G1 [ - . . M+ — M
hy = c—f; (Mlg cos 2¢cos ) — My cos ¢ sin @ + Magsin ¢ sin 6 + % sin 2¢ cos 6) (4.25)

Summary of approximations:

e long-distances, Far away, namely 1/r and related to multipole
e smalle velocities, PN slow motion of source

e We are still only at first order in G! PM expansion.

Adding higher-order terms, and calling Too = p,

C

W2 N AG (M 1. P a-M
hoo=— [ d°x' |p+7n-Z'p+-n-z'p+...| [i—r = o
Ay r r o r c r

1G ot ) v (4.26)

where we used Ty = 0,15 followed by an integration by parts. We see the multipolar and PN
expansions arising at once.
Similarly,

. 4G1 1 . 1 N
gl;r(t, CC) = CT;PTT [Sab + EnCSab,c + @ncndb’abﬁd](t — T). (4.27)

and the NLO triple time der of mass octupole and double time der of current quadrupole:

.. 1  ...a 2 . ..
Qo el 5PV — P, (428)

5 Energy of GWs

As we know from a basic course in general relativity, there is no universal notion of energy, just like
there is no universal notion of time. By diffeomorphism invariance, there cannot be any scalar or
tensorial local quantity that fully describes the gravitational energyﬂ In particular, the Hamiltonian
one finds from the Legendre transform of the Lagrangian is a sum of constraints and thus identically
zero when evaluated on solutions. Any attempt to work around these facts and define quasi-local
observables representing the gravitational energy unavoidably run into trouble with ambiguities and
dependence on purely kinematical structures. The only well-defined resolution to this problem is to
work with global notions of energy. Such global notions are useful to describe isolated systems, namely

8Such quantity will have to be zero in a local free-falling frame where the effects of gravity are absent, and if it were
a tensor, it would then be zero in any frame. A tensorial quantity capturing some aspects of gravitational energy can
be constructed using the Bel-Robinson tensor, but it is fourth-order in derivatives, therefore does not have the right
physical dimensions, and will capture only higher-order terms of the gravitational energy.
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spacetimes that are fully dynamical in a certain region, but become well approximated by flat spacetime
at large distances from this region. In this case, one can introduce a physically meaningful notion of
boundary to the spacetime, and exploit the fact that the Hamiltonian picks up a boundary contribution
which is non-vanishing on solutions. The resulting surface charges can be used to characterise the
total energy of the system, as well as other quantities such as angular momentum associated with the
isometries of the flat metric at the boundaryl?|

These classical difficulties with the definition of gravitational energy arise already at the linearized
level, as we are about to see. Let us look at the gravitational wave perturbation simply as a spin-2 field
moving on Minkowski. Thanks to the Poincaré invariance of the background, we can apply Noether’s
theorem and derive a conserved energy-momentum tensor for h,,. An explicit calculation starting
from the linearized Lagrangian and using the TT gauge giveS

1 1
th = 252 <6Mh‘a58yho¢/8 — 2553,\hp08’\hp"> , (5.1)

where the label N stands for Noether. See in the Appendix for details. This tensor is conserved,
namely 0,t"* = 0, but has no physical meaning, because it is not gauge-invariant: It changes under
a linearized diffeomorphism , and consequently assigns non-zero value to pure gauge modes.
Furthermore, it is a tensor only with respect to the global Lorentz transformations, and not with
respect to arbitrary diffeomorphisms. Therefore it can have arbitrary values in an arbitrary coordinate
system. For instance, we can make it to vanish at any point using Riemann normal coordinates, since
in these coordinates the first derivatives of the metric vanish at that point. We are thus seeing
explicitly the difficulties sketched at the beginning of the section. This lack of gauge-invariance is a
direct consequence of the equivalence principlem

A partial resolution to this problem is to consider spatial averages. We consider a region L whose
size is much larger than the typical wavelength A\ of the perturbation, but much smaller than the
typical wavelength \p of the background (which is infinite for a flat background). This definition as
such is coordinate dependent, but there exist a more precise way to make it covariant and coordinate-
independent. Then we can safely assume that the perturbations vanishes at the boundary of the
region. Therefore expressions under the averaging sign can be freely integrated by parts in space and,
upon going on-shell, also in time derivatives since a wave propagates on the light-cone. For instance,

(0uhasd"h®?) = —(hagOh*P) =0 (5.2)

in vacuum. Under this procedure, we define

11

11, .
tu 1= (tu) = = (50"h P0yhag) = =15

ORI O,REL). (5.3)

The resulting tensor is gauge-invariant!

9 At spatial infinity, these are the ten Poincaré charges, namely energy and momentum, angular momentum and center-
of-mass location. At null infinity, where the gravitational waves go, there is an infinite amount of additional charges,
called super-translation charges, and associated with memory effects. The symmetry group is called BMS group, and
contains an infinite number of different Poincaré subgroups, one for each memory configuration.

1074 is instructive to put this problem in perspective with what happens in the electromagnetic case. If one computes
the canonical energy-momentum tensor of Maxwell’s theory using the Noether formula, one finds a meaningless gauge-
dependent expression. However, the Noether construction only defines the tensor up to total divergences, and it is possible
to find one such that the resulting is gauge inv. Furthermore, it coincides with he metric one. So the construction can
be completes. In gravity we have a similar problem, but the construction cannot be completed. Only total energy well
defined, as discussed earlier.
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This is in line with Einstein’s initial derivation. It is valid, but has important limitations: first, it
relies heavily on the special background chosen, and had we worked with a non-isometric one, then
there would be no Noether charge possible. Second, it is not clear how to extend this construction to
higher orders in perturbation theory.

These shortcomings can be resolved if we look at the actual back-reaction on the metric caused by
the waves. In fact the actual “effective” source that determines the second-order metric perturbation
is not , but rather the second order expansion of the Einstein tensor, G,(EV) (h). To see this, let us
look at the higher orders of the expansion of Einstein’s equations:

GO ) + G (h) + G (h) + GO+ ... =0. (5.4)
——0——  ——1——  ———— 22—

The zeroth order term imposes that the background is a solution. The first order term has given us

the linearized gravitational wave solution. Using this solution in the first second order term, we see

that back-reaction on the metric must be included, in the form of a second-order correction hf,,) to

be added to , otherwise the Einstein’s equations are Violatedﬂ Keeping the second order terms

alone, we can rearrange the equation they have to satisfy as

W@y _ e o
GOy =T 8, =

2 5 L G (h). (5.5)

2

12
where the label G is to remind us that this tensor is built out of the Einstein tensor. It is conserved in
flat spacetime, but an explicit calculation — not reported here — shows that it is different from .
The difference is a term 0°0°U o where U is an arbitrary local quadratic function of h,, with the
same symmetries of the Riemann tensor. This structure guarantees that both tensors have vanishing
divergence.

This second candidate definition of energy-momentum tensor of gravity actually depends on second
derivatives of the metric, so it cannot be made to vanish at any give point. However it is still not
gauge-invariant: hence its value depends on arbitrary choices of coordinates. Therefore one has to
invoke again the averaging procedure. Upon doing so, one finds out that

<t/cju> = by, (5.6)

so the two procedures give the same answer! So t¢ offers a generalization of Einstein’s construction
that is valid for an arbitrary background, and furthermore can be now systematically extended to
any order in perturbation theory. The extension is however not straightforward, since one has to
recompute the higher order expansions of G, and evaluate them on the perturbed solutions in order
to identify it. Another shortcoming is that the interpretation of a piece of the field equations as
energy-momentum tensor is ambiguous: it depends on the way the equations are written, and the
variables used. For example, in the Landau-Lifshitz reformulation of the Einstein’s equations one
uses a density-weighted inverse metric as fundamental variable, and the field equations are arranged
in a different way. Then an expansion like the one used in leads to a third candidate for the
energy-momentum tensor, which again differs from the previous two by a term 0°9°U,,,po. This third
candidate, known as Landau-Lifshitz pseudo-tensor, has also the same sort of problems, like gauge-
dependence and vanishing at a point in Riemann normal coordinates, and coincides at leading order
under the averaging procedure:

(th) =t + O(R?). (5.7)

1A valid alternative is to change the background instead, which is for instance the approach taken in Maggiore, see
p-47.

26

{co12}



Even if coordinate-dependent, this approach has the merit of being set up in a way that makes it very
natural to develop a systematic perturbative expansion, since the pseudo-tensor is defined already in
an exact form, and does not need to be calculated order by order as in the previous example. For this
reason, this reformulation is widely used by the community working in the post-Newtonian expansion,
and it is briefly reviewed in Appendix [C]

Then for the emitted power we have

dE .
— = / toodg.%' = / 8at“0d3m = % t“ouadS = tordS, (5.8)
. Jx s os s

using (4.1)), Stokes theorem and in the last step we choose as boundary a 2-sphere of radius r, hence
the outgoing unit normal is simply u, = 9,r. Continuing and using the explicit form of ¢,

dE

1 : G 1
&= P rdS =55 }é (i orhi)ds

8mcd r2

75 (§10)2ds, (5.9)
o

where in the last step we used (4.18]) and its consequence that 0,h™"(ct — r) = —(1/¢)0:h™™  (ct —
r) + o(r~!). To evaluate the integral, we observe that the only angular dependence occurs in the TT
projector (2.55)). Using the following formula,

2
7% ) PTT 20) = %(115355 — 45550 4 645%), (5.10)
we find
dE G
pra —g(Qab) (t—r). (5.11)

(Notice no more TT part). This is the second famous quadrupole formula of Einstein, here recovered
in a more modern perspective (with the averages) which is amenable to avoid the criticism of the
historical debate, and to set up a systematic perturbative expansion.

Add numerical estimates

Comments. This formula gives the instantaneous power radiated at a distance r from the source
and a time t, as a function of the energy drained from the system at the retarded time ¢ — . Notice
that the notion of retarded time used relies heavily on the assumption of a flat background. When
higher orders are included, the relation becomes more complicated. But also, another tricky effect
comes in: the waves self-interact, unlike e-m waves. This creates a delay in part of the signal, which
starts travelling inside the light-cone, similar to light slowing down in a medium due to interactions
with the medium. Then the total GW consists of the WF plus a tail that arrives later. Then hard to
have an expression like the quadrupole formula in general, see Maggiore 5.3.5

To get some numerical estimates from the formula we just derived, with h, =0,

2p W ho \? 2
por = W 510 < + > ( v ) (5.12)

2K2 m2 \ 10-22 1kHz

6 Emission of GWs by a binary system

As an example of production of gravitational waves, we will consider a binary system.
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Figure 4: F%&geplem'an orbits

6.1 Preamble: integrability of the Newtonian 2-body problem

Consider two stars of mass my and me in orbit around each other. We define the center of mass
location and the relative distance via

T i = MAT1 + Moo, =17 — Ta. (61)

Inverting, " "
| = Te + —7, Ty = Iy — —T. (6.2)

m m

We choose for convenience the origin of the coordinate system such that 7. = 0, and choose the
center-of-mass frame in which ¥, = 0. In this frame, the total momentum is conserved in the absence
of external sources. The total energy of the system is then

1 Gmims 1 Gmyu
EZE a2 — e Tt — 6.3
p szvl ’Fl - 7?2‘ 2/“] r’ ( )

which we see is equivalent to the energy of a single body of mass p under an effective acceleration

P = —Gm/r?7.

We now specialize to circular orbits. For circular orbits,

1/3
7= (dcoswt,dsinwt, 0), wid = C;—T, d= (GWL> (6.4)

Now let’s compute the mass moments.

p(t,7) =D mid®(F - 7) (6.5)

i=1
hence ab a b ab mime
M :zi:miriri:w"r, u:m1+m2 (6.6)
From this we can compute
M® =2 Z mirgavf) (6.7)
i
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and we notice that under a global translation 7; — 75 + @, we have M — M + 2P@gb) . Therefore
choosing the center-of-mass frame, conservation of total momentum in the absence of external forces
also guarantees that the quadrupole momentum M is independent of the choice of origin.

Then, (check signs...)

1 — cos 2wt sin 2wt 0

1
1% = QudQ 14 cos2wt 0 (6.8)
0
and
) cos2wt —sin2wt 0
1% = 2ud?w? —cos2wt 0 (6.9)
0
From the explicit form of the TT projector, we find that
$(Myy — Ma) My 0
= PT(Q) = P (M) = Mz —2(My1 — M) 0 (6.10)
0 0 0
Thanks to the fact that the orbit is planar, Q13 = Q23 = Q33 = 0.
Therefore from (4.18)) and (?7), we read
. 4Gud?w? 1 . 4Gud?>w? 1
hy(t,2) = —;cos 2wt, hy(t,Z) = — s 2wt. (6.11)
Using (6.4)), we can rewrite the magnitude of the amplitude as
4G*m 1
h=—F—-. 6.12
cAd r ( )

ADD estimates

Some observations: the frequency of the wave emitted is twice the frequency of the source. This
is due to the perfect monochromaticity of the source. If we had a source with a superposition of two
frequencies, e.g. w and 2w then the GW would be emitted with also lower frequencies, e.g. w, 2w, 3w
and 4w. So smaller frequencies than the double. In general GWs are emitted at wavelengths larger or
equal than the source’s wavelength, the opposite of what happens in e-mag. More like sound waves,
cannot be used to reconstruct image directly.

Now for the radiated power:

X —sin2wt —cos2wt 0

ca

M = 4pd*w? sin2wt 0 (6.13)
0

and thus
(Qu)? = (Mg)?* - g(Maa)2 = (Mg)?* = 1612d*w5(2sin? 2wt + 2 cos? 2wt) = 32p2d*wWS.  (6.14)

The from (5.9)) we find

PG (G- = -2OLS (6.15)
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2
p— 3201 e 3267 (6.16)
and in one period, T = 27w,
E%“ad = —— (6.17)

TODO: plug in numbers for the earth.

6.2 Adding the inclination of the source

In general, the orbital plane will be tilted with respect to our line of sight. We can describe this tilt
with the help of a rotation connecting the orbital frame (in which we have chosen the z axis to be
perpendicular to the orbital motion) to the observer’s frame (in which we have chosen the z axis to
be the line of sight). add drawing Let us denote by ¢ the angle of inclination, and by ¢ the angle
between the chosen x axis of the orbital frame, and the one of the observer’s frame

n = RZ, R:(p)Ry(1). (6.18)

Then starting from the orbital frame, the projected, rotated quadrupole is

TT-R TT-R O
T Pron _otron

P (RTOR) = | Q7™ -Ql (6.19)

0 0 0

with
1
= §(Q11(c052 @ —sin? @ cos? 1) + Qaa(sin® p — cos? pcos® 1) — Q12 sin 2p cos? 1), (6.20)
TT—-R 1 3

o = §(Q11 — Q22) sin 2¢ cos ¢ + Q12 cos 2 cos ¢. (6.21)

These extra angles introduce a non-trivial bending of the basic sinusoidal curves

4G pd?w? 11+ cos? .

B AGpud>w? 1
- el el

. 5 0s 2wt, hy(t, ) 4 Cost sin 2wt. (6.22)

hy(t, @) =
+(t, 7) P
Remarks.

e If the system is edge-on, namely ¢ = 7/2, then hy = 0: we have linear polarization of the waves
e If the system is face-on, namely ¢ = 0, then hy (t) = hy(t + m/2) (check): circular polarization

e Intermediate configurations give elliptic polarizations

Hence, by measuring the polarization of the waves, we can derive .

121f the z axis are determined by some predetermined conventions one may need two independent 3 rotations, see e.g.
longitude of pericenter and of ascending nodes used in celestial mechanics.
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6.3 The chirp amplitude

Where does the energy emitted from GW comes from? in this approximation, of test bodies slowly
orbiting, can only come from the gravitational energy of the system@ We have seen that in the
quadrupolar approximation, the energy loss by gravitational waves for the simplest case of circular
waves, scales like the inverse fifth power of the distance between the stars. Therefore as the system
loses energy and inspirals, the energy loss increases. Therefore the two stars inspiral towards one
another until they coalesce.

The potential energy of the orbit is

Gmpu
p=_"" 2
il (6.23)
hence using ((6.16)),
. . 4,32
o Gme, 32GTmop” (6.24)

2d? 5 cddd
From this formula we can deduce the orbital distance loss, and consequently the orbital frequency
increase, via

. 64 G3m?p
and j 5/3,,,2/3
w 3d 96 G°/°m*/°p
o= a5 e (6.26)
where we used (6.4]) again. The quantity
M3 = im?/3 (6.27)
will be useful below. In terms of this quantity,
96 (GM.\?
Integrating we find
3 _gnl® 96 (GM NP
Bl _ 8 ( E ) (t—t.). (6.29)

The frequency will stop increasing once we reach coalescence (actually even before this approximation
will break down, but let’s forget about that). Neglecting that much higher contribution to the LHS,
we can rewrite it as

3 _ 96 [ GM,\"/?
hence 3/8 5/8
w= (21 GM. (6.31)
256 t, —t c3

(Recall that the monochromatic emission will be at 2w)

131n fact corrections depending on the internal structure and the fact that energy can be released also from there only
enter at a much higher approximation level

31

{Mc}



To get some estimates, in terms of the frequency of the wave. Consider two stars of mass 1.4Mg.
The chirp mass is then 1.21 Mg, and

1.21Ms\*8 1 1s \*/®
VGW::::LQAHZ( @) ( S) : (6.32)

M, te—t

In the range 10 — 100 — 1000Hz we get the radiation emitted from 17 minutes to coalescence, the last
two seconds, and the last few milliseconds. For the kHz frequence, the Kepler’s radius is only 30km!
Number of cycles in a detector’s bandwidth:

twmax
/ vt (6.33)
t

Then from
h— dmp 1 x w23 x (te — t)—1/4 (6.34)
d r
so the amplitude increases as we approach the coalescence. See the picture.
hIhmax
0.15
0.10
0.05
‘ 0‘0‘ ‘ ‘3‘0‘ ‘ ‘4‘0‘ T "llw t(M)
-0.05
-0.10
-0.15

chir

Figure 5: F%i%:ampl% of a chirp amplitude.

As the GWs are emitted, the amplitude and the frequency both increase. For this reason it is
called a chirping, and the quantity (6.27) is the parameter that control the chirp, this is why it is
called chirp mass.
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Appendix

A Perturbative expansion around arbitrary backgrounds

We report in this Appendix explicit formulas useful to describe the perturbative expansion. We begin
with general formulas around an arbitrary background, and then specialize to Minkowski. The idea
is to to write

Juv = Guv + h,uu; (Al)
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and expand all relevant quantities in powers of h. From this we compute

g = g" — by + WP+ O(RP), (A.2)

\/j = \/jg [1 + %h + % ( h2 - 2h;2w>:| + O<h3)7 (A'3>
1

V=99 = V(@ + g h = 1)+ O(F). (A44)

From the last formula we see that
_ 1=
Ou(V—99"") = —/—99"T'},, =0, Qﬁ@@”ﬂ1+h)—v—ﬂvﬂwu—§vwﬂ+fxm% (A.5)

where V is the background covariant derivative. This equation allows us to understand the relation
between the De Donder gauge and harmonic coordinates. Harmonic coordinates are defined by

Ozt =0 & g¢"Ty, =0, (A.6)
and using (A.5)) we see that the harmonic condition is preserved if the perturbation satisfies
_ 1_
V' — §V”h =0. (A7)
Using the expansion formulas in the definition of the Riemann tensor, one finds

_T 1) (2) 3

g, =10, + T +T®0 + O(h?), (A.8)
| _

F(l)ﬁp = 59“ (QV(I/hp)a' - vo'hup)a (Ag)

1 oae _
11<2)1}/L,0 = _ihu (Qv(uhp)g - vahup)a (A]_O)
Ryvpo = Ruvps + RS e + R 0 + O(h), (A.11)
Ry o = (A.12)
Ry = Ry + RS + RY) + O(h?), (A.13)

le & D, D o
Rﬁ; = —§th/ + V(quhpy) — §Vuvyh + Ry by’ — Ryuppoh” (A.14)
1 Avwilw Avilw 1 A wil w v 1 v o 1 o
Rﬁg = §hp VuViuhpe =7V, Ve + th V Vb — (V,h o — Qvah)(v(#h V) — §V huw)
1_ _ _ _
t 5 Voo V7 + Voho VPH, + O(1®), (A.15)
R=R+ RY +R? +O(h%), (A.16)
RW =V, V, i —Oh — Ry, h*, (A.17)
R® — QWRELQV) _ h“”RSV) + RMPHY Ry (A.18)
_ 3_ _ 1. _ o _
= W7 0hpe + prhWVph“” — §Vﬂh,,pV”h“p - 2h"V VAP, + BNV VR
_ 1. 2 _
— (Vﬂh“,, — §V h) + Ruupoch'Ph7° (A.19)
Ly 2L 1 )z Ly 15 wp pvo 15 uppv A

= _Z(VMth) i(V hi)? — Z(v“h) gRu,,pgh h §R vIW'Phy +b.t. (A.20)
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where in the last equality we used
Vi, VYR = bt + (?Mh’;)Q + RyypohPRY7 — R,wh“phz. (A.21)

To find the linearized Einstein’s equations, it is sufficient to look at the O(h) terms in the Ricci
expansions. For the Lagrangian on the other hand, one needs the quadratic order, hence

L= F( —28) = VgL + VgL + V=L + O(), (A22)
=R - 2A, (A.23)
W =v,(V — VFh) = " (G + AGu) (A.24)
1 _ 1
L® — = _ Zpp@) (2)
2( —5 W)(R 2A) + hR +R

= —Z(Vph,w) + V oy VFRYP — fv W7 b+ (V h)?

v v 1.1 2
+ (h“php — ihh“ )R;w Z(ih — hW)L + Vﬂv“,
where )
o = WOy, — WY (Vh = Vuh) = WP, + S hO" (A.25)

A.1 Minkowski background

We now specialize the above formulas to Minkowski background. When the background is Minkowski,
we have g, = 1, and V,, = 0y in Cartesian coordinates. With an abuse of notation, we will use []
to mean the flat space d’Alambertian, even if sometimes the less ambiguous Symbol 0? is also used
in the literature. The expansions of the Riemann and Ricci tensors simplify to and in the
main text, and the linearized EEs give

2

1 1 1
G} = =3O+ uDph) = 500 — Sy (006 — D) = %TW. (A.26)
As for the linearized action, we take (A.22) with A = 0, and using
1 1 1

R(z) = _1(8ph/~W)2 + §(auh/u/)2 - Z(auh)2v (A-27)

1 1 1
“hRW = —Z9,h*,0"h + Z0,h?, (A.28)

2 2 2

we get

1@ = (R = —1n2z, L, 2 Ly avny Lon = Lpway A.29
_( -9 ) __Z uu,p+§ V7H_§ v, +ZM __5 Qo ( : )

often called Pauli-Fierz Lagrangian in the literature. Adding the matter term (notice with opposite
sign due to dg"” = —hH"),

¥ - E T SR (A.30)

From the vacuum Lagrangian we can compute the Noether energy-momentum tensor, namely

1 oL
K= (g
tr, <8(9 hocﬁa hag — 5,,L> . (A.31)
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We have

oL®?)

1 1 1
— _—appaB Ho( 9p _ = _ = Moo T
BN ha,aa vhag = 8 h*” 0, hag + 9, hH (0 hpa 2GOJL) 261,h6ah + 28 ho,h. (A.32)

This is quadratic in the field, and conserved. However it is not symmetric, and furthrmore not g.i.
As discussed in the main text, this expression is not gauge-invariant, and indeed there cannot be any
gauge-invariant two-derivative energy momentum tensor for gravity. In the De Donder gauge,

@ _ _,h2 1(3 h)? 61"(328)13 Oyhag = —la“haﬁf) has + 18’%6 h (A.33)
bep = e T O g s e T Ty viag T 1O RO, :
and )
th, = g < heBY hag — —8’%6 b — 77#1/( h/wA (G#h)2)> ’ (A.34)

which is (5.1)) in the main text. In the TT gauge, which we recall can always be chosen in vacuum,
this reduces further to

th, =

%( M, hag — 5“hWA) (A.35)

Finally, invoking the averaging procedure that allows us to integrate by parts and use the field equa-
tions in vacuum, the second term vanishes and we end up with

1
the = m<aufwayhaﬂ>. (A.36)

It is then easy to see that this is gauge invariant, since replacing one h by 9¢ and integrating by parts
we get zero by the divergenceless condition in vacuum. Hence, we can replace h with ATT.

A.2 Gauge-invariance and ¢,

The linearized EH Lagrangian around Minkowski has two different symmetries. The first is under
linearized diffeomorphisms, acting as

at ot — (), hyw = Py +200,6,)- (A.37)

This is a gauge symmetry: Noether’s theorem gives on-shell a vanishing charge up to boundary terms,
which are the linearized version of the Komar charge.
The second is under global Poincaré transformations, split in translations acting as

ot ot — e, hyw = by + €000, (A.38)
and Lorentz transformations
e AT Pw = Ry =+ .. (A.39)

These are standard symmetries of the action, in the sense that Noether charges are not zero, and
give instead an energy-momentum tensor ¢, quadratic in the fields. This tensor is invariant under
(A.38]), in agreement with Noether’s theorem, but not under (A.37)), as can be easily seen. This lack

of invariance is not surprising, since t,,, is by no means a charge for that symmetry.
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Notice that the second is a special case of a diffeo, with constant parameter. However, the trans-
formation induced on the field is not a special case of the first one: if we take constant ¢* in the first
one, we obtain an invariant h, just like for a global gauge transformation in electromagnetism.

To resolve this apparent puzzle, we must recall that both transformations arise from the unique
diff-invariance of the full action. Under a diffeo the metric transforms as

g (2') = %%QM(@, (A.40)
from which we read the infinitesimal generator
O¢Guv () = Gy (%) — g (%) = LGy (@) (A.41)
Expanding both sides of as background plus perturbation, g, = g + by, we find
Oghyn () = My, () = Py (2) = =09 (@) + LG () + LDy (). (A.42)

We can treat this symmetry in two different ways in perturbation theory:
L. 5£glw =0, 5§huv = ££§7W + ££hlw
2. 55@“, = £§§wj, 6§h/ﬂ/ = £§huzx

Both transformations are symmetries of the Lagrangian at each order in the perturbative expansion.
However, it is the first that is the one most interesting physically, because only then it makes sense to
compare perturbations, since they are defined with respect to the same background. The implemen-
tation of the second transformation as symmetry is slightly subtler, because it mixes different orders
of h. To see that, we expand the Lagrangian,

= 1
L(G+h) =L+ LM"h,, + thL(Q)“”""hW .. (A.43)
where L := L(g), and so on. Then using the first option for the transformation,

0eL = LM ehyy, + by PP 5ch + . (A.44)
= LR £e5 + LM £ehy, + by LR £G4 by LT Lehy 4.

The symmetry is exact order by order in perturbation theory since it is a symmetry of the full theory.
At zeroth order this is obvious, since

LW LG, = .0, (&G (A.45)

thanks to the Bianchi identities, so it is a symmetry. Similarly for all higher order terms. Now let
us look at the first-order term. It has two contributions, and in general they are both required to
get a total derivative. However the first contribution vanishes if the background is on-shell. Only in
this case, we recover that d¢hy, := £¢gu is a symmetry, and thus when the background is
flat. Notice that this was manifest in since flat spacetime is a solution of the background field
equations. The second-order term should be completed with an L® contribution. However, notice
that

T vpo 1 @ T vpo 1 T vpoo =
LOW £e(Byuvhpr) = 3600 (L hyushos) = Shyuhpa LM77 £¢5o5.

hMVE(Z)MVPU Lehpe = 5
(A.46)

N
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Therefore d¢h,,, = £¢hy, is also an off-shell symmetry of the truncated Lagrangian at quadratic order,
but only in the special case in which the background has isometries. This is also consistent with what
happens at the linear order, since for isometries £¢g,,, = 0 and then £L¢h is also a symmetry off-shell
at this order.

Taking g = 7, the isometries are the Poincaré transformations, namely £* = e*,2¥ + €, to which
we find the global Noether charges. In particular for translations, we recover the 6ch,, = €°0,h,, .

So this is the precise sense in which they are two different symmetries, and their origin from the
unique diff-invariance of the full action.

B Linearized canonical analysis

We start from

L = (=GR = —ihfw,p + %h#,,j - %h“wﬁ”h + iaﬁ - —%h“l’Gf}V), (B.1)
After an integration by parts to remove spatial derivatives from hg, , we find
7% = g’fi: = %h“b — %Mg — 9R) g + 679Ny, (B.2)
From this we compute
T = —hS + 200,  h® =279 — 5% 4200, (B.3)
and
S = / dtd3z (wabha,, — hooH — hoaH® — HO) : (B.4)
where
H = 0,0,h% — O*hS,  HP = —20y7, (B.5)
Hy = %Trabﬂ'ab — iﬂQ +V(h), (B.6)
V() = 5 (Oulne)? — Quhsclbhen + Ouh 0N — a0 he. (B.7)

We see the appearence of the linearized constraints; 4 as in the full theory, and still first class,
generating the linearized diffeomorphisms. The main novelty is the presence of a true Hamiltonian,
due to the presence of a preferred time in the background metric.

From this analysis we can count the physical dofs and we have a physical hamiltonian. The
problem of time has been resolved by the presence of a background Minkowski spacetime and its class
of privileged inertial observers. On the other hand, the dual to it, the lack of localization of the energy,
is still present, as we saw in the main text.

Would be nice to do it for arbitrary background, and keeping track also of the linear term. See
explicitly what the constraints generate.
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C Landau-Lifshitz approach

It is a reformulation of the Einstein’s equations based on a change of fundamental variables, motivated
precisely by the search back in the day of an energy-momentum tensor for gravity. As a reformulation
it is exact, and valid in any coordinate system; However, it is only convenient when studying the
linearized expansion around flat metric in Cartesian coordinates. The main technical idea is to work
with a density-weight one pseudo-tensor given by

g = /=g9*’. (C.1)
From this, one constructs
HOM = g*Pgh — g g (C2)

which has the same symmetries as the Riemann tensor, and whose second derivatives can be related
to the Einstein tensor as follows,

8,0, HM = (—g)(2G*P + k2127). (C.3)

Here tff is a density-weight two pseudo-tensor, given explicitly by some horrible expression in terms
of second derivatives of the metric. The use of densities instead of tensors is a sciagura from the point
of view of general covariance. One must understand that right from the start, this is a brute force
computational approach without any desire of using geometric quantities. In particular, one should
avoid any temptation of giving any strong interpretation as a genuine energy-momentum. Being a
pseudo-tensor for instance, it can be made to vanish at any given point of spacetime, by adopting
Riemann normal coordinates in the neighbourhood. (Compare this with a genuine tensor like the
Riemann tensor, if it can be made zero in a point in a given coordinate system, then it will be zero in
any coordinate system )
Thanks to that identity, the EEs can be rewritten as

0.0, HM = k> (—g)(T*? +470), (C.4)

with “conservation law”

Ou((=g)(r? +£2)) =0 (C.5)

valid only on-shell on the EEs and compatible with the identity 0,0,0, H anBv — (. This is the value of
this reformulation: it suggests a definition for the energy-momentum, which although as discussed is
coordinate-dependent, can nonetheless provide a useful starting point for perturbation theory around
Minkowski and around Cartesian coordinates.

P / (—g) (T 4 )P (C.6)

T = / (—g)2z (T 4 £1°) a3 (C.7)

Ten conserved quantities including the position of the center of mass.
Can be turned into surface integrals via

1 4
Pri=— / 9, H"%dS, (C.8)

JH = % / (221r 9, HV1OO8 1 2 HlHOVIRY 4G g (C.9)

Reduce to ADM values at infinity.
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