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From Supersymmetry to Supergravity

• Haag et all. : g = iso(1, 3)⊕ gc ⊕ {Qα, Q̄ α̇}.
• Supersymmetry transformations generated by spin- 1

2 operators Qα
and Q̄ α̇.

• Anticommuting parameters : ε and ε̄.

Composition of two Susy transformations :

[εαQα, ε̄α̇Q̄
α̇] = 2iεασµαα̇ ε̄

α̇Pµ ⇒ space time translation.

• Promoting global Susy to local : ε→ ε(x) :

? Composition of two Susy transformations generates a Local
translation.

? Local Supersymmetry ≡ Supergravity
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The Equivalence Principle

Equivalence Principle

The local equivalence of inertial and gravitational force

• In the instantaneous local referential frame R0(p) where gravity is
eliminated : we recover local Lorentz symmetry !

• Span a Flat tangent superspace at each point of the curved
superspace
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Dynamical Gauge Superfields

• Superconnection : ΩM̃M
N →

? LSugra Invariance under local Lorentz transformations
? Covariant derivatives : DM̃XM = ∂M̃XM + Ω M

M̃N
XN

• Vielbein : EM̃
M →

? LSugra Invariance under superdiffeormorphism
? EM̃

M Curved superspace → Flat tangent space

E M̃
M Flat tangent space → Curved superspace

Example

DM̃XM → DNX
M = E M̃

N DM̃XM
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The Covariant Derivatives, the generators of Supergravity

Generators of the Supergravity superalgebra

[DM ,DN ]|M||N| = T Q
MN DQ + 1

2RMNαβJ
βα

• Torsion and Curvature tensor ∝ EM̃
M and ΩM̃M

N

• Closes under Superdiffeomorphism + Lorentz group transformation
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The Bianchi Identities

• Bianchi Identities :

0 =(−)|M1||M3|
[
DM1 , [DM2 ,DM3 ]|M2||M3|

]
|M1|(|M2|+|M3|)

+(−)|M2||M1|
[
DM2 , [DM3 ,DM1 ]|M3||M1|

]
|M2|(|M3|+|M1|)

+(−)|M3||M2|
[
DM3 , [DM1 ,DM2 ]|M1||M2|

]
|M3|(|M1|+|M2|)

• Mi = α, α̇, µ, i=1,2,3 → 40 Bianchi identities
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The Supergravity Constrains

Violation of the Equivalence Principle

• ∃ R such that ΩM̃M
N = 0⇒ ∅ Curvarture

• [DM ,DN ]|M||N| = T Q
MN DQ 6=Susy Algebra

• T Q
MN violates the Equivalence Principle !

Supergravity Constrains

T µ
αα̇ = T µ

α̇α = −2iσµαα̇,

T
γ

αβ = 0, T µ
αβ = T µ

α̇β̇
= 0,

T ν
αµ = T ν

µα = 0, T ρ
µν = 0.
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Bianchi Identities + Supergravity constrains → Reduction
of the Bianchi identities :

(1) Iα̇β̇µν : Rα̇β̇µν = 2iσνγα̇T
γ

β̇µ
+ 2iσνγβ̇T

γ
α̇µ ,

(2) Iαβγ̇δ̇ : Rαβγ̇δ̇ = 2iσµ
βγ̇Tαµδ̇ + 2iσµ

αγ̇Tβµδ̇,

(3) Iα̇β̇γ̇δ̇ : Rα̇β̇γ̇δ̇ + Rβ̇γ̇α̇δ̇ + Rγ̇α̇β̇δ̇ = 0,

(4) Iαβ̇γδ : Rαβ̇γδ + Rβ̇γαδ = 2iσµ

αβ̇
Tγµδ + 2iσµ

γβ̇
Tαµδ,

(5) Iαβ̇µν : Rαβ̇µν = 2iσνγβ̇T
γ

αµ − 2iσναγ̇T
γ̇

β̇µ

(6) Iα̇β̇µγ : D̄α̇Tβ̇µγ + D̄β̇Tα̇µγ = 0,

(7) Iαµνρ : Rαµνρ + Rναµρ = 2iσραβ̇T
β̇

µν ,

(8) Iαµβγ : Rαµβγ + Rβµαγ = DαTβµγ +DβTαµγ ,

(9) Iµαβ̇γ̇ : Rµαβ̇γ̇ = −DαTβ̇µγ̇ − D̄β̇Tαµγ̇ − 2iσν
αβ̇

Tνµγ̇ ,

(10) Iµνα̇β̇ : Rµνα̇β̇ = −DµTνα̇β̇ −DνTα̇µβ̇ − D̄α̇Tµνβ̇ + T
γ

να̇ Tγµβ̇ + T
γ

α̇µ Tγνβ̇ ,

(11) Iµνρσ : Rµνρσ + Rνρµσ + Rρµνσ = 0,

(12) Iµνα̇β : −DµTνα̇β −DνTα̇µβ − D̄α̇Tµνβ + T
γ

να̇ Tγµβ + T
γ

α̇µ Tγνβ = 0,

(13) Iµνρα : −DµTνρα −DνTρµα −DρTµνα + T
γ

µν Tγρα + T
γ

νρ Tγµα + T
γ

ρµ Tγνα = 0,
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Resolution of the 13 Bianchi identities :

1) Vector - Bispinor Isomorphism : vµ → vαα̇

2) Decomposition of the curvature and torsion tensor in SL(2,C)
irreducible representations

→ The equations splits in different symmetry classes !

? Result : RMNPQ and TMNP ∝ 3 superfields only : R, Gαα̇, W(αβγ).
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Explicit Supergravity Algebra

{Dα,Dβ} =− 1

2
RαβγδJ

δγ ,

{D̄α̇, D̄β̇} =− 1

2
Rα̇β̇γ̇δ̇J

δ̇γ̇ ,

{Dα, D̄α̇} =T µ
αα̇ Dµ −

1

2
Rαα̇βγJ

γβ − 1

2
Rαα̇β̇γ̇J

γ̇β̇,

[Dα,Dµ] =T β
αµ Dβ − T β̇

αµ D̄β̇ −
1

2
RαµβγJ

γβ − 1

2
Rαµβ̇γ̇J

γ̇β̇,

[D̄α̇,Dµ] =T β
α̇µ Dβ + T β̇

α̇µ D̄β̇ −
1

2
Rα̇µβγJ

γβ − 1

2
Rα̇µβ̇γ̇J

γ̇β̇,

[Dµ,Dν ] =T β
µν Dβ − T β̇

µν −
1

2
RµνβγJ

γβ − 1

2
Rµνβ̇γ̇J

γ̇β̇.
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The Physical degrees of freedom of Supergravity

• E M
M̃

has 8× 8× 16 = 1024 components

General Change of Coordinates

zM̃ → zM̃ + ξM̃(z),

- zM̃ : Cordinates of the curved superspace

- Transformations parameters ξM̃(z) : superfields depending on the

coordinates zM̃ .

? Physical degrees of freedom :

Graviton : e µ
µ̃

Gravitino : (ψ α̃
µ , ψ̄µ̃α̇)

• R, Gαα̇ give us the two auxilliary field bµ and M to close the
supermultiplet off shell.
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Annexe A : How do we get the Supergravity Constrains ?

? In the referential frame where ΩM̃M
N = 0⇒ ∅ Curvarture because

R Q
MNS =(−)|M̃|(|Ñ|+|N|)E M̃

M E Ñ
N [∂M̃Ω Q

ÑS
− Ω R

M̃S
Ω Q

ÑR

− (−)|M̃||Ñ|(∂ÑΩ Q

M̃S
− Ω R

ÑS
Ω Q

M̃R
)].

? The covariant derivatives reduce to DM̃ = ∂M̃ .
Introducing the Lorentz indices, we obtain the Covariant derivatives of Susy :

E M̃
µ ∂M̃ = Dµ = ∂µ

E M̃
α ∂M̃ = Dα = ∂α + iσµ

αα̇θ̄
α̇∂µ

E M̃
α̇ ∂M̃ = D̄α̇ = ∂̄α̇ − iθασµ

αα̇∂µ,
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Annexe A : How do we get the Supergravity Constrains ?
? The superalgebra reduces to

{Dα, D̄α̇} = T β
αα̇ Dβ + Tαα̇β̇D̄

β̇ + T µ
αα̇ ∂µ

{Dα,Dβ} = T γ
αβ Dγ + Tαββ̇D̄

β̇ + T µ
αβ ∂µ

{D̄α̇, D̄β̇} = T β

α̇β̇
Dβ + Tα̇β̇γ̇D̄

γ̇ + T µ

α̇β̇
∂µ

? Algebra of the covariant derivatives in Supersymmetry :

{Dα, D̄α̇} =− 2iσµαα̇∂µ

{Dα,Dβ} ={D̄α̇, D̄β̇} = 0.

⇒ Constrain the Torsion tensor components !

T
γ

αβ = 0, T µ
αβ = T µ

α̇β̇
= 0,

T µ
αα̇ = T µ

α̇α = −2iσµαα̇.
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