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Goal

e Initial & Final states : Particle in the right well — particle in
the left well

Figure — Sketch of the transition
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e Transition amplitude :

A= (—v]exp (—ifiH) v} (1)
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Path Integrals

Transition amplitude

o Formal definition :
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Path Integrals

Transition amplitude

o Formal definition :

_ /X exp <f;5[x]> D[x] (3)

e In the ground state case :

A= z[j)

J=0

with Z being the generating functional.
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Path Integrals

Generating functional

e Definition :
2= [en (§Sk+ [x@ia) okl )

e Relation with Partition function : Both entities are related
by Wick rotation.
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Path Integrals

Between QFT and Statistical physics

e Wick rotation : Complex time; equivalence between time
and temperature,

exp (—itH) <— exp (—SH) (6)

Université
de Strasbourg

E.Decroix-Tétu/C. Santos Instantons at finite temperature



Path Integrals

Between QFT and Statistical physics

e Wick rotation : Complex time; equivalence between time
and temperature,

exp (—itH) <— exp (—SH) (6)

e Source : The source j fixes the average energy

He H—jo, ¢=() (7)
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Path Integrals

Propagator

e Propagator : For a free non-relativistic particle, in the Fourier
space, expressed with the Heaviside function ©

i6x,y) = [ lt=t)exp (~iplx ~ y))}+O(F' 1) exp (in(x ~ y) dp
(8)
e Feynman propagator : in Fourier space, for a free relativistic
scalar particle

= 1

Ge(p) = ———
Université F(P) p2 — m?
de Strasbourg

(9)
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Position of the problem

Lagrangian

e Initial Lagrangian : ¢*-theory

1
L= 50,006 + U(x) (10)
where U is a double-well potential
A 2 2\ 2
U(6) = 5 (6~ v?) (11)
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Position of the problem

Initial Problem

e Ansatz : Fourier transform,

d3p
27)

x|
N—r

—~~

(12)

w

o) = [ o(e.p) e i
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Position of the problem

Initial Problem

e Ansatz : Fourier transform,
d3p
(2r)°

e System and momentum : Cubic box of volume V = L3 with
periodic boundary condition,

o) = [ o(e.p) e (i5-7) (12)

2
ﬁ:%ﬁ, e N3 (13)
e Propagator in real time :
1 1
= 14
w? — p? — m? w2—(2{)2ﬁ?—m2 (14)
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Position of the problem Initial Problem

Effective theory

Homogeneous approximation

e Poles :

w:i\/<2zr>2ﬁ2+m2 (15)

—— The most important mode is for 7 = 0, the homogeneous
field. The smaller the L, the more we can neglect
inhomogeneous modes.
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Position of the problem Initial Problem

Homogeneous approximation

e Poles :

w:i\/<2zr>2ﬁ2+m2 (15)

—— The most important mode is for 7 = 0, the homogeneous
field. The smaller the L, the more we can neglect
inhomogeneous modes.

=—> Approximation : The field is homogeneous,

université [[ ]| o(t, %) = (1)
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Position of the problem Initial Problem

Effective theory

Partition function (1)

e Statistical physics :

Z(j) = Tr(exp (=B (H — j)))
= exp (—=BW()))

with W being the Legendre transform of Ut
W) = Uerr() — jop
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Position of the problem Initial Problem

Effective theory

Partition function (2)

e Path integral : in imaginary times

Z= / exp (— VSa()) Dli] (20)

with

Sefr(0) Z/,;9'02+Uefr(80)dt (21)

E.Decroix-Tétu/C. Santos Instantons at finite temperature



Position of the problem Initial Problem

Effective theory

Partition function (2)

e Path integral : in imaginary times

Z= / exp (— VSa()) Dli] (20)

with

Sefr(0) Z/,;¢2+Uefr(80)dt (21)

e Semi-classical approximation : In the tree approximation
(no quantum fluctuations)

Zr> exp(—VSerlpa)) (22)

Pel
with stfp((f)d) 0, wa(B) = ¢a(0).
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Position of the problem Initial Problem

Effective theory

Objectives :

Now, in order to understand the tunnelling effect, we have to study
the effective potential and the classical solutions,
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Position of the problem Initial Problem

Effective theory

Objectives :

Now, in order to understand the tunnelling effect, we have to study
the effective potential and the classical solutions,

1- In the static case : plot the effective potential versus the
classical solutions to observe the properties.
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Position of the problem Initial Problem

Effective theory

Objectives :

Now, in order to understand the tunnelling effect, we have to study
the effective potential and the classical solutions,

1- In the static case : plot the effective potential versus the
classical solutions to observe the properties.

2- In the time-dependent case : observe the behavior log(Z)
versus 3 (Evolution of the instantons with the temperature).
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Static case
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Saddle points

e EoM :
d (OL+ ko oL+ kg
— = 23
dt( o7 ) o7 (23)
. AJ
-3 -
- k=0 with k=—-— 24
= @°— P+ wi 63 (24)

e We introduce k. = % and solve, since j — 0, |k| < ke when
there is two solutions : @s1 = @s(k) and @sp = —ps(—k)
where

Bak) = 2 cos (T — Larccos (1 (25§PHC
V3 3 3 ke
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Partition function

e Action :

2
Sa1.2)(k) = Bwpj <i2k -~ % +0 (k3)) (26)
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Static case
Results Time-dependent case
Conclusion

Partition function

e Action :
k2
e Partition function :

7~ Zexp —VSeri(2al)) (27)
Pl

= 2cosh (2Bwpk) exp <B‘;5 (k*+0 (k3))> (28
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Static case
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Solving

e Classical solution :

1 6In(Z)

(29)

2
~ — <v8 <2> Vg + "41A2> i+0( %  (30)

when V — oo and j — 0
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Static case
Results

Solving

e Classical solution :

1 6In(Z)

(29)

~— |8 i2Vﬁ+fé—j+OU§ (30)
6 12
when V — oo and j — 0

e Effective potential : We know that Ul (dc) = —j(@c),

Uetr(Pc) = Up + )so‘cz +0 (¢t (31)

<v8 (%)2 VB + v“l—/\2
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Static case
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Figure — Graph of U versus ¢, with A=1, v=1, V =10and g = %
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—> No-tunneling
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Results

Instantons

¢ Differential
equation :

P'+p-¢’ =0
(32)

e Conditions :
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Static case
Time-dependent case

Conclusion

Figure — Sketch of an
instanton
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Bounce

e Instantons/Anti-instantons always come in pairs called
bounce.

Graph of the solutions versus t
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Figure — Graph of In(Z) versus 3
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Results Time-depende
Conclusion

Conclusion

e We are able to compute the transition amplitude for a
tunneling effect in a ¢*-theory using path integral formalism.

e The introduction of a Legendre transform allow for the use of
effective action and the semi-classical approximation.

e The computation gives time-dependent solutions called
instantons that account for a hop between the two wells.

=— We now know how the transitions occurs as a function of the
temperature.
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Results

What we have done and learn

Path integral formalism (Definition, propagators)

Elements of Quantum Field Theory (scalar fields)

Effective theory

Coding the whole resolution of the problem
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Annexes

Green function

o Initial problem : Let's consider the equation

¢(S)=E (33)

For the following, we will consider ¢ as invariant by
translation in space and time. Using those properties, we can
rewrite the problem using a distribution define the distribution

E=DxS, D=¢(s) (34)

e Green function of the system : It is the distribution G

satisfying
Université ﬁ
[[] de srasbour | 9(G)=D*G =34
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Annexes

Notations

We introduce the following notations :
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Annexes

e EoM :
P —p+k=0 (36)
e We introduce k. = 3\[ and solve :
- I |k| > ke, @so = — 5|gn(k) cosh ( cosh™! (%))

- If |k| < ke, there is two solutions : @s1 = @s(k) and
Ps2 = —Ps(—k) where

Bs(k) = \% cos <73T ~ 5 arccos <|kc|>) (37)
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Annexes

Figure — Code for the plot of In(Z) versus 3

def Partitionfunction():

A,8,5,Z=[1,[1,[1,[]
A,B,S=EuclidianAction()

Bo=8[0]
1,2,i3=0,0,0
k=0

z=2

while kelen(s):
while B[i2]<2*B0:
Z.append(np. log(z+np.exp(-S[k-11+11)))
i2=i2+1
i3=i3+1
keks1

#Segment 2*Bo<beta<3*Bo:

while B[i3]<3*B0:
Z.append(np. Log(z+np.exp(-S[k-11+1])+np.exp(-2*s[k-i2+1])))
i3=i3+1

+1

#Segment 3*Bo<beta:

7.append(np. log(z+np.exp(-S[k-11])+np.exp(-2*s[k-i2])+np.exp(-3*s[k-131)))
1

k=k+

return A,B,S,Z
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