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Introduction 
● 1968 : 1st observation of the 

internal proton structure

● Huge difference between 
dressed quarks and naked 
quarks

● A new theoretical approach 
is needed !
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1. Theoretical Context



● Quantum Field Theory combines:
-

- Classical field theory
- Special relativity
- Quantum mechanics

● QFT is used to describe : 
-

- Interaction between particles
- Annihilation and creation of particles

1.1. Quantum Field Theory
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Time evolution of the wave function (Schrödiger equation) :

The evolution of the wave function between two positions :

with 
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1.2. Path integral in Quantum Field Theory



1.2. Path integral in Quantum Field Theory

The propagator                            is not calculable. How to make it calculable ? 

We split the time interval in N equal size subintervals of length :

The wave function is then written as :
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With this split, the propagator becomes :

A tricky mathematical transformation lead us to :
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1.2. Path integral in Quantum Field Theory



It allow us to write the wave function in the final state as :

carrying the limit of N goes to infinity :
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1.2. Path integral in Quantum Field Theory



By recognising the action and with a compact notation :

We now see the evolution of the wave function as the superposition 
of all possible histories : that is the path integral !
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1.2. Path integral in Quantum Field Theory



● Simple visualization of mathematical expressions describing the 
behavior and interaction of subatomic particles

● Example :

● To describe the behavior of the particles, we should consider all 
possible Feynman diagram

● Each possible diagram has a weight

1.3. Feynman diagram
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● Describes the strong interaction between quarks

● Strong interaction is not at a perturbative scale

● New theory needed

1.4. Quantum Chromodynamics Model 
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Lagrangian :
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2. Gap Equation in the 
Nambu-Jona-Lasinio Model



● Simplifies the QCD approach by considering the system as a 

unique particle 

● Useful at low energy

● Nonrenormalizable, we will need regularizations
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2.1. Nambu-Jona-Lasinio Model

NJL Lagrangian for interacting fermions :



Simplification 
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With a unique kind of particle, the lagrangian becomes :

Partition function :



2.2. Hubbard-Stratonovich auxiliary field
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With :

Integral identity:



2.2. Hubbard-Stratonovich auxiliary field
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Gap equation :



2.3. Mean-Field approximation

18

Gap equation :

MFA :



Gap equation with the introduction of temperature T and density μ 
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avec                                              et

We have the equation :



3. Numerical resolution 



3.1. Gap Equation depending on the temperature and the density

21The solution of the Gap equation is the intersection of the two curves : We look for fixed points 

Resolution of the equation :        
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Influence of β :        

3.1. Gap Equation depending on the temperature and the density
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Influence of μ :        

3.1. Gap Equation depending on the temperature and the density
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Limit solution at large β and μ :        

3.1. Gap Equation depending on the temperature and the density



25Values of Φ depending on the temperature and the density        

3.2. Spontaneous symmetry breaking
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Values of Φ depending on the 
temperature and the density for g=8      

Values of Φ depending on the 
temperature and the density for g=10      

3.2. Spontaneous symmetry breaking



NJL Lagrangian :
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3.3. Gap Equation with other regularizations

Free part Interaction term



Dimensionless gap equations with different regularizations  :
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3.3. Gap Equation with other regularizations
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3.3. Gap Equation with other regularizations
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3.3. Gap Equation with other regularizations



Conclusion 
● We have learned :

- Basic concepts of Quantum Field Theory
- To resolve the Gap equation in different models

● We have exercised :
- Numerical Simulations
- Interpretation of the results

● We have experienced :
- Problems such as those researchers can encountered
- Initiative behavior towards them
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Pauli-Villars :

Proper Time :
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Back-up
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Influence of the mass m0 :        



41Values of Φ depending on β and 1/μ  
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Dirac equation (in normal units) :

Dirac equation (in natural units) :
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Klein-Gordon equation (in normal units) :

Klein-Gordon equation (in natural units) :
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Feynman slash notation :
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Dirac matrices (gamma matrices) in the Dirac basis :
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In the Dirac basis :
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QCD Lagrangian :

represents the gauge invariant gluon field strength tensor

is the gauge covariant derivative
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Symmetry breaking

Back-up



51Valid values of Φ depending on the temperature and the density        
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Valid values of Φ depending on the 
temperature and the density for g=8      

Valid values of Φ depending on the 
temperature and the density for g=10      
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