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Symmetry Energy of Nuclei
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Nuclear Binding Energies I
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◮ Bethe-Weizsäcker-type formula of binding energies

B(N, Z ) = Cv A − CsA2/3 −
(

Civ A − CisA2/3
) (N − Z )2

A2
− Cc

Z (Z − 1)

A1/3

◮ fit to experimental data of AME2012
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Nuclear Binding Energies II
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◮ remove Coulomb contribution Bc(N, Z ) = B(N, Z ) + Cc

Z (Z − 1)

A1/3
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Nuclear Binding Energies III
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◮ dependence on isospin asymmetry δ = (N − Z )/A
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Nuclear Binding Energies III
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◮ dependence on isospin asymmetry δ = (N − Z )/A

◮ compare to Duflo-Zuker model DZ10

(J. Duflo and A. Zuker, PRC 52 (1995) R23)
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Nuclear Binding Energies III
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◮ dependence on isospin asymmetry δ = (N − Z )/A

◮ compare to Duflo-Zuker model DZ10

(J. Duflo and A. Zuker, PRC 52 (1995) R23)

◮ consider limit A → ∞ of Bc/A:

Bc/A → Cv − Civδ
2

◮ Cv → 15.73 MeV

⇒ binding energy of symmetric

nuclear matter
◮ Civ → 26.46 MeV

⇒ symmetry energy of nuclear

matter
◮ at saturation density or

some smaller effective density ?
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Symmetry Energy of Nuclear Matter
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Energy of Nuclear Matter
(Temperature Zero)
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◮ expansion of energy per nucleon around saturation point

E

A
(nb , δ) =

ε

nb

− mnuc = E0(nb) + Esym(nb)δ2 + ...

with neutron (proton) densities nn (np),

baryon density nb = nn + np , and

asymmetry α = (nn − np)/nb = 1 − 2Yp
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Energy of Nuclear Matter
(Temperature Zero)
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E
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ε
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− mnuc = E0(nb) + Esym(nb)δ2 + ...

with neutron (proton) densities nn (np),

baryon density nb = nn + np , and

asymmetry α = (nn − np)/nb = 1 − 2Yp

◮ energy of symmetric nuclear matter

E0(nb) = Esat +
1

2
Kx2 +

1

6
Qx3 + ...

with x =
nb − nsat

3nsat
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Energy of Nuclear Matter
(Temperature Zero)
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with neutron (proton) densities nn (np),

baryon density nb = nn + np , and

asymmetry α = (nn − np)/nb = 1 − 2Yp

◮ energy of symmetric nuclear matter

E0(nb) = Esat +
1

2
Kx2 +

1

6
Qx3 + ...

with x =
nb − nsat

3nsat

◮ symmetry energy

Esym(nb) = J + Lx +
1

2
Ksymx2 + ...

◮ parameters: Esat, K , Q, J, L, Ksym, . . .
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Nuclear Matter Parameters I

◮ nsat saturation density

⇒ size of nuclei

◮ Esat energy at saturation and

J symmetry energy at saturation

⇒ trend of binding energies
(cf. Bethe-Weizsäcker mass formula)
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Nuclear Matter Parameters I

◮ nsat saturation density

⇒ size of nuclei

◮ Esat energy at saturation and

J symmetry energy at saturation

⇒ trend of binding energies
(cf. Bethe-Weizsäcker mass formula)

◮ K incompressibility of symmetric nuclear matter and

Q skewness of symmetric nuclear matter

⇒ giant resonances,

ratio surface tension/surface thickness

◮ L slope parameter of symmetry energy

⇒ neutron skin thickness
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Density Functionals for Nuclei
and Nuclear Matter

◮ various types (nonrelativistic or relativistic/covariant)

◮ often derived from mean-field models in different approximations

(Hartree, Hartree-Fock, Hartree-Fock-Bogoliubov)
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Density Functionals for Nuclei
and Nuclear Matter

◮ various types (nonrelativistic or relativistic/covariant)

◮ often derived from mean-field models in different approximations

(Hartree, Hartree-Fock, Hartree-Fock-Bogoliubov)

◮ examples
◮ Skyrme Hartree-Fock models

◮ two-body interaction: zero-range with expansion in momentum up to second order
◮ three-body interaction: zero-range, repulsive

◮ Gogny Hartree-Fock models
◮ two-body interaction: finite-range of Gaussian form (two terms)
◮ three-body interaction: as in Skyrme

◮ relativistic models
◮ field-theoretical approach, mean-field approximation
◮ interaction by meson exchange (σ, ω, ρ, . . . )
◮ medium effects:

− nonlinear models (selfcoupling of mesons)

− density dependent couplings
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Density Functionals for Nuclei
and Nuclear Matter

◮ various types (nonrelativistic or relativistic/covariant)
◮ often derived from mean-field models in different approximations

(Hartree, Hartree-Fock, Hartree-Fock-Bogoliubov)

◮ examples
◮ Skyrme Hartree-Fock models

◮ two-body interaction: zero-range with expansion in momentum up to second order
◮ three-body interaction: zero-range, repulsive

◮ Gogny Hartree-Fock models
◮ two-body interaction: finite-range of Gaussian form (two terms)
◮ three-body interaction: as in Skyrme

◮ relativistic models
◮ field-theoretical approach, mean-field approximation
◮ interaction by meson exchange (σ, ω, ρ, . . . )
◮ medium effects:

− nonlinear models (selfcoupling of mesons)

− density dependent couplings

◮ application: general purpose equation of state (EoS) ⇒ astrophysics
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Nuclear Matter Parameters
of General Purpose EoS Models

nuclear nsat −Esat K Q J L

interaction [fm−3] [MeV] [MeV] [MeV] [MeV] [MeV]

SKa 0.155 16.0 263 -300 32.9 74.6

LS180 0.155 16.0 180 -451 28.6 73.8

LS220 0.155 16.0 220 -411 28.6 73.8

LS375 0.155 16.0 375 176 28.6 73.8

TM1 0.145 16.3 281 -285 36.9 110.8

TMA 0.147 16.0 318 -572 30.7 90.1

NL3 0.148 16.2 272 203 37.3 118.2

FSUgold 0.148 16.3 230 -524 32.6 60.5

IUFSU 0.155 16.4 231 -290 31.3 47.2

DD2 0.149 16.0 243 169 31.7 55.0

SFHo 0.158 16.2 245 -468 31.6 47.1

SFHx 0.160 16.2 239 -457 28.7 23.2

240/233 SHF

models [1] 0.160 ± 0.005 16.0 ± 0.3 246 ± 41 −328 ± 158 31.2 ± 6.7 41.9 ± 36.1

263 RMF

models [2] 0.152 ± 0.008 16.1 ± 0.5 271 ± 86 −160 ± 710 33.4 ± 4.7 91.2 ± 24.3

[1] M. Dutra et al., PRC 85 (2012) 035201; [2] M. Dutra et al., PRC 90 (2014) 055203
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Density Dependence of Symmetry Energy
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◮ relativistic density functionals: fit to properties of nuclei

◮ NL models (with nonlinear

meson self-couplings)

⇒ stiff symmetry energy

(originally only one parameter

for isovector interaction, more

with new meson cross couplings)
◮ DD models (with density dependent

meson-nucleon couplings)

⇒ softer symmetry energy

like Skyrme HF models

(at least two free parameters)
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Density Dependence of Symmetry Energy

K J L

[MeV] [MeV] [MeV]

TM1 [1] 285 36.9 110.8

NL3 [2] 272 37.4 118.5

TW99 240 32.8 55.3

[1] Y. Sugahara and H. Toki, NPA 579 (1994) 557

[2] G.A. Lalazissis et al., PRC 55 (1997) 540

◮ relativistic density functionals: fit to properties of nuclei

◮ NL models (with nonlinear

meson self-couplings)

⇒ stiff symmetry energy

(originally only one parameter

for isovector interaction, more

with new meson cross couplings)
◮ DD models (with density dependent

meson-nucleon couplings)

⇒ softer symmetry energy

like Skyrme HF models

(at least two free parameters)

⇒ density functionals have to be

sufficiently flexible

⇒ improvement for other nuclear matter parameters
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Neutron Skin Thickness

◮ correlations:

neutron skin thickness S = rn − rp

(difference of neutron and proton root-mean-square radii)

m
derivative of neutron-matter EoS

(=̂ pressure of neutron matter)

m
symmetry energy slope parameter L
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Neutron Skin Thickness

◮ correlations:

neutron skin thickness S = rn − rp

(difference of neutron and proton root-mean-square radii)

m
derivative of neutron-matter EoS

(=̂ pressure of neutron matter)

m
symmetry energy slope parameter L

◮ first observed for Skyrme-HF models

(B. A. Brown, PRL 85 (2000) 5296)

◮ extended to relativistic density functionals

(S. Typel and B. A. Brown, PRC 64 (2001) 027302)

◮ confirmed by many other (mean-field)

density functionals
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Modification of Isovector Interaction
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◮ variation of parametrisation
◮ fit to properties of nuclei
◮ keep isoscalar interaction
◮ change isovector interaction

parametrisation symmetry slope

energy coefficient

J [MeV] L [MeV]

DD2+++ 35.34 100.00

DD2++ 34.12 85.00

DD2+ 32.98 70.00

DD2 31.67 55.04

DD2− 30.09 40.00

DD2−− 28.22 25.00

(S. Typel, PRC 89 (2014) 064321)
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Modification of Isovector Interaction
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◮ variation of parametrisation
◮ fit to properties of nuclei
◮ keep isoscalar interaction
◮ change isovector interaction

parametrisation symmetry slope

energy coefficient

J [MeV] L [MeV]

DD2+++ 35.34 100.00

DD2++ 34.12 85.00

DD2+ 32.98 70.00

DD2 31.67 55.04

DD2− 30.09 40.00

DD2−− 28.22 25.00

(S. Typel, PRC 89 (2014) 064321)

⇒ correlation J ⇔ L

⇒ crossing of lines at density below saturation
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Symmetry Energy of Nuclear Matter I

◮ consider energy per nucleon E/A(nb, δ) as function of

◮ baryon density nb

◮ isospin asymmetry δ = (nn − np)/nb
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Symmetry Energy of Nuclear Matter I

◮ consider energy per nucleon E/A(nb, δ) as function of

◮ baryon density nb

◮ isospin asymmetry δ = (nn − np)/nb

◮ definitions

◮ I (original, with second derivative)

Esym(nb) =
1

2

∂2E/A

∂δ2

∣

∣

∣

∣

δ=0

◮ II (equivalent to I for quadratic dependence of E on δ)

Esym(nb) = [E/A(nb, 1) − 2E/A(nb , 0) + E/A(nb ,−1)]
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Symmetry Energy of Nuclear Matter I

◮ consider energy per nucleon E/A(nb, δ) as function of

◮ baryon density nb

◮ isospin asymmetry δ = (nn − np)/nb

◮ definitions

◮ I (original, with second derivative)

Esym(nb) =
1

2

∂2E/A

∂δ2

∣

∣

∣

∣

δ=0

◮ II (equivalent to I for quadratic dependence of E on δ)

Esym(nb) = [E/A(nb, 1) − 2E/A(nb , 0) + E/A(nb ,−1)]

◮ limits and limitations?

◮ finite temperatures
◮ phase transitions
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Symmetry Energy of Nuclear Matter II
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T = 0

◮ finite T

◮ distinguish symmetry internal energy

and symmetry free energy

◮ limit T → 0

◮ homogenous matter without clusters

⇒ limnb→0 Esym(nb) → 0
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Symmetry Energy of Nuclear Matter II
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with clusters

T = 0

◮ finite T

◮ distinguish symmetry internal energy

and symmetry free energy

◮ limit T → 0

◮ homogenous matter without clusters

⇒ limnb→0 Esym(nb) → 0

◮ model with clusters:
parabola → triangle

◮ divergence of definition I
◮ use finite-difference formula

⇒ limnb→0 Esym(nb) finite

(can be observed experimentally)
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Symmetry Energy of Nuclear Matter III
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◮ finite T
◮ distinguish symmetry internal energy

and symmetry free energy

◮ limit T → 0
◮ homogenous matter without clusters

⇒ limnb→0 Esym(nb) → 0

◮ model with clusters:
parabola → triangle

◮ divergence of definition I
◮ use finite-difference formula

⇒ limnb→0 Esym(nb) finite

(can be observed experimentally)

◮ model with liquid-gas phase transition
◮ use finite-difference formula

⇒ limnb→0 Esym(nb) = −E0(nsat) finite
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Symmetry Energy of Nuclear Matter III
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◮ finite T
◮ distinguish symmetry internal energy

and symmetry free energy

◮ limit T → 0
◮ homogenous matter without clusters

⇒ limnb→0 Esym(nb) → 0

◮ model with clusters:
parabola → triangle

◮ divergence of definition I
◮ use finite-difference formula

⇒ limnb→0 Esym(nb) finite

(can be observed experimentally)

◮ model with liquid-gas phase transition
◮ use finite-difference formula

⇒ limnb→0 Esym(nb) = −E0(nsat) finite
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Isoscaling and Symmetry Energy
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Extraction of Symmetry Energy
from Heavy-Ion Collisions I

◮ collide combination of nuclei with different proton-neutron ratios

◮ create zone of hot and dilute matter

◮ study properties of the system

◮ observe emission of fragments (clusters)
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Extraction of Symmetry Energy
from Heavy-Ion Collisions I

◮ collide combination of nuclei with different proton-neutron ratios

◮ create zone of hot and dilute matter

◮ study properties of the system

◮ observe emission of fragments (clusters)

◮ form ratio of yields R21(N, Z ) =
Y

(2)
N,Z

Y
(1)
N,Z

of the same nucleus (N, Z )

from two systems 1 and 2

(M. B. Tsang et al., PRL 86 (2001) 5023, PRC 64 (2001) 054615, . . . )

◮ extract symmetry energy

◮ relation of R21 to symmetry energy ?
◮ symmetry energy of medium or symmetry of nuclei ?
◮ theoretical foundation ?
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Extraction of Symmetry Energy
from Heavy-Ion Collisions II

◮ assumption: cluster yields Y
(i)
N,Z proportional to densities

n
(i)
N,Z = (2JN,Z + 1)

∫

d3k

(2π)3

[

exp

(

E
(i)
N,Z (k ) − µ(i)

N,Z

T (i)

)

− (−1)N+Z

]−1

◮ grandcanonical ensemble for system i
◮ chemical equilibrium ⇒ (relativistic) chemical potential µ(i)

N ,Z = Nµ(i)
n + Zµ(i)

p

◮ energy E
(i)
N ,Z (k) = MN ,Z +

k2

2MN ,Z

+ U
(i)
N ,Z (nonrelativistic approximation)

with mass MN ,Z and potential U
(i)
N ,Z (momentum independent) in medium

◮ no explicit indication of excited states
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Extraction of Symmetry Energy
from Heavy-Ion Collisions II

◮ assumption: cluster yields Y
(i)
N,Z proportional to densities

n
(i)
N,Z = (2JN,Z + 1)

∫

d3k

(2π)3

[

exp

(

E
(i)
N,Z (k ) − µ(i)

N,Z

T (i)

)

− (−1)N+Z

]−1

◮ grandcanonical ensemble for system i
◮ chemical equilibrium ⇒ (relativistic) chemical potential µ(i)

N ,Z = Nµ(i)
n + Zµ(i)

p

◮ energy E
(i)
N ,Z (k) = MN ,Z +

k2

2MN ,Z

+ U
(i)
N ,Z (nonrelativistic approximation)

with mass MN ,Z and potential U
(i)

N ,Z (momentum independent) in medium
◮ no explicit indication of excited states

◮ Maxwell-Boltzmann limit ⇒ n
(i)
N,Z =

2JN,Z + 1
(

λ(i)
N,Z

)3
exp

(

µ(i)
N,Z − MN,Z − U

(i)
N,Z

T (i)

)

with (effective) thermal wavelength λ(i)
N,Z =

√

2π

(MN,Z +U
(i)

N,Z
)T (i)
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Extraction of Symmetry Energy
from Heavy-Ion Collisions III

◮ form ratio R21(N, Z ) =
n

(2)
N,Z

n
(1)
N,Z

≈ exp (αN + βZ )

approximations:

◮ identical temperatures in two systems
◮ differences of potentials U

(i)
N ,Z and their contribution in λ(i)

N ,Z neglected

with isoscaling parameters α =
µ(2)

n − µ(1)
n

T
β =

µ(2)
p − µ(1)

p

T
⇒ characterize properties of the medium
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Extraction of Symmetry Energy
from Heavy-Ion Collisions III

◮ form ratio R21(N, Z ) =
n

(2)
N,Z

n
(1)
N,Z

≈ exp (αN + βZ )

approximations:

◮ identical temperatures in two systems
◮ differences of potentials U

(i)
N ,Z and their contribution in λ(i)

N ,Z neglected

with isoscaling parameters α =
µ(2)

n − µ(1)
n

T
β =

µ(2)
p − µ(1)

p

T
⇒ characterize properties of the medium

◮ next step

◮ consider now a single system i
◮ study yields (densities) of clusters with different N and Z

⇒ distribution with maximum at Nmax for constant Z

(or maximum at Zmax for constant N)
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Extraction of Symmetry Energy
from Heavy-Ion Collisions IV

◮ study variation of ln n
(i)
N,Z with N for constant Z

◮ determine maximum at N
(i)
max from

0
!
=
∂ ln n

(i)
N ,Z

∂N
=

[

3

2MN ,Z

∂MN ,Z

∂N

∣

∣

∣

∣

Z

+
1

T

(

µ(i)
n −

∂MN ,Z

∂N

∣

∣

∣

∣

Z

−

∂U
(i)
N ,Z

∂N

∣

∣

∣

∣

∣

Z

)]

N=Nmax

⇒ µ(i)
n =

(

1 −
3T

2MN,Z

)

∂MN,Z

∂N

∣

∣

∣

Z ,N
(i)
max

(neglecting contribution of potential)
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Extraction of Symmetry Energy
from Heavy-Ion Collisions IV

◮ study variation of ln n
(i)
N,Z with N for constant Z

◮ determine maximum at N
(i)
max from

0
!
=
∂ ln n

(i)

N ,Z

∂N
=

[

3

2MN ,Z

∂MN ,Z

∂N

∣

∣

∣

∣

Z

+
1

T

(

µ(i)
n −

∂MN ,Z

∂N

∣

∣

∣

∣

Z

−

∂U
(i)

N ,Z

∂N

∣

∣

∣

∣

∣

Z

)]

N=Nmax

⇒ µ(i)
n =

(

1 −
3T

2MN,Z

)

∂MN,Z

∂N

∣

∣

∣

Z ,N
(i)
max

(neglecting contribution of potential)

◮ use Bethe-Weizsäcker formula for binding energy B(N, Z )

MN ,Z = Nmn + Zmp − B(N, Z )

⇒ derivative
∂MN ,Z

∂N

∣

∣

∣

∣

Z ,N
(i)
max

= −Cv +
2Cs

3(A
(i)
max)1/3

−
Cc

3

Z (Z − 1)

(A
(i)
max)

4/3

+2

(

Civ −
Cis

(A
(i)
max)

1/3

)

δi −

(

Civ −
4Cis

3(A
(i)
max)1/3

)

δ2
i

with A
(i)
max = N

(i)
max + Z and δi = (N

(i)
max − Z )/A

(i)
max = 1 − 2Z/A

(i)
max
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Extraction of Symmetry Energy
from Heavy-Ion Collisions V

◮ calculate isoscaling coefficient (neglecting T/MN,Z contribution)

α =
µ(2)

n − µ(1)
n

T
=

1

T

(

∂MN,Z

∂N

∣

∣

∣

∣

Z ,N
(2)
max

−
∂MN,Z

∂N

∣

∣

∣

∣

Z ,N
(1)
max

)

=
1

T

[

−
16

3
CisZ 2X−7/3 + 4Civ Z 2X−2 +

1

3
[CcZ (Z − 1) + 4CisZ ] X−4/3

+
2

3
(Cis − Cs) X−1/3

]

with Xn = (A(1)
max)n − (A(2)

max)n
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Extraction of Symmetry Energy
from Heavy-Ion Collisions V

◮ calculate isoscaling coefficient (neglecting T/MN,Z contribution)

α =
µ(2)

n − µ(1)
n

T
=

1

T

(

∂MN,Z

∂N

∣

∣

∣

∣

Z ,N
(2)
max

−
∂MN,Z

∂N

∣

∣

∣

∣

Z ,N
(1)
max

)

=
1

T

[

−
16

3
CisZ 2X−7/3 + 4Civ Z 2X−2 +

1

3
[CcZ (Z − 1) + 4CisZ ] X−4/3

+
2

3
(Cis − Cs) X−1/3

]

with Xn = (A(1)
max)n − (A(2)

max)n

◮ standard expression for symmetry energy of nuclei: 4
Civ

T
=

α

Z 2X−2

◮ contribution of other terms ?
◮ shell effects/pairing in nuclear binding energies ?
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Conclusions
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Conclusions

◮ distinguish symmetry energy of nuclei/nuclear matter
◮ nuclei

◮ Bethe-Weizsäcker formula ⇒ no shell effects
◮ extrapolation of nuclear energies in the limit A → ∞:

extracted nuclear matter values at which density?
◮ nuclear matter

◮ nuclear matter parameters related to properties of nuclei,

e.g. neutron skin thickness and slope parameter L
◮ different definitions of symmetry energy
◮ finite temperatures: symmetry internal/free energies
◮ low densities: formation of clusters or liquid-gas phase transition

⇒ finite symmetry energy in the limit nb → 0, T → 0
◮ isoscaling in heavy-ion collisions

◮ isoscaling coefficients: properties of medium
◮ isotopic distributions: variation of binding energies

⇒ symmetry energy of nuclei

(other contributions ?)
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Thank You for Your Attention
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