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Introduction: What is a Quarkonium?

® similar to positronium bound state eTe™ in QED

® bound state of heavy quark and its anti-quark in QCD, e.g.
Charmonium (charm quark) and Bottomonium (bottom quark)

G

[Figure from Wikipedia 'Quarkonium’]

® Toponium (tt) bound state: high mass of top quark — decays via
weak interaction before formation of bound state

e for light quarks: mixing between (u,d,s) quarks due to low mass
difference — m-meson, the p-meson and the 7-meson
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Motivation: Why study Quarkonia?

® charmonium production allows us to probe QCD at its interplay
between the perturbative and non-perturbative regimes

® deeper understanding of confinement (production mechanism)

® access to spin/momentum distribution of gluons in protons
— use quarkonia to constrain the gluon PDFs in
the proton (see Part 1)

® it is interesting to assess the convergence of perturbative expansion in
as where as(m¢) ~ 0.34 and as(mp) ~ 0.22 (see Part 1l1)
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Part |

Quarkonium phenomenology at NLO

based on arXiv:1907.01400 and arXiv:2012.00702
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fixed-order calculation in a nutshell

® fixed-order calculation: consider all contributions at given order in

strong coupling as

o= () o () 2
s ™

¢ Leading Order (LO): first non-zero contribution in coupling

"000000)

2

7000000?

p

P

® Next-to-Leading Order (NLO): additional power of as
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fixed-order calculation in a nutshell

Opp = Z / dxadxa fi/p(x1, E)f/p(x2s 1F)Gij (R, HE, S = sx1x2)  (2)
-

® artificial scales enter computation:
® renormalisation scale g — implicitly inside s and explicitly in 6
e factorisation scale ur — implicitly inside PDF and explicitly in &

® 3 priori: no rigorous criterion for these scales

— scale uncertainties
® scale uncertainties reduced at higher orders (e.g. NNLO and beyond)
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problem of negative cross-sections - 7. and J/v¢ at NLO

T T T
T T T_ .
100000 =T 4 1000 F  F§Fe-60x10 % r
’vf" -8
o' 10000 e | = 100 ]
£ . 1 m
B x 10 -
g 1000 wem, o s .
= Mp=hg=oLO == > 1 M:;,’;;;:ﬁg Lo e | LO scale dep. ]
2 100 [ Hr=Hp=ko NLO i3 . =g LO
g Hp=Hp/0.75=pg <+o+- =2 HEOTO O ] o na<ne
= o S/ UE/0.75=pg=Ho g ~ ;.::;.R/Lﬁg NLO ]NLO;L -
5 10 f HE/2=pg=py 4355 #p0 75l NLO e
© HE=Hp/2=1t -8 0.01 bty M 4 GUNLO -~ - ]NLO mass dep.
1 L Up=HR=Hg, Me=1.4 GeV === 1 Ho=2m Mp=Hp=Ho, M=1.6 GeVNLO ==
HE=Hp=Ho, Tc=1'5 GeV == 0.001 e Jyydirect data =
0.01 0.1 1 10 0.1 s 1 10
\s (TeV) s (TeV) (@)

comparison of 7¢ (left) and J/v (right) differential cross-sections at NLO
with different scale choices of ug and pr with CTEQ6M

[Y. Feng, J.-P. Lansberg, J.X. Wang, Eur.Phys.J. C75 (2015) no.7, 313]
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the 7. - a good gluon probe

® negative NLO cross-section unphysical (negative probability)

® implies that NLO correction parts are larger than LO

oLo (1 + %5NLO> <0 (3)

~——
<-1

— breakdown of perturbation theory?

Reminder for hadro-production:
| nQ ‘ J/pand T |

QCD .-

P

— will study NLO correction to the pseudo-scalar (1¢) and will
trace back origin of negative numbers
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partonic high-energy limit

The partonic high-energy limit is defined as taking 6 at § — oo or
2
equivalently z — 0 with z = Mo

B

Definition

2
lim N0 (2) = Cap 22559 (o M A (4)
z—0 e ab s g & ,u%_—
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partonic high-energy limit

The partonic high-energy limit is defined as taking 6 at § — oo or
2
equivalently z — 0 with z = Mo

B

Definition
. .NLO Qs .10 M> 4
lim 6557 (2) = Cap—60" | log 2 + A (4)
o for 158, A= Agg = Agg = —1
e for up = M, this limit is negative — x —%6'50

¢ |imit enhanced (large weight) when gluon PDF is flat in low-x region
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origin of negative numbers

® phase-space integration of real emission diagrams will reveal IR
singularities — absorbed inside Parton Distribution Function

M2
I|m s\ = ¢, as“LO log 2Q +A (5)
—0 0=

o |f <Iog + A) < 0 then over-subtraction from the AP-CT in
MS—scheme

e Problem: A is process-dependent and thus cannot be compensated
in a global manner via the process-independent DGLAP equations
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a new scale prescription for

® new scale prescription for (iF, [J.-P. Lansberg, Melih A. Ozcelik, Eur.Phys.J.C 81 (2021) 6, 497
(arXiv:2012.00702)]

= i = Me?/?

such that (log 4 + A) =0 = lim,,06N0(z) = 0.
F

® Physics interpretation: absorption of all real emissions inside PDFs
(resummation picture)
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a new scale prescription for

® new scale preSCI’iption for JF, [J--P. Lansberg, Melih A. Ozcelik, Eur.Phys.J.C 81 (2021) 6, 497

(arXiv:2012.00702)]

uF = pF = Meh/?

such that (Iog + A) =0 — limy_o aNLO(z) =0.

® Physics interpretation: absorption of all real emissions inside PDFs
(resummation picture)

for ng we have i = % =

1.82GeV for . with M = 3GeV
5.76GeV for np with M = 9.5GeV

scale choice for ¢ are within typical bounds [%, 2M]
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do

K-factor for n.-production at y = 0

dy
5 T o T 5 T T y 5 — —— T
(Erip=(1Ne1NG) ——  (En&r=(0505) ---- (Ertr)=(1NE1NE) —  (Ep&r)=(0505) ---- (Erip=(1Ne1NG) ——  (En&r=(0505) ----
(Erép)=(1.01.0) -rrn ErE=(20,1.0) - (ErER=(1.01.0) e (Erp=20,1.0) e (EE=(1.01.0) e (Erkr=(201.0) ----
4 b GrE=1020) (ErE)=(2.0,2.0) 1 4 b Grie=(1020) (Eae)=(2.020) 1 4 b GrE=1020) (EpE)=(2.0,2.0) 1
(Er&p=(1.0,05) (Er&r)=(05,1.0) ~-~ (Enkr)=(1.005) (ERER)=(05,10) ~-~ (Ertr)=(10,05) (Err)=(05,1.0) ~-~
33| e 1 13 1 g3t
g, ' g, g,
ch' 2 ch' 2 """ Z!:' 2 -
1t 1 1
o [PDFALHC30 ™1 o INNPDENLL o 0 JR14NLOOBVF
001 01 1 10 100 001 01 1 10 100 001 01 1 10 100
s [TeV] \s [TeV] s [TeV]
® K-factor: assess perturbative convergence
® new scale choice [if (green curve) v:
® perturbatively stable over energy range v/
® very similar results with different PDF parametrisation v/
® other ufr scale choices:
® not perturbative stable and negative results at large energy X
® different results with different PDF parametrisation X
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PDFs at low scales

® charmonium production: low scales — PDFs are close to initial
parametrisation — unconstrained due to lack of data

N Lo 2 52 2 _
® |uminosity plots, % x MT% =M f (Vre¥, ue)fg(VTe ™, uF)

10* " . 10* . : 10* : ;
PDFA4LHC; M=3 GeV NNPDFNLL; M=3 GeV JR14NLO08VF; M=3 GeV
up=1.5 GeV He=1.5 GeV He=1.5 GeV
ug=3.0 GeV He=3.0 GeV He=3.0 GeV
0? }p=6.0 GeV gxx1 108 1e=6.0 GeV Rxm1 10° 1p=6.0 GeV Ex®I
o - -
L 1 1
> > =
k<l k) k)
S S S
3 S 10? S 102
o © ©
@ @ @
s = =
10 10
10° J g0
0.01 0.1 1 10 100 0.01 0.1 1 10 100 0.01 0.1 1 10 100
Vs [TeV] s [TeV] \s [TeV]
— use 7 and J /1 data/predictions to perform PDF fits from first
principles
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Part |l

Two-loop master integrals and form-factors

Melih A. Ozcelik (1JCLab)

Two-loop master integrals



Form-factors

® compute two-loop form-factors analytically in different channels that
contribute at NNLO accuracy

® vy &g (15(?]) — exclusive/inclusive decay
® gg > nQ (15(%1]) — hadro-production and hadronic decay width

° g & 1558] — colour-octet contribution

g8 < 1558] — colour-octet contribution
vy > para-Positronium

® form-factors applicable to both production and decay

® in the past form-factors have been computed only in numerical form
o 77Q — YY [A. Czarnecki, K. Melnikov, Phys.Lett.B 519 (2001) 212-218] [F. Feng, Y. Jia, W.-L. Sang,
Phys.Rev.Lett. 115 (2015) 22, 222001]
® para-Positronium — vy [A. Czarnecki, K. Melnikov, A. Yelkhovsky, Phys.Rev.A 61 (2000)
052502
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Amplitude generation & partial fraction

8- T Rl

v(k1)v(k2) = Q(p1)Q(p2) (6)

heavy quark momenta are equal

k? = k3 = 0 for initial-state photons

p? = m3, for final-state quarks

threshold kinematics with |$ = M3 = 4m3, | where Mg = 2mq
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Amplitude generation & partial fraction

- T Rl

v(k1)v(k2) = Q(p1)Q(p2) (6)

heavy quark momenta are equal

k? = k3 = 0 for initial-state photons

p? = m3, for final-state quarks

threshold kinematics with |$ = M3 = 4m3, | where Mg = 2mq

e generate Feynman diagram with FeynArts (~ 450 diagrams for
88 <> nq case)
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Graphical representation of Feynman integral

1
lcou. = | dPg————— with
Coul. / TD1D,05D;

Dl :(q+P)2 - m%?7
Ds =(q — p)° — m},

Dr=(q+p—k) —mp, (7

Dy = ¢

® graphically represent Feynman integral similarly as Feynman diagram

ky

p
q+p

000000

q+p—k

B
‘B
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2
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Graphical representation of Feynman integral

1
Icow. = | d°q—=——— with
Coul. /d qD1D2D3D4 wit
D1 =(q+ p)* — m, Dy=(q+p—k)—my (1)
Ds =(q — p)° — m}, Dy=gq

® graphically represent Feynman integral similarly as Feynman diagram

ki q+p P F Dy P
S
q+p—k q § > - —_ D,y Dy
k3 q—-p i
2 Dy P

Rules: replace particles in Feynman diagram by simple lines

® single line for massless (m = 0) propagators/external legs

® double line

for massive (m = mg) propagators/external legs
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Graphical representation of Feynman integral

ki Dy P

Dy Dy = / qu;
D,D,D3D,

&) D; P

such graphs
® incorporate all necessary information to define Feynman integral
including propagators
¢ are independent of physics interaction (particles, coupling,
QCD/QED/EW)
® satisfy at each vertex momentum conservation
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Graphical representation of Feynman integral

Ky Dy P
1
D, D, = d Dy~
/ 9 D1D>D3Dy
o Dy P

such graphs

® incorporate all necessary information to define Feynman integral
including propagators

¢ are independent of physics interaction (particles, coupling,
QCD/QED/EW)

® satisfy at each vertex momentum conservation
1
dPg——— =2
/ 9D1D,Ds
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Graphical representation of Feynman integral

ky Dy P

D, D, :/qul
D1Dy;D3Dy

02 D; P

such graphs
® incorporate all necessary information to define Feynman integral
including propagators
¢ are independent of physics interaction (particles, coupling,
QCD/QED/EW)

® satisfy at each vertex momentum conservation

1
dPq——— =
/ qDlDzD3
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Graphical representation of Feynman integral

Ky Dy P
1
D, D, = d Dy~
/ 9 D1D>D3Dy
o Dy P

such graphs

® incorporate all necessary information to define Feynman integral
including propagators

¢ are independent of physics interaction (particles, coupling,
QCD/QED/EW)

® satisfy at each vertex momentum conservation
1
d°q——— =2
/ “D1D,Ds?
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Graphical representation of Feynman integral

ki Dy P

D, D, — /qu;
D1Dy;D3Dy

02 Dy P

such graphs
® incorporate all necessary information to define Feynman integral
including propagators
® are independent of physics interaction (particles, coupling,
QCD/QED/EW)
® satisfy at each vertex momentum conservation
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Amplitude generation & partial fraction

ki p
. 000000
Feynman diagram: §( .
S
oo
1 2 1
lcow. = [ dPq——— = [ dP ——/dD —_— 38
Coul / qD1DzD3D4 / qD1DzD§ qD2D32D4 (8)
Ky Dy p
of ] Q
/6 Ds »
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Topology and master integrals in a nutshell

® set of linearly independent denominators defines a Topology

® +# — all possible dot products of loop momentum {qi, g2} with itself
and external momenta {ki, ko }

* 5 {a. B, q G q ki, q ke, g2 ki, g2 ko)
— 7 for our kinematics

® cach independent dot product can be described as linear combination
of denominators — tensor integral decomposition
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Topology and master integrals in a nutshell

® set of linearly independent denominators defines a Topology
® +# — all possible dot products of loop momentum {qi, g2} with itself
and external momenta {ki, ko }

* 5 {al, B, 0 @ q ki, qu ke, g2 ki, g ko)
— 7 for our kinematics

® cach independent dot product can be described as linear combination
of denominators — tensor integral decomposition

¢ Integration-By-Parts (IBP) technique: algebraic relations between
Feynman integrals with different powers of denominators

® |arge systems of relations
® can reduce integrals with many denominators to integrals with few
denominators — master integral
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Amplitude

* two-loop Amplitude A®):
AP = AN i(MI[i] (10)
i=1
e tree-level Amplitude A(®)
e coefficient ¢; contains information on:

® rational factor depending on dimensional regulator €

® colour factor (Ca, Cr, TF)

® number of massive (n,) and massless (1)) closed fermion loops
(vacuum & light-by-light)

® need to compute master integrals MI[i]
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Topologies and master integrals

Some examples of topologies:
1

2
5 5 5 4 1

3 4

AR AR
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Topologies and master integrals

® Appearance of 77 master integrals

® These are seemingly independent, however we find some interesting
equivalence relations among these

A - A -

® Analytical results for most of the integrals in these topologies are not
available in the literature

Example
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Direct Integration

Feynman integral can be represented via two graph polynomials &/ and F
which are the first and second Symanzik polynomial respectively.

| = (=1)7 (e“%)" r(a - hg) /Ooo dxy... /Ooo dxmd(1 — Ap)x
H ( ) 1 (h1)2 (12)

D
Fa h3
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Direct Integration

Feynman integral can be represented via two graph polynomials U and F
which are the first and second Symanzik polynomial respectively.

| = (—1)3 (eG’YE)h r(a — hg) / Xm.../ de5(1 — AH)X
0 0
m [ a1 ua_(h+1)g (12)
<11
i=1

Ma) )] Fo-bh3

® each x; corresponds to a propagator (D; <> x;)

aj is the power of denominator corresponding to x;

® a =) a; — related to mass dimension of integral

Ay is a linear combination of x;
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Direct Integration

Feynman integral can be represented via two graph polynomials U and F
which are the first and second Symanzik polynomial respectively.

| = (—1)3 (eG’YE)h r(a — hg) / Xm.../ de5(1 — AH)X
0 0
m [ a1 ua_(h+1)g (12)
<11
i=1

Ma) )] Fo-bh3

® each x; corresponds to a propagator (D; <> x;)

® g, is the power of denominator corresponding to x;
® a =) a; — related to mass dimension of integral
® Ay is a linear combination of x;

e functions that will appear include Multiple Polylogarithms (MPLs)
and elliptic Multiple Polylogarithms (eMPLs)
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Analytics and Numerics

® computed all integrals analytically via direct integration
® produced high-precision numerics (200 digits)
e validation of results numerically with pySecDec (only few digits)

® PSLQ procedure: allows to detect relations among complicated
functions that appear
— can simplify to known /familiar functions (e.g. log (2),, etc.)
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Form-factors

Now ready to plug in analytics and numerics for the form-factors.
Validation of results,

compare to known numerical results for vy <+ ng case
— find full agreement [A. Czarnecki, K. Melnikov, Phys.Lett.B 519 (2001) 212-218] [F. Feng,

Y. Jia, W.-L. Sang, Phys.Rev.Lett. 115 (2015) 22, 222001]

for the new form-factors, validation is based on universal IR pole
structure — amplitudes are manifestly finite after UV and IR
renormalisation [Catani; Becher, Neubert]

all amplitudes contain functions of maximal weight w = 4 (e.g. 7%,
log* 2, 7(3).

regular Abelian corrections (CZ, Cr Trnp,) are identical for all
form-factors — further confirmation of the new form-factor results

QED corrections to para-Positronium result, agreement with existing
numerical results in literature [A. Czamecki, K. Melnikov, A. Yelkhousky, Phys.Rev.A 61 (2000)

052502]
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Part |l

Decay of pseudo-scalar to di-photon at
NNLO accuracy
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Exclusive decay width to di-photon

Mgy =To [1 + 20+ (%)2 rz,Q] (13)
M = — 3.3767985320702 (14)

M.c = — 65.288950657677 (15)

— 7.5077966991830 log (m—%) (16)

[ = — 16.792206089919 (17)

— 7.0349960436879 log (’;—%) (18)
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Exclusive decay width to di-photon
® variation of scales
e three scales in quarkonium physics: mv?, mv, m
® unrqep = mv, (v2 = 0.3 for charmonium, v? = 0.1 for bottomonium)
* central: yg = M = 2m, variation: pgr € [M/v/2,v/2M]
Charmonium:
M0, =To x [0.73715:033] = (10.3473¢3) keV (19)

Mty = o x [0.287517] = (3.9735) keV (20)

® R uncertainty has contrary to expectation not reduced from NLO to
NNLO

® |atest experimental data [Particle Data Group]

ree . = (5.06 = 0.34) keV (21)

® NNLO result is closer to experimental value than NLO result —
importance of higher order corrections
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Exclusive decay width to di-photon

® variation of scales

e three scales in quarkonium physics: mv?, mv, m

® unrQep = mv, (v2 = 0.3 for charmonium, v = 0.1 for bottomonium)
* central: yg = M = 2m, variation: pgr € [M/v/2,V/2M]

Bottomonium:

O .
rybl_%“w =lo % [0.809418.8%8]

(3.9771334%) keV (22)

ML, = To x [0.724381¢] = (3560 5078) kev | (23)

® 4R uncertainty is almost same for NLO and NNLO
® no experimental data available in [Particle Data Group]
® NNLO are important
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Summary
Part I:
® a new scale prescription to cure the issue of negative cross-section
and the mismatch between hard part and PDF
® PDFs are unconstrained at low scales — large PDF uncertainties for
charmonium production
Part II:
® two-loop double-virtual contributions involve massive Feynman
integrals
® used cutting-edge techniques to compute all relevant master integrals
analytically for the form-factor discussed and produced high-precision
numerics
Part Il
® shown that NNLO corrections to 7. decay to di-photon are large and
turn out to be important as these are closer to experimental data
than the NLO results
® however uR uncertainties have contrary to expectation not reduced
from NLO to NNLO (charmonium)
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Outlook

Part [:
® application of new scale prescription to other charmonium states

® use charmonium data/predictions and constrain gluon PDFs through
reweighting procedure

Part II:
® application of techniques to master integrals with slightly different
kinematics (off-shellness, additional gluon emission)
Part 11l
® computed two-loop form-factor (gg — n@) — now in a position to

compute for the first time 1g hadro-production up to NNLO accuracy
in collinear/TMD factorisation
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Thanks for attention!
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