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The Dark Energy Problem

∼ 70% of the Universe energy has a negative pressure!

Cosmological Constant
A new physics constant...
Vacuum Energy
Applying Quantum Field Theory to Dark Energy?
Not very Successful yet...
Quintessence
Dark energy as a real scalar field?
...
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Quintessence

Quintessence = real homogeneous scalar field

Lagrangian density: L = gµν∂µφ∂νφ− V (φ)

Density and pressure:


ρφ =

1
2
φ̇2 + V (φ)

Pφ =
1
2
φ̇2 − V (φ)

Friedmann equations:


(

ȧ
a

)2

=
8πG

3
∑

ρ− k
a2

ä
a
= − 3πG

3 (
∑

ρ+ 3
∑

P)

Klein-Gordon equation: φ̈+ 3Hφ̇+
∂V
∂φ

= 0

Usual potentials:
V (φ) = αφ−β

V (φ) = α exp(−βφ)
V (φ) = α [cosh(βφ)− 1]n
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Quintessence

Theoretical constraints
No fine tuning in the potential
No fine tuning in the initial conditions

Today, ωφ ≡ Pφ

ρφ
≈ −1
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Dark Matter? Or Dark Energy? Or both?

What if Dark Matter and Dark Energy are in interaction?

What if they are different aspects of a same dark component?

Can we model Dark Matter with a quintessential scalar field?

→ Fuzzy Dark Matter
W. Hu, R. Barkana, A. Gruzinov, Phys. Rev. Lett. 85 (2000) 1158
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Understanding Fuzzy Dark Matter...



Dark Matter scalar field

Massive and complex Scalar Field
L = gµν∂µϕ

∗∂νϕ− V (ϕ)

V (ϕ) = m2|ϕ|2

A. Arbey, J. Lesgourgues & P. Salati, Phys. Rev. D 64, 123528 - Phys. Rev. D 65, 083514 - Phys. Rev. D 68, 023511

Addition of a U(1) internal symmetry in comparison to the original
fuzzy dark matter model
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Galaxy Rotation Curves (1)

Internal rotation: ϕ(x⃗ , t) =
σ(r)√

2
eiωt

Static and isotropic metric:
dτ2 = e2udt2 − e2v {dr2 + r2dθ2 + r2 sin2 θdφ2}
Klein-Gordon equation:

e−2v
{
σ′′ +

(
u′ + v ′ +

2
r

)}
+ ω2e−2uσ − m2σ = 0

Einstein equations:

2v ′′ + v ′2 +
4v ′

r
= −8πGe2v

{
e−2u ω

2σ2

2
+ e−2v σ

′′

2
+

m2σ2

2

}
u′′ + v ′′ + u′2 +

1
r
(u′ + v ′) =

8πG
{

e2v
[
e−2u ω

2σ2

2
− e−2v σ

′′

2
− m2σ2

2

]
+ ρbaryon

}
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Galaxy Rotation Curves (2)

Resolution → discrete number of solutions, i.e. fundamental and
excited states of a Bose-Einstein condensate

To ensure stability, we
consider only the
fundamental and

less-energetic state,
n=0

Newtonian limit: ω2 ≈ m2 → P ≈ (ω2 − m2)σ2 ≈ 0

Rotation curves obtained with: v2(r) = r
∂

∂r
Φgrav (r) = rc2u′(r)
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Galaxy Rotation Curves (3)

Universal Rotation Curves
(Persic, Salucci & Stel)

The favoured mass is around
10−23 eV!

→ No cuspy halos, smooth profiles → Fuzzy !!
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Cosmological Behaviour
Friedmann-Lemaı̂tre Universe with radiation and scalar field

Internal rotation: ϕ(t) =
σ(t)√

2
eiθ(t)

Friedmann equation: 3H2 = 8πG(ργ + ρϕ)

with ρϕ =
1
2

{(
dσ
dt

)2

+

(
dθ
dt

)2

σ2 + m2σ2

}

Klein-Gordon equation:


d2σ

dt2 +
3
a

da
dt

dσ
dt

+ m2σ −
(

dθ
dt

)2

σ = 0

d2θ

dt2 σ +
3
a

da
dt

dθ
dt

σ + 2
dθ
dt

dσ
dt

= 0

The field has an adequate matter behaviour since recombination!
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About 20 years later...



Fuzzy Dark Matter has become a hot topic!



Fuzzy dark matter simulations
S. May, V. Springel, arXiv:2101.01828
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On my side: Unifying scalar fields, my favourite hobby!
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Thank you very much, Pierre !



Bonne retraite et bonne chasse
(à la matière noire) !






