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Total derivative in a Lagrangian
versus

improvement of a conserved Noether current
F. Gieres (IP2I, Université de Lyon 1)
Subject (concerns classical relativistic field theory in n-dimensional

Minkowski space-time M = R") :
Total derivative in a Lagrangian : L1(¢, Oup) = OuA (@)

(Locally) conserved Noether current (j#) : 9,3" = 0

(Notation & for an on-shell equality)



[. Reminder on conserved current densities (j#) :

P e~gt+  0,BF  + tH where BPF = — BHP
N

N——
superpot. term

~ ()

0,(0,B"") =0  (identically conserved)

- Thus :
For two equivalent currents ( jf ), ( jg ) 3;5]'5 ~ C‘MS

- Hence :

(j{b ) is on-shell conserved <= ( jg ) is on-shell conserved



Addition of (%BW + t" . improvement of jH
"~

N——
superpot. term

~ ()



Mlustr. 1 : EMT of free electromagnetic field (n = 4)

1

Lagrangian : L = 7 FFYE,,,  with Fy, = 0,A,—0, A,
1
Canonical EMT : Tlan = —FMPO" A, + 1 nt" FP? Fpy

- Rewrite the first term

N——
= FV )+0,A"
- Rewrite the last term by using the Leibniz rule :
—FPPO,AY = 0,)(—FHPAY) + (0,FHP) A”

TV VO

superpot. term ~ ()




Thus :

1
Tlan ~ FFPE)Y + T FP Fpo [Minkowski 1908

Improved EMT : gauge invariant, symmetric, traceless



Illustration 2 : Scale invariance for a free massless
real scalar field in n dimensions

Action : Slo| = /M d'z L = %/M d"z (0"')(0,0)

Translation invariance ~» Tl = OHp 0" — nH" L

[nvariance of action under scale transformations (p € R)

— 2
v’ =elx, gb/(x’) =e P dgb(x) ., with d= r

~+ canonical dilatation current : GE L = x, T +d oMo,



Trace of canonical EMT

2 _
Thu = = D (0M¢)(0ud) £ 0 unless n =2




Improved dilatation current jgonf
[mproved EMT Téggf (= traceless on-shell) :

- v
f _VTM

L4
]conf =&

conf Tconf,u

hence | 0~ 95"

2

C. Callan, S. Coleman, R. Jackiw [1970] : With &, = § 2=%

¢
i = Gl + €0, | (107 — 2P0M) 7

TH = TE — &, (0"0Y — n*0)¢?

conf —



[I. Adding a total derivative to the Lagrangian :
Integration by parts :

! / 'z (0,6) (0") = — / P $ O / 2 9y, (6 9)
2 Jus 2 Jus 2 Jus N/
ox OF 2
~ Consider
Lr=0,k" |, with | K= —c0M¢* | (£€R)

Associated dilatation current :
ji = 0,BP* with = BPF = 2PkH — oHEP

Associated EMT :
wa = —0px"H with | xP*Y = kPptY — EFpP”




One recovers the expressions of CCJ tfrom £ + £ with the

ho
cliolce 1n — 9

§:§n51n—1




[1I. Another example : |F. Delduc|

For certain (deformed) two-dimensional sigma models the
addition of a certain total derivative to the Lagrangian al-
lows us to have an improved current which satisfies the zero
curvature condition (and thereby allows to establish the in-
tegrability of the models).

[V. General relation between a total derivative in
the Lagrangian and improvements of conserved
currents

V. Other examples???



