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José Luis Romero

University of Vienna
and Austrian Academy of Sciences



Bandlimited functions
The Paley-Wiener space:

PW(R) :=
{
f ∈ L2(R) : supp(f̂ ) ⊆ [−1/2, 1/2]

}
, f̂ (ξ) =

∫
R
f (x)e−2πixξdx

For f ∈ PW(R): ∥f ∥2 =
∥∥f|Z∥∥2

Theorem (Shannon)

Sampling: ∥f ∥22 ≍
∑
k∈Z

|f (αk)|2 (f ∈ PW(R)) ⇐⇒ α ≤ 1

Interpolation: ∀a ∈ ℓ2(Z), ∃f ∈ PW(R) : f (αk) = ak ⇐⇒ α ≥ 1

• Shannon, 1949, Proceedings of the Institute of Radio Engineers
• Kotelnikov, Whittaker, ...

• Bandwidth = information content
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The density theorems for bandlimited functions
PW(R) := {f ∈ L2(R) : supp(f̂ ) ⊆ [−1/2, 1/2]}

Theorem (Beurling, Duffin-Schaeffer, 50s’)

Let Λ ⊆ R be separated.

Then

D−(Λ) > 1 ⇒ ∥f ∥22 ≍
∑
λ∈Λ

|f (λ)|2 (f ∈ PW(R)) ⇒ D−(Λ) ≥ 1

D+(Λ) < 1 ⇒ ∀a ∈ ℓ2(Λ), ∃f ∈ PW(R) : f (λ) = aλ ⇒ D+(Λ) ≤ 1
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− Captures long-range effects (compensations)
− Bandwidth = # information
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The density theorems for Bargmann-Fock spaces
F(C) :=

{
f : C → C analytic : ∥f ∥2 =

∫
C |f (x + iy)|2e−π(x2+y2) dxdy < ∞

}

Theorem (Seip, Wallstén, 1992)

Let Λ ⊆ C be separated. Then

D−(Λ) > 1 ⇐⇒ ∥f ∥2 ≍
∑
λ∈Λ

|f (λ)|2 e−π|λ|2 (f ∈ F)

D+(Λ) < 1 ⇐⇒ ∀a ∈ ℓ2
(
Λ, e−π|λ|2), ∃f ∈ F : f (λ) = aλ

D−(Λ) = lim inf
R→+∞

inf
z∈C

1

πR2
#
(
Λ ∩ D(z ,R)

)

D+(Λ) = lim sup
R→+∞

sup
z∈C

1

πR2
#
(
Λ ∩ D(z ,R)

)
* K Seip, R Wallstén, J. für die Reine und Angew. Math., 1992.
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The density theorems for Bergman spaces

Aα(D) :=
{
f : D → C analytic : ∥f ∥2 =

∫
D |f (z)|2

(
1− |z |2

)α dxdy
(1−|z|2)2 < ∞

}

Theorem (Seip, 1993)

Let Λ ⊆ D be separated. Then

D−(Λ) > 1 ⇐⇒ ∥f ∥2 ≍
∑
λ∈Λ

|f (λ)|2 (1− |λ|2)α (f ∈ Aα)

D+(Λ) < 1 ⇐⇒ ∀a ∈ ℓ2
(
Λ, (1− |λ|2)α

)
, ∃f ∈ Aα : f (λ) = aλ

D−(Λ) = lim inf
R→1

inf
z∈D

1

log
(

1
1−R

)α−1
2

∑
λ: 1

2
<| λ−z

1−λz̄ |<R

log

∣∣∣∣1− λz̄

λ− z

∣∣∣∣

D+(Λ) = lim sup
R→1

sup
z∈D

1

log
(

1
1−R

)α−1
2

∑
λ: 1

2
<| λ−z

1−λz̄ |<R

log

∣∣∣∣1− λz̄

λ− z

∣∣∣∣
* K Seip, Beurling type density theorems in the unit disk, Invent. Math., 1993.



The density theorems for Bergman spaces

Aα(D) :=
{
f : D → C analytic : ∥f ∥2 =

∫
D |f (z)|2

(
1− |z |2

)α dxdy
(1−|z|2)2 < ∞

}
Theorem (Seip, 1993)

Let Λ ⊆ D be separated. Then

D−(Λ) > 1 ⇐⇒ ∥f ∥2 ≍
∑
λ∈Λ

|f (λ)|2 (1− |λ|2)α (f ∈ Aα)

D+(Λ) < 1 ⇐⇒ ∀a ∈ ℓ2
(
Λ, (1− |λ|2)α

)
, ∃f ∈ Aα : f (λ) = aλ

D−(Λ) = lim inf
R→1

inf
z∈D

1

log
(

1
1−R

)α−1
2

∑
λ: 1

2
<| λ−z

1−λz̄ |<R

log

∣∣∣∣1− λz̄

λ− z

∣∣∣∣

D+(Λ) = lim sup
R→1

sup
z∈D

1

log
(

1
1−R

)α−1
2

∑
λ: 1

2
<| λ−z

1−λz̄ |<R

log

∣∣∣∣1− λz̄

λ− z

∣∣∣∣
* K Seip, Beurling type density theorems in the unit disk, Invent. Math., 1993.



The density theorems for shift-invariant spaces
Vg (R) :=

{
f (x) =

∑
k∈Z ckg(x − k) : c ∈ ℓ2(Z)

}
, g : R → C smooth and decaying
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− Bandlimited functions: when g(x) = sinc(x) = sin(πx)
πx , then Vg (R) = PW(R)

− g may decay fast ⇒ better truncation error

− Moral bandwidth 1
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Theorem (Gröchenig, R-, Stöckler, 2018)

Let ĝ(ξ) = e−aξ2/p(ξ), p ∈ C[ξ] with only imaginary zeros and
Λ ⊆ R separated. Then

D−(Λ) > 1 ⇒ ∥f ∥22 ≍
∑
λ∈Λ

|f (λ)|2 (f ∈ Vg (R)) ⇒ D−(Λ) ≥ 1

D+(Λ) < 1
⇒

(for p ≡ 1) ∀a ∈ ℓ2(Λ), ∃f ∈ Vg (R) : f (λ) = aλ ⇒ D+(Λ) ≤ 1

* Gröchenig, K., Romero, J. L., Stöckler, J. Invent. Math., 2018
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Totally positive functions of Gaussian-type
(Schönberg, 1950’s)

Unlike sin(πx)
πx , g decays exponentially

ĝ(ξ) = e−ξ2 (1 + 0.5πiξ)−1(1 + 1.1πiξ)−1(1 + 1.25πiξ)−1(1 + 2.5πiξ)−1

* Gröchenig, K., Romero, J. L., Stöckler, J. Invent. Math., 2018
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#{z ∈ Br (0) : f (z) = 0} ∼ 2r

f ∈ Vg (R) : |f (x + iy)| ≤ Ceay
2

#{z ∈ Br (0) : f (z) = 0} ∼ a
π
πr 2

* Gröchenig, K., Romero, J. L., Stöckler, J. Invent. Math., 2018



The density theorems for shift-invariant spaces
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Disconnected spectra

PWΩ :=
{
f ∈ L2(R) : supp(f̂ ) ⊆ Ω

}
, with Ω ⊆ R be compact and |Ω| = 1

Which sets Λ ⊆ R have

the sampling property: ∥f ∥22 ≍
∑

λ∈Λ |f (λ)|
2 , f ∈ PWΩ

or ?
the interpolation property: ∀a ∈ ℓ2(Λ), ∃f ∈ PWΩ : f (λ) = aλ
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}
, with Ω ⊆ R be compact and |Ω| = 1
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the sampling property: ∥f ∥22 ≍
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λ∈Λ |f (λ)|
2 , f ∈ PWΩ

or ?
the interpolation property: ∀a ∈ ℓ2(Λ), ∃f ∈ PWΩ : f (λ) = aλ

Relevance in telecommunications

Multi-band spectra: union of intervals
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the interpolation property: ∀a ∈ ℓ2(Λ), ∃f ∈ PWΩ : f (λ) = aλ

Soft theorems:

D−(Λ) > C ⇒ sampling on PWΩ ⇒ D−(Λ) ≥ c

D+(Λ) < c ⇒ interpolation on PWΩ ⇒ D+(Λ) ≤ C

Precise results with c = C = 1 ?

Beurling’s problem: Sampling ⇒ D−(Λ) ≥ 1, interpolation ⇒ D+(Λ) ≤ 1
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Disconnected spectra

Theorem (Landau, 1967)

Let Ω ⊆ R be compact with |Ω| = 1, and Λ ⊆ R arbitrary. Then

∥f ∥22 ≍
∑

λ∈Λ |f (λ)|
2 (f ∈ PWΩ) =⇒ D−(Λ) ≥ 1

∀a ∈ ℓ2(Λ), ∃f ∈ PWΩ : f (λ) = aλ =⇒ D+(Λ) ≤ 1

* H. Landau, Necessary density conditions for sampling and interpolation of certain entire functions, Acta Math., 1967
* H. Landau, Sampling, data transmission, and the Nyquist rate, Proc. IEEE, 1967
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∥f ∥22 ≍
∑

λ∈Λ |f (λ)|
2 (f ∈ PWΩ) =⇒ D−(Λ) ≥ 1

∀a ∈ ℓ2(Λ), ∃f ∈ PWΩ : f (λ) = aλ =⇒ D+(Λ) ≤ 1

Examples matching the benchmark?

Theorem (Matei, Meyer, 2009/2010)

Let Ω ⊆ R be compact with |Ω| = 1, and Λ a simple quasicrystal. Then

D−(Λ) > 1 =⇒ ∥f ∥22 ≍
∑
λ∈Λ

|f (λ)|2

D+(Λ) < 1 =⇒ ∀a ∈ ℓ2(Λ), ∃f ∈ PWΩ : f (λ) = aλ

Ex. Λ = {k + {αk} : k ∈ Z}, α irrational, D−(Λ) = D+(Λ) = 1

* Matei, Meyer, Rev. Mat. Iberoam., 2009
* Matei, Meyer, Complex Var. Elliptic. Eq, 2010, * Olevskii, Ulanovskii, Geom. Funct. Anal, 2008
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Repulsive point processes



The planar Coulomb gas

Random configuration of points {ζ1, . . . , ζn} ⊆ C from the Boltzmann-Gibbs
distribution:

P β
n (ζ1, . . . , ζn) ∝ exp

(
−β

[∑
j ̸=k log

1
|ζj−ζk | + n

∑n
j=1Q(ζj)

])
• Q : C → R is the external potential (large at ∞)

Confines the configuration to a compact region
Model case: Q(z) = |z |2

• β > 0 is the inverse temperature
High temperature (small β) ⇒ more disorder
Low temperature (β = β(n) −→ ∞) ⇒ more order

• Frozen gas: β = ∞ ⇒ Fekete sets



Warm temperature: β = 1

Q(z) = |z |2 β = 1 n −→ ∞



Very low temperature: β ≫ 1

Q(z) = |z |2 Q(z) = |z |4



The planar Coulomb gas at macroscopic scale

Random configuration of points {ζ1, . . . , ζn} ⊆ C from the Boltzmann-Gibbs
distribution:

P β
n (ζ1, . . . , ζn) ∝ exp

(
−β

[∑
j ̸=k log

1
|ζj−ζk | + n

∑n
j=1Q(ζj)

])
Particles concentrate on a certain compact set S called droplet
With density ∆Q

Equilibrium theorems (Frostman + Johansson)
There exists a compact set S , called droplet, such that

E
[
1
n

∑n
k=1 f (ζk)

]
−→

∫
S f ·∆Q, f continuous and bounded

Microscopics: scale 1/
√
n

Freezing regime: β = βn → ∞ (at which rate?)
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High versus low temperature, Q(z) = |z |2

β = 1 β ≫ 1



Separation of Coulomb gases at low temperature

Draw {ζn,1, . . . , ζn,n} from Boltzmann-Gibbs

Theorem (Ameur, R-, 2022)

[Q smooth, ∆Q > 0 near ∂S , ∂S smooth and finitely many components, ...]

β = βn ≥ C log n

Then, almost surely:

lim inf
n

√
n · inf

k ̸=j
|ζn,k − ζn,j | ≥ c

where c = c(Q,C ) > 0 is deterministic

* Y. Ameur, J. L. Romero, Rev. Mat. Iberoam., 2022

For β = ∞:
- Ameur and Ortega-Cerdà, J. Funct. Anal. 2012;
- Rota Nodari and Serfaty, IMRN, 2015;
- Lieb,E.H.,Rougerie,N.,Yngvason,J, Comm. Math. Phys., 2019;

For β < ∞,
- Ameur, Comm. Math.Phys., 2018;

- Armstrong and Serfaty, Ann. Prob., 2021
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Equidistribution of Coulomb gases at low temperature
Select zooming point pn ∈ C

D = lim
L→∞

lim
n→∞

#
{
k : |ζn,k − pn| < L/

√
n
}

πL2

Theorem (Ameur, R-, 2022)

[Q real analytic, ∆Q > 0 near S , S regular and connected, ...]

β = βn ≥ C log n

Then, almost surely, simultaneously for all zooming sequences,
(Bulk regime) If lim

√
n dist(pn,C \ S) = ∞

then D = ∆Q(lim pn)

(Boundary regime) If lim sup
√
n dist(pn, ∂S) < ∞

then D = 1
2∆Q(lim pn)

* Y. Ameur, J. L. Romero, Rev. Mat. Iberoam., 2022
- Relies on: Hedenmalm, H., Wennman, A., Acta Math., 2021
For β = ∞:
- Ameur and Ortega-Cerdà, J. Funct. Anal. 2012;
- Rota Nodari and Serfaty, IMRN, 2015 (bulk);
For β < ∞;
- Armstrong and Serfaty, Ann. Prob., 2021 (bulk)
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Random sampling and interpolation of weighted polynomials

Wn(C) =
{
f (z) = q(z) · e −nQ(z)/2 : deg(q) ≤ n − 1

}

Theorem (Ameur, R-, 2022)

Let 0 < ε < 1. Then, almost surely, for all n ≫ 1:
(Sampling) ∫

S+D(0,1/
√
n)
|f | 2 ≤ C

nε 2

n∑
j=1

|f (ζn,j)| 2 f ∈ W(1−ε)n(C)

(Interpolation) Given a1, . . . , an ∈ C, there exists f ∈ W(1+ε)n such that

f (ζn,j) = aj , and
∫
C |f | 2 ≤ C

nε 2

∑n
j=1 |aj | 2

(C = C (Q) deterministic, valid for n ≥ n0 with random n0)
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Spectral theory of concentration operators

Basic shape Ω ⊂ C (disk, square, ...)

Ωn = 1/
√
n scaling of Ω, translated by pn in the bulk or boundary of the droplet

Tn(f ) = PWn

(
f · 1Ωn

)
, Wn(C) = {f (z) = q(z) · e −nQ(z)/2 : deg(q) ≤ n − 1}

lim sup
n

∣∣∣{λ ∈ σ(Tn) : λ >} − η∆Q(lim pn) |Ω|
∣∣∣ ≤ ·perim(Ω) (1)

Bulk case: η = 1
Boundary case η = 1/2
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Dimension 1

pβn (x1, . . . , xn) ∼
∏

k<j |xk − xj |βe−n β
2

∑n
j=1

1
2
x2j

Theorem (Ameur, Marceca, R-)

βn ≳ log n is necessary and sufficient for the following to hold almost surely:
• (Bulk) For every x ∈ (−2, 2),

D(x) = lim±
L→∞ lim±

n→∞
#
[
B(x , L/n)

]
2L

= 1
2π

√
(4− x2)+

• (Boundary) For x = ±2

D(x) = lim±
L→∞ lim±

n→∞
#
[
B(x , (L/n)

2
3 )
]

L
=

2

3π

lim± = lim sup or lim inf. Moreover, the limits in L are uniform.

• Sufficiency: sampling and interpolation of weighted polynomials
• Necessity: Ledoux and Rider; Holcomb, Valkó; Valkó, Virag
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pβn (x1, . . . , xn) ∼
∏

k<j |xk − xj |βe−n β
2

∑n
j=1

1
2
x2j

Theorem (To compare)

For fixed βn = β and each ε > 0
• (Bulk) For every x ∈ (−2, 2),

D(x , ε) = lim±
L→∞ lim±

n→∞
#n

[
B(x , Lnε/n)

]
2Lnε

= 1
2π

√
(4− x2)+

• (Boundary) For x = ±2

D(x , ε) = lim±
L→∞ lim±

n→∞
#n

[
B(x , (Lnε/n)

2
3 )
]

Lnε
=

2

3π

lim± = lim sup or lim inf.

* P. Bourgade, L. Erdös, Duke Math. J., 2014.

* P. Wong. Comm. Math. Phys., 2012.



Dimension 1

pβn (x1, . . . , xn) ∼
∏

k<j |xk − xj |βe−n β
2

∑n
j=1

1
2
x2j

Theorem (Ameur, Marceca, R-)

Under βn ≳ log n, almost surely:

• (Separation) With σn(x) = max{σ(x), n−
1
3 },

lim inf
n→∞

min
j ̸=k

{nσn(xj) · |xj − xk |} ≥ s0 > 0

• (Bulk) For every yn → x ∈ (−2, 2),

lim sup
n→∞

∣∣∣#[
B(yn, L/n)

]
− 2σ(x)L

∣∣∣ ≤ D log2 L

• (Boundary) For x = ±2,

lim sup
n→∞

∣∣∣#[
B(x , (L/n)

2
3 )
]
− 2

3πL
∣∣∣ ≤ DL

4
5 log

1
5 L



Very low temperature: β ≫ 1

Q(z) = |z |4 − 2√
2
Re(z2) Q(z) = |z |6 − 2√

5
Re(z3)


