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Joseph Fourier
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« Any » signal can be decomposed into (or
represented with) complex exponentials
(i.e., sines and cosines)

e ¢ (t) _ 672277]"75

X(f)

Fourier transform



« Any » signal can be decomposed into (or
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Any « harmonic » signal is
efficiently decomposed
into Fourier modes
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« Any » signal ?

noise pulse chirp




« Any » signal ?

noise pulse chirp
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« |[f we consider a fragment [of music]
containing many components (which
is the least that one should ask) and
one note, /a (A) for example, appears
once in the fragment, the harmonic
analysis will present us with the
amplitude and the phase of the
corresponding frequency, without
locating the time point of the /a. And
yet, it is obvious that in the course of
the fragment there will be instants
were the /a will not be heard.
Nevertheless, the representation is
mathematically correct, because the
phase of the notes near the /a acts to
destroy this note by interference
when /a is not heard, and to reinforce
it, also by interference, when it is
heard; but if there exists in this
concept a cleverness which doses
justice to mathematical analysis,
there Is also a distortion of reality; in
fact, when /a is not heard, the true
reason Is that /a is not emitted. »

J. Ville (1948)



Fourier 2.0

Boulez
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Joint representation based on a Fourier pair of variables

Analogy (t, f) «— (¢, p)

time-frequency position-momentum

« Phase-space » description

Interplay signal theory quantum mechanics



atomic decompositions



Time, frequency

Shannon
1948

Fourier

/m(t) 0t(to) dt = x(to) = /X(f) er(to) df 1822




Time, frequency, and time-frequency

Shannon
1948

[ e bttt = att0) = [ X(1es(to)a

// Mot fl)I b (t) dt df

a
| & ;.
P ,£
(H"f"@
o ~’...’"

22\

A%
gl

Gabor
1946

Fourier
1822



Time, frequency, and time-frequency

Shannon
1948

Fourier

/m(t) 0¢(to) dt = x(to) = /X(f) er(to) df 1822

/ / Aot £) huy(to) dt df X(f) = (z,e5)




Exploring the plane with time-frequency shifts

/ H hip(s) = (Teph)(s) = h(s —t) pt2mfs
—7

4

Fh(t, f) = / () (s — ) e 2o ds  —  Sh(t ) = [Et, 1)

| 2

short-time Fourier transform spectrogram



Exploring the plane with time-frequency shifts

II 127 T[S
/ he(s) = (Tigh)(s) = h(s — t) e
Fitf) = s W (s - ds — Shf) = [P
short-time Fourier transform spectrogram
h=g II A
Q-function

Husimi
1940



Exploring the plane with time-frequency shifts

/.-

4
Fli(t, f) = /x(s) h*(s —t)e 2™/5 dsg

short-time Fourier transform

No perfect time-frequency localization

1 &
Aty Afy, > — (
h fh_47T A

ﬁ,\» - Heisenberg
e 1925

hip(s) = (Tish)(s) = h(s — 1) o127 s

|2

— Skt f) = |FM¢t, f)

spectrogram .
h=g [ AtyAfy=—
Q-function
Husimi
1940

Fl(t.f) = / / DBt f = f)| FR, f) dt df

reproducing kernel



Exploring the plane with time-scale moves

A

fO_\

Via(s) = (Asa®)(s) =

1
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Grossmann

Exploring the plane with time-scale moves

Morlet
1984

fo_/\! V1a(s) = <Amw><s> - v ()=t

AY(t, a) f/ (H) ds  — OY(t,a) = |AL(t,a)

wavelet transform scalogram




Grossmann

Exploring the plane with time-scale moves

Morlet
1984

p Pra(s) = <Amw>(s> — — (‘“’f) L fo

Jo \ — \/7 f
Meyer
1985
¢ 2
A (t,a) / <S ) ds — @;p(t’a) = ‘Aﬁf(t,a)}
f
wavelet transform scalogram
As compared to STFT

® No perfect time-frequency localization either
® Reproducing kernel
® Better discretization properties



Exploring the plane with time-scale moves

e U 7

AY(t a) = % /:z:(s) " (S = t) ds

wavelet transform

As compared to STFT

® No perfect time-frequency localization either
® Reproducing kernel
® Better discretization properties

/I Pra(s) = (Apa®)(s) = — ( _ t) q= 0

Grossmann

Morlet
1984

Meyer
1985
| 2

—3 @w(tv a) = ‘A;:p(tv a)

scalogram

.wavelet
tour

of signal processing

The Sparse Way

Mallat
1998
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Effective systems

Koenig
1867

Fiz. 116 (h. = 0=,90) (X» 2
212, Aunalyseur du (imbre des sons i flammes mmumélllquu, avee Lirésonaleurs
universels (g, 4A6) sl e 5 4 e i i s e o 630 fr.
Manometric flame Analvser for the tml]Jt r-t \,mmrlw \\1II| !ci universal resona-
tors.

sound analyzer



Effective systems

EFELLOCNE,

Fir. 116 (h. = 0=,90) (N» 242),

212, Aunalyseur du timbre des sons i flammes manométrviques, avee L résonaleurs

universels (fig. 116)

6350 fr.

Manometric flame Analvser for the timbre of sounds, with 14 universal resona-

tors.

sound analyzer

Potter et al.
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magnetic
disk
\'-,__ — T l,
tumtable head
\L heterodyne
frequency
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amplifier

sonagram



Effective systems

Potter et al.
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disk i
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frequency
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amplifier

EFELLOCNE,

Fir. 116 (h. = 0=,90) (N» 242),

212, Aunalyseur du timbre des sons i flammes manométrviques, avee L résonaleurs

universels: (Ao 446) coriin W 0 6 e i s 4 5 B G e s e s b ow e o 6 s G50 fr.
Manometric flame Analvser for the timbre of sounds, with 14 universal resona-
tors.

sound analyzer sonagram
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Idealized systems

Rihaczek
5B . 1968

oT

t+86T )2 F+6B/2 |
Roftf)i= tim oo [ )| [ x(g e g

6T 6B—0 01T 0B J,_51/9 f—6B/2




Idealized systems

Rihaczek
5B . 1968

oT

t+86T )2 F+6B/2
Roftf)i= tim oo [ )| [ x(g e g

6T 6B—0 01T 0B J,_51/9 f—6B/2

Ry (t, f) = z(t) X*(f) e~ ™"

Rihaczek complex energy density function



Idealized systems

Rihaczek
5B . 1968
0T
R.(t, f) ==

1 t—|—5T/2 f—|—5B/2 '
lim / x(s) / X (€)™ d¢
t

ST 6B—0 01 08B

—5T/2 f—86B/2

Ry(t, f) = x(t) X*(f) e
Rihaczek complex energy density function

(a.k.a. Margenau-Hill distribution)

A
?“'\ @

e

M ok

Margenau
1961

ds



covariance principles



Energy distributions

/] ST,;HJ dtdf = |z
/ / R,(t, f) dtdf = |z



Energy distributions

/] Sh,htugf dt df = |’
/ / R,(t, f) dtdf = |z

o(t) > palt ) ste [ [ palts Pt = ol



Energy distributions

/] Sﬁhtuf dt df = |’
/ / R,(t, f) dtdf = |z

o(t) > palt, ) st | [ ot 1) dedf =]
Sesquilinearity
poltof) = [ [ (st 1) ats) () dsds

with / K(s,s';t, f)dtdf = (s —s") for energy



Going further



Going further

r(t) — pa(t, f)
| | ~
(Gz)(t) — paz(t, f) = (Gpg)(t, f)

Covariance w.r.t. time-frequency shifts

G =Ty = 3Ko | K(s,8s1, f) = Ko(s —t,s' —t) e T (=)

'

px(tv f) — Ox(ta f; gp)

—

Cohen’s class

with (&, 7) := /KO (t + =, — %) e ~V2TEL (It



Special cases

(& 7)=1— W,(t, f) :/x(t+%) x(

Wigner(-Ville) distribution

2



Special cases

oer) =1 — Wt ) = [a (64 7)o (1= ) e ar

Wigner(-Ville) distribution

y Wigner
11932

« This expression was
found by L. Szilard
and the present author
some years ago for
another purpose. »



Special cases

o(&,7) =1 HWx(t,f):/x(thT

o(¢,7) = €™ — Ry(t, f)



Special cases

den =1 = [o(13) (- ) e

(€, 1) =™ — R, (t, f)

o7 = [ [ Wt et dnap — slie, )



Special cases

den =10 = [2(i g o (1= 5) o

o(§,7) = €T — Ry(t, f)

(6,7 = / Wa(t, f) 27 €D de df — Sh(t, f)

Kernel / distribution design from constraints

property

kernel distribution

P — —




Special cases

oer) =1 Wt f) = [a(t+3) o (1= 3) eI ar

e — Ry (t, f)

p(&,T)
o(E,7) = / Wa(t, f) 27 €D de df — Sh(t, f)

collection traitement du signal

Temp- f4~menm=nn

Kernel / distribution design from constraints &
FREQUENCY
~ ANALYSIS
property 1999
APPLICATIONS  ~ VOLUME 10"
TIME:S . : 2015
s Time Fre:l:l:r;’(;lyl:elsgsr::LAnalyS|s
kernel distribution g S
T ————— BouaIeE:ri:';:;shash



correlations



Correlation as inner product in the time domain

V2(T) = E{z(t) (T72)" (1)}

Power spectrum as 1D Fourier transform

estimation 4

Lo (f)

/%(7‘) e 21T dr

/w(T) (z, T,x)e ™I dr

stochastic
deterministic



Correlation as inner product in the time domain
Ve (T) = E{a(¢) (Tr2)" (1)}

Power spectrum as 1D Fourier transform

stochastic
C.(f) = /%(7-) eI dr deterministic
estimation
I.(f) = /w(T) (x, Trz) e ™7 dr

From time to time-frequency

(, Trz) — (2, T;)2TT, ) = /w (t + %) x” (t — %) et dt =: A (€,7)

ambiguity function

A

P (f) —> palt, f) = / / o(€,7) Ap(6,7) I G dr = Cu(t, £ )

Cohen’s class



Correlation as inner product in the time domain
Ve (T) = E{a(¢) (Tr2)" (1)}

Power spectrum as 1D Fourier transform

stochastic
C.(f) = /%(7-) eI dr deterministic
estimation
I.(f) = /w(T) (x, T,x)e ™7 dr

From time to time-frequency

(1. o) — (0, oo TeTop) = [ (14 5) 0 (1= ) @€t = Au(e, )

ambiguity function

no Weight —> Pz (t, f) — // Am(g, ’7') ei27r[t£+f7] dé’ dT = Wx(t, f)

Ville
1948



probability



Quasi-probability distribution functions

[l dt - 1= [1x)E ar

0 J s px(f)

Marginals /px(t,f) dt = px(f) ; /px(t, f)df = pz(t)




Quasi-probability distribution functions

O 1= [1X(oP

- J s px(f)

Marginals / oult, ) dt = px (f) / pu(t, ) df = pa(t)

Bayes pa(t, ) = px(tlf) px (f) = px (ft) pa(?)

Bayes
1763



Quasi-probability distribution functions

O 1= [1X(oP

- J s px(f)

Marginals / oult, ) dt = px (f) / pu(t, ) df = pa(t)

Bayes pw(ta f) — pw(t‘f) PX (f) — ,OX(f’t) paz(t)
1st order local moments 537}/6638
t)df = ! t d r) 1= L d t
[ 1ox(0dr = — [ Fpult Nl = 1u(t) = 55 axga(t)

iInstantaneous frequency



Quasi-probability distribution functions
[la@P =1~ [ x(HP
1
pu(t, f) dt df
px(t) / / px (f)

Marginals / oult, ) dt = px (f) / pu(t, ) df = pa(t)

Bayes pw(ta f) — pw(t‘f) pX(f) — ,OX(f’t) paz(t)
1st order local moments 8137}/6?
t)df = ! t d r) = L d t
[ 1oxt0dr = — [ £pult Nl = 1u(t) = 55 axga(t)

iInstantaneous frequency

Cohen’s class conditions

Wigner vy~
A(60) = p(0.1) = 1 220.7) = 200 =0 | speotro X
Rihaczek v~



quantum operators



Back to analogy (t, f) <— (q,p)

time-frequency position-momentum

Quantization

G(t,f) — G(T,F)

with (Tz)(t) =txz(t) ; (Fa)(t) = 1 dw(t)

27 dt




Back to analogy (t, f) «— (q,p)

time-frequency position-momentum

Quantization

G(t,f) — G(T,F)

with (Tz)(t) =tx(t) ; (Fa)(t) = 1 dx(t)

27 dt

'T,F]:= TF — FT = A I

1
27T

non-commuting operators



Back to analogy (t, f) «— (q,p)

time-frequency position-momentum

Quantization

G(t,f) — G(T,F)

1 dx

with (Tx)(t) =ta(t) ;  (Fa)(t) = —— —(t)

T,F]:=TF - FT = - I

Observables

@), = / (Gar)(8) 2 (1) dt = / / G(t, ) palt, ) dt df

« quantum » « classical »



Analogy (t, f) «— (q,p)

time-frequency position-momentum

Quantization

G(t,f) — G(T,F)

1 dx

with (Tx)(t) =ta(t) ;  (Fa)(t) = —— —(t)

T,F]:=TF - FT = - I

Observables

@), = / (Gar)(8) 2 (1) dt = / / G(t, ) palt, ) dt df

« quantum » « classical »

no unicity

I ——

« correspondence rule » « quasi-probability distribution »



Correspondence rules within Cohen’s class

Glt.f) — Go(T.F) = [ [ o) g(6m) €™ dtay



Correspondence rules within Cohen’s class

Glt.f) — Gu(T.F) = [ [ o6 g(6r) €™ dtay

Moments "
k
9~k Z ( )Tk_mFle if o, 7)=1 Wigner
m
m=0
k ¢l | - Ik . .
" — > (T F'"+FT ) if (&, 7) = cosmET Re{Rihaczek)
— Lo [TkH FZH] if (&, 7) = S TET Born-Jordan
(k+ 1)L+ 1) ’ PAS TET



Correspondence rules within Cohen’s class

Glt.f) — Gu(T.F) = [ [ o6 g(6r) €™ dtay

Moments "
k
9~k Z ( )Tk_mFle it o0&, 7)=1 Wigner
m
m=0
1
thfl—s 5 (T*F' + F'T") it (&, 7) = cosméT Re{Rihaczek}
— L2 [TkH FZH] if (&, 7) = S TET Born-Jordan
(k+1)(l+1) ’ PAS TET
Kernels

(o)1) = [ (8. a(s) ds

o6, 1) = 1= (t,9) =7 (5t =)

Weyl quantization

Weyl
1928



geometry



%

Unitarity // pz(t, f) py(t, f)dtdf = |/aj(t) Y™ (t) dt
4

[o(7,€)| = 1 within Cohen’s class

Moyal
1949



Unitarity / / 0t £) o2t f) dt df = | / o (1) 5 (1) dt
U

[o(7,€)| = 1 within Cohen’s class

Moyal
1949

Generalized marginals

//pa; (t, ) 6(t — to) dt df = |/ 0(t — to) dt = |z(to)|7
pulse

[ [ att )55 o) dar = |/ ezt | — X (fo)
tone

2

/ // ,033 t f fo—l—ﬁt dtdf |/ —127r(fot+5t2/2) At

linear « chirp »




Unitarity / / 0t £) o2t f) dt df = | / o (1) 5 (1) dt
U

[o(7,€)| = 1 within Cohen’s class

Moyal
1949

Generalized marginals

//pa;tf (t — to) dtdf = |/ 5(t — to) dt
[ [ pattp)a(s  fo)aes - |/ ) emiznfot gg|

_— / / px(t, f)O(f = (fo + Bt)) dt df = | / ) e~ i2m ot A1) gy

Radon transform

= |z(to)|"

= |X(fo)I”

2

Wigner 9
g O7I Bertrand’s

T 1983




Displacement D, ; = 2" T—F)

Parity (Ix)(t) = 2(—t) ; (IIX)(f) = X(—f)
!

Symmetry We(t, f) =2(Dy ;TID ;4 ), Grossmann

Royer
1977




27 (fT—tF)

Displacement D;,s=ce
Parity (Mz)(t) = z(~t) ; (IIX)(f) = X(—=f)
)
Symmetry Wa(t, f) =2(Dyy IID_4 _y)s it

Royer
1977

A companion perspective

Walt, ) //W <t+ f+§> (t——f—§>dnz§

Janssen
1981
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Parity (Mz)(t) = z(=t) ; (IX)(f) = X(=f)
I =

Symmetry We(t, f) = 2<Dt,f HD—t,—f>a:

" Grossmann
| 1976

Royer
1977

A companion perspective

We(t, f)I? //W <t+ ,f+§) (t—%,f—g

Janssen
1981
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Parity (Mz)(t) = z(=t) ; (IX)(f) = X(=f)

Symmetry We(t, f) = 2<Dt,f HD—t,—f>w

- Grossmann
| 1976

Royer
1977

A companion perspective

W (t, )| //W <t+ ,f+§) (t——f—

Janssen
1981
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Parity (Mz)(t) = z(=t) ; (IX)(f) = X(=f)

Symmetry We(t, f) = 2<Dt,f HD—t,—f>w

- Grossmann
| 1976

Royer
1977

A companion perspective

W (t, )| //W <t+ ,f+§) (t——f—

Janssen
1981
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- " Grossmann
| 1976

Royer
1977

A companion perspective
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Parity (Mz)(t) = z(=t) ; (IX)(f) = X(=f)

Symmetry We(t, f) = 2<Dt,f HD—t,—f>w

- " Grossmann
| 1976

Royer
1977

A companion perspective

W (t, )| //W <t+ ,f+§) (t__,f_

Janssen
1981




Displacement D, ; = ¢?mUTIF)

Parity (Mz)(t) = z(=t) ;  (HX)(f) = X(=f)
¥ 3

Symmetry We(t, f) = 2<Dt,f HD—t,—f>a:

Grossmann
1976

Royer
1977

A companion perspective

W (t, f)I° //W <t+ ,f+§) (t__,f_

Janssen
1981

e central symmetry
e « mid-point rule »
e |ocalization on straight lines




Back to sesquilinearity “(a+b)* = a® +b> +2ab”



Back to sesquilinearity “(a+b)* = a® +b* +2ab”

Wa:c—l—by(ta f) — |CL‘2 Wx(ta f) - ‘b‘Q Wy(t7 f) T QRe{Wx,y(ta f)}

with W, (¢, f) = /5,3 (t i %) Y (t _ %) 12T fT g



Back to sesquilinearity “(a+b)* = a® +b* +2ab”

Wa,:r;—l—by(ta f) — |CL|2 Wx(ta f) - ‘b|2 Wy(ta f) T QRG{WZB,y(ta f)}

« non local » cross-term

with W, (t.0) = [ @ (t+




Back to sesquilinearity “(a+b)* = a® +b* +2ab”

Wa:c—l—by(ta f) — |CL‘2 W:U(ta f) + ‘b|2 Wy(ta f) + QRG{WIE,y(ta f)}

« non local » cross-term

with W, (¢, f) = /5,3 (t i %) Y (t _ %) 12T fT g

From Wigner to Cohen’s class

* similar superposition principle

* «|ocal » cross-terms in the spectrogram case



Back to sesquilinearity “(a+b)* = a® +b* +2ab”

Wawtoy (&, f) = |a|> Wy (¢, f) + [b]> Wy (¢, f) + 2Re{W, ,(t, f)}

« non local » cross-term

with W, (t.0) = [ @ (t+

From Wigner to Cohen’s class

* similar superposition principle

* «|ocal » cross-terms in the spectrogram case

Saxtby(t, f) = lal® Sz (t, f) + b|* Sy (t, f) + 2Re{F,(t, [)E, (¢, f)}



Back to sesquilinearity “(a+b)* = a® +b* +2ab”

Wa:r;—l—by(ta f) — |&|2 W:U(ta f) + ‘b|2 Wy(ta f) + ZRG{WZB,y(ta f)}

« non local » cross-term

with W, (¢, f) = /az (t i g) Y (t . %) 12T fT g l

Cross-terms pros and cons

* impair readability

e reveal coherences

From Wigner to Cohen’s class

* similar superposition principle

* «|ocal » cross-terms in the spectrogram case

Saz-+by(t, ) = |al* Su(t, ) + [b]* Sy(t, f) + 2Re{Fu(t, f)F (¢, f)}
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Revisiting spectrograms with Wigner

Sh(t, f) = //Wx<s,f> Wa(s — t,€ — f)dsde

Reassignment

Kodera
Gendrin

smoothing kernel

de Villedary
1976

Auger

1995
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Revisiting spectrograms with Wigner

Shit, f) = //W EWi(s—t, & — f)dsdeE
smoothing kernel

Reassignment — A mechanical analogy

Su(t, f) = Salt. 1) = // (1= 8(s.€).f — f(s.)) dsadg
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A remark on reassignment, white Gaussian noise, and STFT zeros

Z€ero

Voronoi cell

... more on zeros in other talks ...
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