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« If we consider a fragment [of music] 
containing many components (which 
is the least that one should ask) and 
one note, la (A) for example, appears 
once in the fragment, the harmonic 
analysis will present us with the 
amplitude and the phase of the 
corresponding frequency, without 
locating the time point of the la. And 
yet, it is obvious that in the course of 
the fragment there will be instants 
were the la will not be heard. 
Nevertheless, the representation is 
mathematically correct, because the 
phase of the notes near the la acts to 
destroy this note by interference 
when la is not heard, and to reinforce 
it, also by interference, when it is 
heard; but if there exists in this 
concept a cleverness which doses 
justice to mathematical analysis, 
there is also a distortion of reality; in 
fact, when la is not heard, the true 
reason is that la is not emitted. »


J. Ville (1948)
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Analogy

time-frequency position-momentum

(t, f) ! (q, p)
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« Phase-space » description

Interplay signal theory quantum mechanics
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Joint representation based on a Fourier pair of variables 



atomic decompositions1
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Exploring the plane with time-frequency shifts
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short-time Fourier transform spectrogram
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Idealized systems
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Rihaczek complex energy density function
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Rihaczek complex energy density function

(a.k.a. Margenau-Hill distribution)

Margenau 
1961



covariance principles3



Energy distributions
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Energy distributions
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Sesquilinearity

with for energy
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Special cases

Wigner(-Ville) distribution
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Special cases

Wigner(-Ville) distribution

Wigner 
1932

« This expression was 
found by L. Szilard 
and the present author 
some years ago for 
another purpose. » 
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Kernel / distribution design from constraints

property

kernel distribution
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Correlation as inner product in the time domain

Power spectrum as 1D Fourier transform

estimation
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deterministic
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Z
⇢x(t, f) dt = ⇢X(f) ;

Z
⇢x(t, f) df = ⇢x(t)

<latexit sha1_base64="badauovzO+lsedC7cwCwAH+iHVI="></latexit><latexit sha1_base64="KGgYb+ePJYbYjpszD2Vsc2kPaQU="></latexit><latexit sha1_base64="KGgYb+ePJYbYjpszD2Vsc2kPaQU="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="KfIOr/jfA8RRaW6u3E+6dtmnXJ8="></latexit><latexit sha1_base64="KfIOr/jfA8RRaW6u3E+6dtmnXJ8="></latexit><latexit sha1_base64="+u2UlXjUNBioNlXOZV3XFeQ6PcQ="></latexit><latexit sha1_base64="+u2UlXjUNBioNlXOZV3XFeQ6PcQ="></latexit><latexit sha1_base64="KGgYb+ePJYbYjpszD2Vsc2kPaQU="></latexit><latexit sha1_base64="KGgYb+ePJYbYjpszD2Vsc2kPaQU="></latexit><latexit sha1_base64="KGgYb+ePJYbYjpszD2Vsc2kPaQU="></latexit><latexit sha1_base64="KGgYb+ePJYbYjpszD2Vsc2kPaQU="></latexit><latexit sha1_base64="+u2UlXjUNBioNlXOZV3XFeQ6PcQ="></latexit>

Marginals

⇢x(t, f) = ⇢x(t|f) ⇢X(f) = ⇢X(f |t) ⇢x(t)
<latexit sha1_base64="HhuPIFWgUTAcz46dDJHThQe0ytQ="></latexit><latexit sha1_base64="HSlD6OaknZZbva+DqZoWi+1UPSc="></latexit><latexit sha1_base64="HSlD6OaknZZbva+DqZoWi+1UPSc="></latexit><latexit sha1_base64="i67gmrU7YX/MwcJDHgLKMvODV9E="></latexit>

Bayes
Bayes 
1763



Z
|x(t)|2 dt = 1 =

Z
|X(f)|2 df

<latexit sha1_base64="OqeGFJ9HNeFRg4i02fYwJVkV1EM="></latexit><latexit sha1_base64="s4NkcBM3x9KZJDOaTK3ieHTpIbw="></latexit><latexit sha1_base64="s4NkcBM3x9KZJDOaTK3ieHTpIbw="></latexit><latexit sha1_base64="DL/nrmaZf8yYWalydv38r3lFASs="></latexit> q
<latexit sha1_base64="yxr/O9UO5KY37z7yFDg90Zgnewc="></latexit><latexit sha1_base64="VU+GYR2Lb+w8cua/u1Z8YpZwRlI="></latexit><latexit sha1_base64="VU+GYR2Lb+w8cua/u1Z8YpZwRlI="></latexit><latexit sha1_base64="BE7bJitGEY6Laar19TfO9GGqF3I="></latexit>Z Z

⇢x(t, f) dt df
<latexit sha1_base64="kqsPOJ9RiMPdamIppG7vWZVjfUI="></latexit><latexit sha1_base64="NqZvw1lZo4wiaFAGJboDBc1iuaw="></latexit><latexit sha1_base64="NqZvw1lZo4wiaFAGJboDBc1iuaw="></latexit><latexit sha1_base64="/9AsOvAY0HV5vMbWivZMYbPJyp8="></latexit>

Quasi-probability distribution functions

⇢x(t)
<latexit sha1_base64="CGy7KzdxLXe68+pK68faddl5Qr4="></latexit><latexit sha1_base64="UpVl7ZNfkjMIWttorizfQFx4gyE="></latexit><latexit sha1_base64="UpVl7ZNfkjMIWttorizfQFx4gyE="></latexit><latexit sha1_base64="atHFFA/O4Oxx5+3RdYTRDQQmaTM="></latexit>

⇢X(f)
<latexit sha1_base64="laJGjIg0zvKf0CXBtHs1miCtmf0="></latexit><latexit sha1_base64="q+Nm406wFh3Zhy4bi/ejqGVZ0IA="></latexit><latexit sha1_base64="q+Nm406wFh3Zhy4bi/ejqGVZ0IA="></latexit><latexit sha1_base64="K/1jl8QMvSrMpGXBN/ZNSLTqEuw="></latexit>

Z
⇢x(t, f) dt = ⇢X(f) ;

Z
⇢x(t, f) df = ⇢x(t)

<latexit sha1_base64="badauovzO+lsedC7cwCwAH+iHVI="></latexit><latexit sha1_base64="KGgYb+ePJYbYjpszD2Vsc2kPaQU="></latexit><latexit sha1_base64="KGgYb+ePJYbYjpszD2Vsc2kPaQU="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="KfIOr/jfA8RRaW6u3E+6dtmnXJ8="></latexit><latexit sha1_base64="KfIOr/jfA8RRaW6u3E+6dtmnXJ8="></latexit><latexit sha1_base64="+u2UlXjUNBioNlXOZV3XFeQ6PcQ="></latexit><latexit sha1_base64="+u2UlXjUNBioNlXOZV3XFeQ6PcQ="></latexit><latexit sha1_base64="KGgYb+ePJYbYjpszD2Vsc2kPaQU="></latexit><latexit sha1_base64="KGgYb+ePJYbYjpszD2Vsc2kPaQU="></latexit><latexit sha1_base64="KGgYb+ePJYbYjpszD2Vsc2kPaQU="></latexit><latexit sha1_base64="KGgYb+ePJYbYjpszD2Vsc2kPaQU="></latexit><latexit sha1_base64="+u2UlXjUNBioNlXOZV3XFeQ6PcQ="></latexit>

Marginals

⇢x(t, f) = ⇢x(t|f) ⇢X(f) = ⇢X(f |t) ⇢x(t)
<latexit sha1_base64="HhuPIFWgUTAcz46dDJHThQe0ytQ="></latexit><latexit sha1_base64="HSlD6OaknZZbva+DqZoWi+1UPSc="></latexit><latexit sha1_base64="HSlD6OaknZZbva+DqZoWi+1UPSc="></latexit><latexit sha1_base64="i67gmrU7YX/MwcJDHgLKMvODV9E="></latexit>

Bayes

1st order local moments
Z

f ⇢X(f |t) df =
1

⇢x(t)

Z
f ⇢x(t, f) df ! fx(t) :=

1

2⇡

d

dt
arg x(t)

<latexit sha1_base64="/Drawxcv9zA81rg7GldK56KAXyc="></latexit><latexit sha1_base64="H2oEIOVnkDs7MyDF8axc0/I+BPs="></latexit><latexit sha1_base64="H2oEIOVnkDs7MyDF8axc0/I+BPs="></latexit><latexit sha1_base64="DYzYA5Z3FChNX9fS76o8prPatfg="></latexit>

instantaneous frequency

Bayes 
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Z
|x(t)|2 dt = 1 =

Z
|X(f)|2 df

<latexit sha1_base64="OqeGFJ9HNeFRg4i02fYwJVkV1EM="></latexit><latexit sha1_base64="s4NkcBM3x9KZJDOaTK3ieHTpIbw="></latexit><latexit sha1_base64="s4NkcBM3x9KZJDOaTK3ieHTpIbw="></latexit><latexit sha1_base64="DL/nrmaZf8yYWalydv38r3lFASs="></latexit> q
<latexit sha1_base64="yxr/O9UO5KY37z7yFDg90Zgnewc="></latexit><latexit sha1_base64="VU+GYR2Lb+w8cua/u1Z8YpZwRlI="></latexit><latexit sha1_base64="VU+GYR2Lb+w8cua/u1Z8YpZwRlI="></latexit><latexit sha1_base64="BE7bJitGEY6Laar19TfO9GGqF3I="></latexit>Z Z

⇢x(t, f) dt df
<latexit sha1_base64="kqsPOJ9RiMPdamIppG7vWZVjfUI="></latexit><latexit sha1_base64="NqZvw1lZo4wiaFAGJboDBc1iuaw="></latexit><latexit sha1_base64="NqZvw1lZo4wiaFAGJboDBc1iuaw="></latexit><latexit sha1_base64="/9AsOvAY0HV5vMbWivZMYbPJyp8="></latexit>

Quasi-probability distribution functions

⇢x(t)
<latexit sha1_base64="CGy7KzdxLXe68+pK68faddl5Qr4="></latexit><latexit sha1_base64="UpVl7ZNfkjMIWttorizfQFx4gyE="></latexit><latexit sha1_base64="UpVl7ZNfkjMIWttorizfQFx4gyE="></latexit><latexit sha1_base64="atHFFA/O4Oxx5+3RdYTRDQQmaTM="></latexit>

⇢X(f)
<latexit sha1_base64="laJGjIg0zvKf0CXBtHs1miCtmf0="></latexit><latexit sha1_base64="q+Nm406wFh3Zhy4bi/ejqGVZ0IA="></latexit><latexit sha1_base64="q+Nm406wFh3Zhy4bi/ejqGVZ0IA="></latexit><latexit sha1_base64="K/1jl8QMvSrMpGXBN/ZNSLTqEuw="></latexit>

Z
⇢x(t, f) dt = ⇢X(f) ;

Z
⇢x(t, f) df = ⇢x(t)

<latexit sha1_base64="badauovzO+lsedC7cwCwAH+iHVI="></latexit><latexit sha1_base64="KGgYb+ePJYbYjpszD2Vsc2kPaQU="></latexit><latexit sha1_base64="KGgYb+ePJYbYjpszD2Vsc2kPaQU="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="KfIOr/jfA8RRaW6u3E+6dtmnXJ8="></latexit><latexit sha1_base64="KfIOr/jfA8RRaW6u3E+6dtmnXJ8="></latexit><latexit sha1_base64="+u2UlXjUNBioNlXOZV3XFeQ6PcQ="></latexit><latexit sha1_base64="+u2UlXjUNBioNlXOZV3XFeQ6PcQ="></latexit><latexit sha1_base64="KGgYb+ePJYbYjpszD2Vsc2kPaQU="></latexit><latexit sha1_base64="KGgYb+ePJYbYjpszD2Vsc2kPaQU="></latexit><latexit sha1_base64="KGgYb+ePJYbYjpszD2Vsc2kPaQU="></latexit><latexit sha1_base64="KGgYb+ePJYbYjpszD2Vsc2kPaQU="></latexit><latexit sha1_base64="+u2UlXjUNBioNlXOZV3XFeQ6PcQ="></latexit>

Marginals

⇢x(t, f) = ⇢x(t|f) ⇢X(f) = ⇢X(f |t) ⇢x(t)
<latexit sha1_base64="HhuPIFWgUTAcz46dDJHThQe0ytQ="></latexit><latexit sha1_base64="HSlD6OaknZZbva+DqZoWi+1UPSc="></latexit><latexit sha1_base64="HSlD6OaknZZbva+DqZoWi+1UPSc="></latexit><latexit sha1_base64="i67gmrU7YX/MwcJDHgLKMvODV9E="></latexit>

Bayes

1st order local moments
Z

f ⇢X(f |t) df =
1

⇢x(t)

Z
f ⇢x(t, f) df ! fx(t) :=

1

2⇡

d

dt
arg x(t)

<latexit sha1_base64="/Drawxcv9zA81rg7GldK56KAXyc="></latexit><latexit sha1_base64="H2oEIOVnkDs7MyDF8axc0/I+BPs="></latexit><latexit sha1_base64="H2oEIOVnkDs7MyDF8axc0/I+BPs="></latexit><latexit sha1_base64="DYzYA5Z3FChNX9fS76o8prPatfg="></latexit>

instantaneous frequency

Cohen’s class conditions

'(⇠, 0) = '(0, ⌧) = 1 ;
@'

@⇠
(0, ⌧) =

@'

@⌧
(⇠, 0) = 0

<latexit sha1_base64="UrFoCVGz+m1Wj2UhRwbTmYu8gGQ="></latexit><latexit sha1_base64="H5EdnaOZ9iBZ6bfskpY0qrNoZlY="></latexit><latexit sha1_base64="H5EdnaOZ9iBZ6bfskpY0qrNoZlY="></latexit><latexit sha1_base64="lTL96p8V29r3FBF11SN7n9+IvcM="></latexit>

Wigner
spectro

Rihaczek

Bayes 
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quantum operators6



Back to analogy

time-frequency position-momentum

(t, f) ! (q, p)
<latexit sha1_base64="OU1myL1yykHA1CIT4IC5qom/bV0="></latexit><latexit sha1_base64="OU1myL1yykHA1CIT4IC5qom/bV0="></latexit><latexit sha1_base64="OU1myL1yykHA1CIT4IC5qom/bV0="></latexit><latexit sha1_base64="OU1myL1yykHA1CIT4IC5qom/bV0="></latexit>

Quantization
G(t, f) �! G(T,F)

<latexit sha1_base64="0q1JY4T4sGTmkienpWRe7YT+Wg0="></latexit><latexit sha1_base64="0q1JY4T4sGTmkienpWRe7YT+Wg0="></latexit><latexit sha1_base64="0q1JY4T4sGTmkienpWRe7YT+Wg0="></latexit><latexit sha1_base64="0q1JY4T4sGTmkienpWRe7YT+Wg0="></latexit>

(Tx)(t) = t x(t) ; (Fx)(t) =
1

i2⇡

dx

dt
(t)

<latexit sha1_base64="8Fw7y3m8ZvSia4rgvJLl65iwfAY="></latexit><latexit sha1_base64="VIaN/tuPIVMwqAHfLfgoERs1iNg="></latexit><latexit sha1_base64="VIaN/tuPIVMwqAHfLfgoERs1iNg="></latexit><latexit sha1_base64="XqTP1TEoOLhQ43uL8AUdh1+pZ/I="></latexit>

with



Back to analogy

time-frequency position-momentum

(t, f) ! (q, p)
<latexit sha1_base64="OU1myL1yykHA1CIT4IC5qom/bV0="></latexit><latexit sha1_base64="OU1myL1yykHA1CIT4IC5qom/bV0="></latexit><latexit sha1_base64="OU1myL1yykHA1CIT4IC5qom/bV0="></latexit><latexit sha1_base64="OU1myL1yykHA1CIT4IC5qom/bV0="></latexit>

Quantization
G(t, f) �! G(T,F)

<latexit sha1_base64="0q1JY4T4sGTmkienpWRe7YT+Wg0="></latexit><latexit sha1_base64="0q1JY4T4sGTmkienpWRe7YT+Wg0="></latexit><latexit sha1_base64="0q1JY4T4sGTmkienpWRe7YT+Wg0="></latexit><latexit sha1_base64="0q1JY4T4sGTmkienpWRe7YT+Wg0="></latexit>

(Tx)(t) = t x(t) ; (Fx)(t) =
1

i2⇡

dx

dt
(t)

<latexit sha1_base64="8Fw7y3m8ZvSia4rgvJLl65iwfAY="></latexit><latexit sha1_base64="VIaN/tuPIVMwqAHfLfgoERs1iNg="></latexit><latexit sha1_base64="VIaN/tuPIVMwqAHfLfgoERs1iNg="></latexit><latexit sha1_base64="XqTP1TEoOLhQ43uL8AUdh1+pZ/I="></latexit>

[T,F] := TF� FT = i
2⇡ I

<latexit sha1_base64="SkaVyWN4dCU4YfDhSfp1Rvmb8wM="></latexit><latexit sha1_base64="SkaVyWN4dCU4YfDhSfp1Rvmb8wM="></latexit><latexit sha1_base64="SkaVyWN4dCU4YfDhSfp1Rvmb8wM="></latexit><latexit sha1_base64="SkaVyWN4dCU4YfDhSfp1Rvmb8wM="></latexit>

with

non-commuting operators



Back to analogy

time-frequency position-momentum

(t, f) ! (q, p)
<latexit sha1_base64="OU1myL1yykHA1CIT4IC5qom/bV0="></latexit><latexit sha1_base64="OU1myL1yykHA1CIT4IC5qom/bV0="></latexit><latexit sha1_base64="OU1myL1yykHA1CIT4IC5qom/bV0="></latexit><latexit sha1_base64="OU1myL1yykHA1CIT4IC5qom/bV0="></latexit>

Quantization
G(t, f) �! G(T,F)

<latexit sha1_base64="0q1JY4T4sGTmkienpWRe7YT+Wg0="></latexit><latexit sha1_base64="0q1JY4T4sGTmkienpWRe7YT+Wg0="></latexit><latexit sha1_base64="0q1JY4T4sGTmkienpWRe7YT+Wg0="></latexit><latexit sha1_base64="0q1JY4T4sGTmkienpWRe7YT+Wg0="></latexit>

(Tx)(t) = t x(t) ; (Fx)(t) =
1

i2⇡

dx

dt
(t)

<latexit sha1_base64="8Fw7y3m8ZvSia4rgvJLl65iwfAY="></latexit><latexit sha1_base64="VIaN/tuPIVMwqAHfLfgoERs1iNg="></latexit><latexit sha1_base64="VIaN/tuPIVMwqAHfLfgoERs1iNg="></latexit><latexit sha1_base64="XqTP1TEoOLhQ43uL8AUdh1+pZ/I="></latexit>

[T,F] := TF� FT = i
2⇡ I

<latexit sha1_base64="SkaVyWN4dCU4YfDhSfp1Rvmb8wM="></latexit><latexit sha1_base64="SkaVyWN4dCU4YfDhSfp1Rvmb8wM="></latexit><latexit sha1_base64="SkaVyWN4dCU4YfDhSfp1Rvmb8wM="></latexit><latexit sha1_base64="SkaVyWN4dCU4YfDhSfp1Rvmb8wM="></latexit>

with

Observables

hGix :=

Z
(Gx)(t)x⇤(t) dt =

Z Z
G(t, f) ⇢x(t, f) dt df

<latexit sha1_base64="O4sxxaG2Le47mmMR6m8mHQg931I="></latexit><latexit sha1_base64="S0Xw7iv9c4Rdd+uCvDGGAGdUCig="></latexit><latexit sha1_base64="S0Xw7iv9c4Rdd+uCvDGGAGdUCig="></latexit><latexit sha1_base64="MPCUAaHR4aHtE2/mRWz7ZVVsaHk="></latexit>

« quantum » « classical »



Analogy

time-frequency position-momentum

(t, f) ! (q, p)
<latexit sha1_base64="OU1myL1yykHA1CIT4IC5qom/bV0="></latexit><latexit sha1_base64="OU1myL1yykHA1CIT4IC5qom/bV0="></latexit><latexit sha1_base64="OU1myL1yykHA1CIT4IC5qom/bV0="></latexit><latexit sha1_base64="OU1myL1yykHA1CIT4IC5qom/bV0="></latexit>

Quantization
G(t, f) �! G(T,F)

<latexit sha1_base64="0q1JY4T4sGTmkienpWRe7YT+Wg0="></latexit><latexit sha1_base64="0q1JY4T4sGTmkienpWRe7YT+Wg0="></latexit><latexit sha1_base64="0q1JY4T4sGTmkienpWRe7YT+Wg0="></latexit><latexit sha1_base64="0q1JY4T4sGTmkienpWRe7YT+Wg0="></latexit>

(Tx)(t) = t x(t) ; (Fx)(t) =
1

i2⇡

dx

dt
(t)

<latexit sha1_base64="8Fw7y3m8ZvSia4rgvJLl65iwfAY="></latexit><latexit sha1_base64="VIaN/tuPIVMwqAHfLfgoERs1iNg="></latexit><latexit sha1_base64="VIaN/tuPIVMwqAHfLfgoERs1iNg="></latexit><latexit sha1_base64="XqTP1TEoOLhQ43uL8AUdh1+pZ/I="></latexit>

[T,F] := TF� FT = i
2⇡ I

<latexit sha1_base64="SkaVyWN4dCU4YfDhSfp1Rvmb8wM="></latexit><latexit sha1_base64="SkaVyWN4dCU4YfDhSfp1Rvmb8wM="></latexit><latexit sha1_base64="SkaVyWN4dCU4YfDhSfp1Rvmb8wM="></latexit><latexit sha1_base64="SkaVyWN4dCU4YfDhSfp1Rvmb8wM="></latexit>

with

Observables

hGix :=

Z
(Gx)(t)x⇤(t) dt =

Z Z
G(t, f) ⇢x(t, f) dt df

<latexit sha1_base64="O4sxxaG2Le47mmMR6m8mHQg931I="></latexit><latexit sha1_base64="S0Xw7iv9c4Rdd+uCvDGGAGdUCig="></latexit><latexit sha1_base64="S0Xw7iv9c4Rdd+uCvDGGAGdUCig="></latexit><latexit sha1_base64="MPCUAaHR4aHtE2/mRWz7ZVVsaHk="></latexit>

« quantum » « classical »

no unicity

« correspondence rule » « quasi-probability distribution »



Correspondence rules within Cohen’s class

G'(T,F) =

Z Z
'(⇠, ⌧) g(⇠, ⌧) ei2⇡(⇠T+⌧F) dt df

<latexit sha1_base64="EGxfTcshiwxF0sCzFa/u/xWKYXY="></latexit><latexit sha1_base64="EGxfTcshiwxF0sCzFa/u/xWKYXY="></latexit><latexit sha1_base64="EGxfTcshiwxF0sCzFa/u/xWKYXY="></latexit><latexit sha1_base64="EGxfTcshiwxF0sCzFa/u/xWKYXY="></latexit> Z Z
G(t, f) e�i2⇡(⇠t+⌧f) dt df

<latexit sha1_base64="orOxx0SUctjiq8l8dIj8LfmFigg="></latexit><latexit sha1_base64="orOxx0SUctjiq8l8dIj8LfmFigg="></latexit><latexit sha1_base64="orOxx0SUctjiq8l8dIj8LfmFigg="></latexit><latexit sha1_base64="orOxx0SUctjiq8l8dIj8LfmFigg="></latexit>

G(t, f) �!
<latexit sha1_base64="i/0CDcIGMd4yaDtVjcB8Uj4e+kM="></latexit><latexit sha1_base64="i/0CDcIGMd4yaDtVjcB8Uj4e+kM="></latexit><latexit sha1_base64="i/0CDcIGMd4yaDtVjcB8Uj4e+kM="></latexit><latexit sha1_base64="i/0CDcIGMd4yaDtVjcB8Uj4e+kM="></latexit>



Correspondence rules within Cohen’s class

Moments

tkf l �!
<latexit sha1_base64="9R8tyElXEZslDL2bGODwqYrgMpc="></latexit><latexit sha1_base64="9R8tyElXEZslDL2bGODwqYrgMpc="></latexit><latexit sha1_base64="9R8tyElXEZslDL2bGODwqYrgMpc="></latexit><latexit sha1_base64="9R8tyElXEZslDL2bGODwqYrgMpc="></latexit>

1

2

�
TkFl + FlTk

�
<latexit sha1_base64="En2aqmo4hFhu2hHruhGqUY5z+C0="></latexit><latexit sha1_base64="En2aqmo4hFhu2hHruhGqUY5z+C0="></latexit><latexit sha1_base64="En2aqmo4hFhu2hHruhGqUY5z+C0="></latexit><latexit sha1_base64="En2aqmo4hFhu2hHruhGqUY5z+C0="></latexit>

� i2⇡

(k + 1)(l + 1)

⇥
Tk+1,Fl+1

⇤

<latexit sha1_base64="Y2FdHVrdLQStu/dBsHlirdTZrqA="></latexit><latexit sha1_base64="Y2FdHVrdLQStu/dBsHlirdTZrqA="></latexit><latexit sha1_base64="Y2FdHVrdLQStu/dBsHlirdTZrqA="></latexit><latexit sha1_base64="Y2FdHVrdLQStu/dBsHlirdTZrqA="></latexit>

if2�k
kX

m=0

✓
k

m

◆
Tk�mFlTm

<latexit sha1_base64="EJvsGYQrbzpKG7bEISK4dUPmPYI="></latexit><latexit sha1_base64="EJvsGYQrbzpKG7bEISK4dUPmPYI="></latexit><latexit sha1_base64="EJvsGYQrbzpKG7bEISK4dUPmPYI="></latexit><latexit sha1_base64="EJvsGYQrbzpKG7bEISK4dUPmPYI="></latexit>

if

if

'(⇠, ⌧) = 1
<latexit sha1_base64="DasE+gER0lgch/Qz57DAmjUTNjg="></latexit><latexit sha1_base64="DasE+gER0lgch/Qz57DAmjUTNjg="></latexit><latexit sha1_base64="DasE+gER0lgch/Qz57DAmjUTNjg="></latexit><latexit sha1_base64="DasE+gER0lgch/Qz57DAmjUTNjg="></latexit>

'(⇠, ⌧) =
sin⇡⇠⌧

⇡⇠⌧
<latexit sha1_base64="9oEvrJCskK37aJRGzPSjzyc5lgA="></latexit><latexit sha1_base64="9oEvrJCskK37aJRGzPSjzyc5lgA="></latexit><latexit sha1_base64="9oEvrJCskK37aJRGzPSjzyc5lgA="></latexit><latexit sha1_base64="9oEvrJCskK37aJRGzPSjzyc5lgA="></latexit>

'(⇠, ⌧) = cos⇡⇠⌧
<latexit sha1_base64="NZfvb7ZHzBzb9RZ9Z9tAz/3cBgE="></latexit><latexit sha1_base64="NZfvb7ZHzBzb9RZ9Z9tAz/3cBgE="></latexit><latexit sha1_base64="NZfvb7ZHzBzb9RZ9Z9tAz/3cBgE="></latexit><latexit sha1_base64="NZfvb7ZHzBzb9RZ9Z9tAz/3cBgE="></latexit>

Wigner

Re{Rihaczek}

Born-Jordan

G'(T,F) =

Z Z
'(⇠, ⌧) g(⇠, ⌧) ei2⇡(⇠T+⌧F) dt df

<latexit sha1_base64="EGxfTcshiwxF0sCzFa/u/xWKYXY="></latexit><latexit sha1_base64="EGxfTcshiwxF0sCzFa/u/xWKYXY="></latexit><latexit sha1_base64="EGxfTcshiwxF0sCzFa/u/xWKYXY="></latexit><latexit sha1_base64="EGxfTcshiwxF0sCzFa/u/xWKYXY="></latexit> Z Z
G(t, f) e�i2⇡(⇠t+⌧f) dt df

<latexit sha1_base64="orOxx0SUctjiq8l8dIj8LfmFigg="></latexit><latexit sha1_base64="orOxx0SUctjiq8l8dIj8LfmFigg="></latexit><latexit sha1_base64="orOxx0SUctjiq8l8dIj8LfmFigg="></latexit><latexit sha1_base64="orOxx0SUctjiq8l8dIj8LfmFigg="></latexit>

G(t, f) �!
<latexit sha1_base64="i/0CDcIGMd4yaDtVjcB8Uj4e+kM="></latexit><latexit sha1_base64="i/0CDcIGMd4yaDtVjcB8Uj4e+kM="></latexit><latexit sha1_base64="i/0CDcIGMd4yaDtVjcB8Uj4e+kM="></latexit><latexit sha1_base64="i/0CDcIGMd4yaDtVjcB8Uj4e+kM="></latexit>



Correspondence rules within Cohen’s class

Moments

tkf l �!
<latexit sha1_base64="9R8tyElXEZslDL2bGODwqYrgMpc="></latexit><latexit sha1_base64="9R8tyElXEZslDL2bGODwqYrgMpc="></latexit><latexit sha1_base64="9R8tyElXEZslDL2bGODwqYrgMpc="></latexit><latexit sha1_base64="9R8tyElXEZslDL2bGODwqYrgMpc="></latexit>

1

2

�
TkFl + FlTk

�
<latexit sha1_base64="En2aqmo4hFhu2hHruhGqUY5z+C0="></latexit><latexit sha1_base64="En2aqmo4hFhu2hHruhGqUY5z+C0="></latexit><latexit sha1_base64="En2aqmo4hFhu2hHruhGqUY5z+C0="></latexit><latexit sha1_base64="En2aqmo4hFhu2hHruhGqUY5z+C0="></latexit>

� i2⇡

(k + 1)(l + 1)

⇥
Tk+1,Fl+1

⇤

<latexit sha1_base64="Y2FdHVrdLQStu/dBsHlirdTZrqA="></latexit><latexit sha1_base64="Y2FdHVrdLQStu/dBsHlirdTZrqA="></latexit><latexit sha1_base64="Y2FdHVrdLQStu/dBsHlirdTZrqA="></latexit><latexit sha1_base64="Y2FdHVrdLQStu/dBsHlirdTZrqA="></latexit>

if2�k
kX

m=0

✓
k

m

◆
Tk�mFlTm

<latexit sha1_base64="EJvsGYQrbzpKG7bEISK4dUPmPYI="></latexit><latexit sha1_base64="EJvsGYQrbzpKG7bEISK4dUPmPYI="></latexit><latexit sha1_base64="EJvsGYQrbzpKG7bEISK4dUPmPYI="></latexit><latexit sha1_base64="EJvsGYQrbzpKG7bEISK4dUPmPYI="></latexit>

if

if

'(⇠, ⌧) = 1
<latexit sha1_base64="DasE+gER0lgch/Qz57DAmjUTNjg="></latexit><latexit sha1_base64="DasE+gER0lgch/Qz57DAmjUTNjg="></latexit><latexit sha1_base64="DasE+gER0lgch/Qz57DAmjUTNjg="></latexit><latexit sha1_base64="DasE+gER0lgch/Qz57DAmjUTNjg="></latexit>

'(⇠, ⌧) =
sin⇡⇠⌧

⇡⇠⌧
<latexit sha1_base64="9oEvrJCskK37aJRGzPSjzyc5lgA="></latexit><latexit sha1_base64="9oEvrJCskK37aJRGzPSjzyc5lgA="></latexit><latexit sha1_base64="9oEvrJCskK37aJRGzPSjzyc5lgA="></latexit><latexit sha1_base64="9oEvrJCskK37aJRGzPSjzyc5lgA="></latexit>

'(⇠, ⌧) = cos⇡⇠⌧
<latexit sha1_base64="NZfvb7ZHzBzb9RZ9Z9tAz/3cBgE="></latexit><latexit sha1_base64="NZfvb7ZHzBzb9RZ9Z9tAz/3cBgE="></latexit><latexit sha1_base64="NZfvb7ZHzBzb9RZ9Z9tAz/3cBgE="></latexit><latexit sha1_base64="NZfvb7ZHzBzb9RZ9Z9tAz/3cBgE="></latexit>

Wigner

Re{Rihaczek}

Born-Jordan

Kernels
(G'x)(t) =

Z
�'(t, s)x(s) ds

<latexit sha1_base64="vp8sXpsptdwPnS+fyGuHAVNu7zo="></latexit><latexit sha1_base64="vp8sXpsptdwPnS+fyGuHAVNu7zo="></latexit><latexit sha1_base64="vp8sXpsptdwPnS+fyGuHAVNu7zo="></latexit><latexit sha1_base64="vp8sXpsptdwPnS+fyGuHAVNu7zo="></latexit>

'(⇠, ⌧) = 1 ) �'(t, s) = �

✓
t+ s

2
, t� s

◆

<latexit sha1_base64="ozMPHjCQc937HL7bKHO5M//439g="></latexit><latexit sha1_base64="ozMPHjCQc937HL7bKHO5M//439g="></latexit><latexit sha1_base64="ozMPHjCQc937HL7bKHO5M//439g="></latexit><latexit sha1_base64="ozMPHjCQc937HL7bKHO5M//439g="></latexit>

�(t, ⌧) =

Z
G(t, f)e�i2⇡f⌧df

<latexit sha1_base64="G3PWLHnuDn+zIRnKInCKX1I9uU0="></latexit><latexit sha1_base64="G3PWLHnuDn+zIRnKInCKX1I9uU0="></latexit><latexit sha1_base64="G3PWLHnuDn+zIRnKInCKX1I9uU0="></latexit><latexit sha1_base64="G3PWLHnuDn+zIRnKInCKX1I9uU0="></latexit>

with

Weyl quantization

G'(T,F) =

Z Z
'(⇠, ⌧) g(⇠, ⌧) ei2⇡(⇠T+⌧F) dt df

<latexit sha1_base64="EGxfTcshiwxF0sCzFa/u/xWKYXY="></latexit><latexit sha1_base64="EGxfTcshiwxF0sCzFa/u/xWKYXY="></latexit><latexit sha1_base64="EGxfTcshiwxF0sCzFa/u/xWKYXY="></latexit><latexit sha1_base64="EGxfTcshiwxF0sCzFa/u/xWKYXY="></latexit> Z Z
G(t, f) e�i2⇡(⇠t+⌧f) dt df

<latexit sha1_base64="orOxx0SUctjiq8l8dIj8LfmFigg="></latexit><latexit sha1_base64="orOxx0SUctjiq8l8dIj8LfmFigg="></latexit><latexit sha1_base64="orOxx0SUctjiq8l8dIj8LfmFigg="></latexit><latexit sha1_base64="orOxx0SUctjiq8l8dIj8LfmFigg="></latexit>

Weyl 
1928

G(t, f) �!
<latexit sha1_base64="i/0CDcIGMd4yaDtVjcB8Uj4e+kM="></latexit><latexit sha1_base64="i/0CDcIGMd4yaDtVjcB8Uj4e+kM="></latexit><latexit sha1_base64="i/0CDcIGMd4yaDtVjcB8Uj4e+kM="></latexit><latexit sha1_base64="i/0CDcIGMd4yaDtVjcB8Uj4e+kM="></latexit>



geometry7



Moyal 
1949

Unitarity
Z Z

⇢x(t, f) ⇢
⇤
y(t, f) dt df =

����
Z

x(t) y⇤(t) dt

����
2

<latexit sha1_base64="FEKjwuDCvd+TLwOFdJCZryNfwHw="></latexit><latexit sha1_base64="tsbUmnvQrhUljDt3wKBHha4OzKI="></latexit><latexit sha1_base64="tsbUmnvQrhUljDt3wKBHha4OzKI="></latexit><latexit sha1_base64="DhEHinAoAIDtlys//wC9zhppt4s="></latexit>

+
<latexit sha1_base64="PofzvmRn0KH0m6eQkBW7OapVyTQ="></latexit><latexit sha1_base64="hIcBcYL+uq3zXV4anx0PmoeYcRI="></latexit><latexit sha1_base64="hIcBcYL+uq3zXV4anx0PmoeYcRI="></latexit><latexit sha1_base64="6KD4H/ju+XIG+dBerNqtkreraK0="></latexit>

within Cohen’s class|'(⌧, ⇠)| = 1
<latexit sha1_base64="lsNIDxhyJwk/jOGLqraWD1EDb9c="></latexit><latexit sha1_base64="DZ0beI7BAm+kHACbkTKcOsvvRuk="></latexit><latexit sha1_base64="DZ0beI7BAm+kHACbkTKcOsvvRuk="></latexit><latexit sha1_base64="aaz7AA/k3hZHww5ZxNP7c5Ec1zo="></latexit>



Z Z
⇢x(t, f) �(t� t0) dt df =

����
Z

x(t) �(t� t0) dt

����
2

= |x(t0)|2
<latexit sha1_base64="a3xkKYQ2ZlTbtFfh9voONPaIG7Y="></latexit><latexit sha1_base64="y1SmmMFNT2mCz9ynkV5LbAu/obI="></latexit><latexit sha1_base64="y1SmmMFNT2mCz9ynkV5LbAu/obI="></latexit><latexit sha1_base64="+JZw2E3o4aoFfV7shYaisY5h0Pk="></latexit>

Z Z
⇢x(t, f) �(f � f0) dt df =

����
Z

x(t) e�i2⇡f0t dt

����
2

= |X(f0)|2
<latexit sha1_base64="kS3cFYfplW1SlblyxxW9Rrir1ok="></latexit><latexit sha1_base64="lcOtmnDL5d4v8JHqYv40TQLuZYQ="></latexit><latexit sha1_base64="lcOtmnDL5d4v8JHqYv40TQLuZYQ="></latexit><latexit sha1_base64="qVmLwgApwbaa5yYW/Pp+IV78Y84="></latexit>

Moyal 
1949

Unitarity
Z Z

⇢x(t, f) ⇢
⇤
y(t, f) dt df =

����
Z

x(t) y⇤(t) dt

����
2

<latexit sha1_base64="FEKjwuDCvd+TLwOFdJCZryNfwHw="></latexit><latexit sha1_base64="tsbUmnvQrhUljDt3wKBHha4OzKI="></latexit><latexit sha1_base64="tsbUmnvQrhUljDt3wKBHha4OzKI="></latexit><latexit sha1_base64="DhEHinAoAIDtlys//wC9zhppt4s="></latexit>

linear « chirp »

Generalized marginals

Z Z
⇢x(t, f) �(f � (f0 + �t)) dt df =

����
Z

x(t) e�i2⇡(f0t+�t2/2) dt

����
2

<latexit sha1_base64="A7vvwkrbYfUbc2texln+IUZcekg="></latexit><latexit sha1_base64="4sr7CregMPgDwNezocQKu067bk4="></latexit><latexit sha1_base64="4sr7CregMPgDwNezocQKu067bk4="></latexit><latexit sha1_base64="D2WMiJxmbMrjdXtkvR4yKDlMoqE="></latexit>

+
<latexit sha1_base64="PofzvmRn0KH0m6eQkBW7OapVyTQ="></latexit><latexit sha1_base64="hIcBcYL+uq3zXV4anx0PmoeYcRI="></latexit><latexit sha1_base64="hIcBcYL+uq3zXV4anx0PmoeYcRI="></latexit><latexit sha1_base64="6KD4H/ju+XIG+dBerNqtkreraK0="></latexit>

within Cohen’s class|'(⌧, ⇠)| = 1
<latexit sha1_base64="lsNIDxhyJwk/jOGLqraWD1EDb9c="></latexit><latexit sha1_base64="DZ0beI7BAm+kHACbkTKcOsvvRuk="></latexit><latexit sha1_base64="DZ0beI7BAm+kHACbkTKcOsvvRuk="></latexit><latexit sha1_base64="aaz7AA/k3hZHww5ZxNP7c5Ec1zo="></latexit>

pulse

tone



Z Z
⇢x(t, f) �(t� t0) dt df =

����
Z

x(t) �(t� t0) dt

����
2

= |x(t0)|2
<latexit sha1_base64="a3xkKYQ2ZlTbtFfh9voONPaIG7Y="></latexit><latexit sha1_base64="y1SmmMFNT2mCz9ynkV5LbAu/obI="></latexit><latexit sha1_base64="y1SmmMFNT2mCz9ynkV5LbAu/obI="></latexit><latexit sha1_base64="+JZw2E3o4aoFfV7shYaisY5h0Pk="></latexit>

Z Z
⇢x(t, f) �(f � f0) dt df =

����
Z

x(t) e�i2⇡f0t dt

����
2

= |X(f0)|2
<latexit sha1_base64="kS3cFYfplW1SlblyxxW9Rrir1ok="></latexit><latexit sha1_base64="lcOtmnDL5d4v8JHqYv40TQLuZYQ="></latexit><latexit sha1_base64="lcOtmnDL5d4v8JHqYv40TQLuZYQ="></latexit><latexit sha1_base64="qVmLwgApwbaa5yYW/Pp+IV78Y84="></latexit>

Moyal 
1949

Unitarity
Z Z

⇢x(t, f) ⇢
⇤
y(t, f) dt df =

����
Z

x(t) y⇤(t) dt

����
2

<latexit sha1_base64="FEKjwuDCvd+TLwOFdJCZryNfwHw="></latexit><latexit sha1_base64="tsbUmnvQrhUljDt3wKBHha4OzKI="></latexit><latexit sha1_base64="tsbUmnvQrhUljDt3wKBHha4OzKI="></latexit><latexit sha1_base64="DhEHinAoAIDtlys//wC9zhppt4s="></latexit>

Radon transform

Generalized marginals

Z Z
⇢x(t, f) �(f � (f0 + �t)) dt df =

����
Z

x(t) e�i2⇡(f0t+�t2/2) dt

����
2

<latexit sha1_base64="A7vvwkrbYfUbc2texln+IUZcekg="></latexit><latexit sha1_base64="4sr7CregMPgDwNezocQKu067bk4="></latexit><latexit sha1_base64="4sr7CregMPgDwNezocQKu067bk4="></latexit><latexit sha1_base64="D2WMiJxmbMrjdXtkvR4yKDlMoqE="></latexit> +
<latexit sha1_base64="PofzvmRn0KH0m6eQkBW7OapVyTQ="></latexit><latexit sha1_base64="hIcBcYL+uq3zXV4anx0PmoeYcRI="></latexit><latexit sha1_base64="hIcBcYL+uq3zXV4anx0PmoeYcRI="></latexit><latexit sha1_base64="6KD4H/ju+XIG+dBerNqtkreraK0="></latexit>

+
<latexit sha1_base64="PofzvmRn0KH0m6eQkBW7OapVyTQ="></latexit><latexit sha1_base64="hIcBcYL+uq3zXV4anx0PmoeYcRI="></latexit><latexit sha1_base64="hIcBcYL+uq3zXV4anx0PmoeYcRI="></latexit><latexit sha1_base64="6KD4H/ju+XIG+dBerNqtkreraK0="></latexit>

Wigner

within Cohen’s class|'(⌧, ⇠)| = 1
<latexit sha1_base64="lsNIDxhyJwk/jOGLqraWD1EDb9c="></latexit><latexit sha1_base64="DZ0beI7BAm+kHACbkTKcOsvvRuk="></latexit><latexit sha1_base64="DZ0beI7BAm+kHACbkTKcOsvvRuk="></latexit><latexit sha1_base64="aaz7AA/k3hZHww5ZxNP7c5Ec1zo="></latexit>

Bertrand’s 
1983



Dt,f = ei2⇡(fT�tF)
<latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit><latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit><latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit><latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit>

Wx(t, f) = 2hDt,f ⇧D�t,�f ix
<latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit><latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit><latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit><latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit>

(⇧x)(t) = x(�t) ; (⇧X)(f) = X(�f)
<latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit><latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit><latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit><latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit>

Displacement

Parity
#

<latexit sha1_base64="aDkXv8mZJhDEcWy/IL59YXPXZLk="></latexit><latexit sha1_base64="6Z0vxPUrsb9YbA79mKaurjR6c5E="></latexit><latexit sha1_base64="6Z0vxPUrsb9YbA79mKaurjR6c5E="></latexit><latexit sha1_base64="374sVkdqvmS+xCL3Gay99BY8hMg="></latexit>

Grossmann 
1976Symmetry

Royer 
1977



Dt,f = ei2⇡(fT�tF)
<latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit><latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit><latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit><latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit>

Wx(t, f) = 2hDt,f ⇧D�t,�f ix
<latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit><latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit><latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit><latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit>

(⇧x)(t) = x(�t) ; (⇧X)(f) = X(�f)
<latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit><latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit><latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit><latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit>

Displacement

Parity
#

<latexit sha1_base64="aDkXv8mZJhDEcWy/IL59YXPXZLk="></latexit><latexit sha1_base64="6Z0vxPUrsb9YbA79mKaurjR6c5E="></latexit><latexit sha1_base64="6Z0vxPUrsb9YbA79mKaurjR6c5E="></latexit><latexit sha1_base64="374sVkdqvmS+xCL3Gay99BY8hMg="></latexit>

Grossmann 
1976

A companion perspective

|Wx(t, f)|2 =

Z Z
Wx

✓
t+

⌧

2
, f +

⇠

2

◆
Wx

✓
t� ⌧

2
, f � ⇠

2

◆
d⌧ d⇠

<latexit sha1_base64="Ez7M86vwNciTApeuFTnjg3XdPCM="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="ZxIFE/wDdGDORzwMCIPy59bRYyc="></latexit><latexit sha1_base64="ZxIFE/wDdGDORzwMCIPy59bRYyc="></latexit><latexit sha1_base64="65gzJolvS9+zC28Kk0OR/gcLURc="></latexit><latexit sha1_base64="65gzJolvS9+zC28Kk0OR/gcLURc="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="65gzJolvS9+zC28Kk0OR/gcLURc="></latexit>

Symmetry
Royer 
1977

Janssen 
1981



Dt,f = ei2⇡(fT�tF)
<latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit><latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit><latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit><latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit>

Wx(t, f) = 2hDt,f ⇧D�t,�f ix
<latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit><latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit><latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit><latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit>

(⇧x)(t) = x(�t) ; (⇧X)(f) = X(�f)
<latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit><latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit><latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit><latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit>

Displacement

Parity
#

<latexit sha1_base64="aDkXv8mZJhDEcWy/IL59YXPXZLk="></latexit><latexit sha1_base64="6Z0vxPUrsb9YbA79mKaurjR6c5E="></latexit><latexit sha1_base64="6Z0vxPUrsb9YbA79mKaurjR6c5E="></latexit><latexit sha1_base64="374sVkdqvmS+xCL3Gay99BY8hMg="></latexit>

A companion perspective

|Wx(t, f)|2 =

Z Z
Wx

✓
t+

⌧

2
, f +

⇠

2

◆
Wx

✓
t� ⌧

2
, f � ⇠

2

◆
d⌧ d⇠

<latexit sha1_base64="Ez7M86vwNciTApeuFTnjg3XdPCM="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="ZxIFE/wDdGDORzwMCIPy59bRYyc="></latexit><latexit sha1_base64="ZxIFE/wDdGDORzwMCIPy59bRYyc="></latexit><latexit sha1_base64="65gzJolvS9+zC28Kk0OR/gcLURc="></latexit><latexit sha1_base64="65gzJolvS9+zC28Kk0OR/gcLURc="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="65gzJolvS9+zC28Kk0OR/gcLURc="></latexit>

Janssen 
1981

Symmetry Grossmann 
1976

Royer 
1977



Dt,f = ei2⇡(fT�tF)
<latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit><latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit><latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit><latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit>

Wx(t, f) = 2hDt,f ⇧D�t,�f ix
<latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit><latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit><latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit><latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit>

(⇧x)(t) = x(�t) ; (⇧X)(f) = X(�f)
<latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit><latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit><latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit><latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit>

Displacement

Parity
#

<latexit sha1_base64="aDkXv8mZJhDEcWy/IL59YXPXZLk="></latexit><latexit sha1_base64="6Z0vxPUrsb9YbA79mKaurjR6c5E="></latexit><latexit sha1_base64="6Z0vxPUrsb9YbA79mKaurjR6c5E="></latexit><latexit sha1_base64="374sVkdqvmS+xCL3Gay99BY8hMg="></latexit>

A companion perspective

|Wx(t, f)|2 =

Z Z
Wx

✓
t+

⌧

2
, f +

⇠

2

◆
Wx

✓
t� ⌧

2
, f � ⇠

2

◆
d⌧ d⇠

<latexit sha1_base64="Ez7M86vwNciTApeuFTnjg3XdPCM="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="ZxIFE/wDdGDORzwMCIPy59bRYyc="></latexit><latexit sha1_base64="ZxIFE/wDdGDORzwMCIPy59bRYyc="></latexit><latexit sha1_base64="65gzJolvS9+zC28Kk0OR/gcLURc="></latexit><latexit sha1_base64="65gzJolvS9+zC28Kk0OR/gcLURc="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="65gzJolvS9+zC28Kk0OR/gcLURc="></latexit>

Janssen 
1981

t
<latexit sha1_base64="g6NRF52yjAPrD2ocaON/2352slA="></latexit><latexit sha1_base64="7GL9rLvoUgra5w3NTM17w8RocIw="></latexit><latexit sha1_base64="7GL9rLvoUgra5w3NTM17w8RocIw="></latexit><latexit sha1_base64="tps0f3AzZ3S0eITcTN545jrh8vU="></latexit>

f
<latexit sha1_base64="TqlziqFmvvVz2tp8hTKwmYZLu7U="></latexit><latexit sha1_base64="LfvzHvajOqZK4noCdNUa+ujNJWM="></latexit><latexit sha1_base64="LfvzHvajOqZK4noCdNUa+ujNJWM="></latexit><latexit sha1_base64="IE9Tmu3Xj5DDudsp2b263AqKiSA="></latexit>

Symmetry Grossmann 
1976

Royer 
1977



Dt,f = ei2⇡(fT�tF)
<latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit><latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit><latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit><latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit>

Wx(t, f) = 2hDt,f ⇧D�t,�f ix
<latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit><latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit><latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit><latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit>

(⇧x)(t) = x(�t) ; (⇧X)(f) = X(�f)
<latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit><latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit><latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit><latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit>

Displacement

Parity
#

<latexit sha1_base64="aDkXv8mZJhDEcWy/IL59YXPXZLk="></latexit><latexit sha1_base64="6Z0vxPUrsb9YbA79mKaurjR6c5E="></latexit><latexit sha1_base64="6Z0vxPUrsb9YbA79mKaurjR6c5E="></latexit><latexit sha1_base64="374sVkdqvmS+xCL3Gay99BY8hMg="></latexit>

A companion perspective

|Wx(t, f)|2 =

Z Z
Wx

✓
t+

⌧

2
, f +

⇠

2

◆
Wx

✓
t� ⌧

2
, f � ⇠

2

◆
d⌧ d⇠

<latexit sha1_base64="Ez7M86vwNciTApeuFTnjg3XdPCM="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="ZxIFE/wDdGDORzwMCIPy59bRYyc="></latexit><latexit sha1_base64="ZxIFE/wDdGDORzwMCIPy59bRYyc="></latexit><latexit sha1_base64="65gzJolvS9+zC28Kk0OR/gcLURc="></latexit><latexit sha1_base64="65gzJolvS9+zC28Kk0OR/gcLURc="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="65gzJolvS9+zC28Kk0OR/gcLURc="></latexit>

Janssen 
1981

t
<latexit sha1_base64="g6NRF52yjAPrD2ocaON/2352slA="></latexit><latexit sha1_base64="7GL9rLvoUgra5w3NTM17w8RocIw="></latexit><latexit sha1_base64="7GL9rLvoUgra5w3NTM17w8RocIw="></latexit><latexit sha1_base64="tps0f3AzZ3S0eITcTN545jrh8vU="></latexit>

f
<latexit sha1_base64="TqlziqFmvvVz2tp8hTKwmYZLu7U="></latexit><latexit sha1_base64="LfvzHvajOqZK4noCdNUa+ujNJWM="></latexit><latexit sha1_base64="LfvzHvajOqZK4noCdNUa+ujNJWM="></latexit><latexit sha1_base64="IE9Tmu3Xj5DDudsp2b263AqKiSA="></latexit>

Symmetry Grossmann 
1976

Royer 
1977



Dt,f = ei2⇡(fT�tF)
<latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit><latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit><latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit><latexit sha1_base64="vaRIrPb0yNCFPUiHH6H66eeZeXs="></latexit>

Wx(t, f) = 2hDt,f ⇧D�t,�f ix
<latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit><latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit><latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit><latexit sha1_base64="sNnZlobvi3cXcSGWWISdlsufCdY="></latexit>

(⇧x)(t) = x(�t) ; (⇧X)(f) = X(�f)
<latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit><latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit><latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit><latexit sha1_base64="4oESly6A+201zYCpXFNV/wOPe1Q="></latexit>

Displacement

Parity
#

<latexit sha1_base64="aDkXv8mZJhDEcWy/IL59YXPXZLk="></latexit><latexit sha1_base64="6Z0vxPUrsb9YbA79mKaurjR6c5E="></latexit><latexit sha1_base64="6Z0vxPUrsb9YbA79mKaurjR6c5E="></latexit><latexit sha1_base64="374sVkdqvmS+xCL3Gay99BY8hMg="></latexit>

A companion perspective

|Wx(t, f)|2 =

Z Z
Wx

✓
t+

⌧

2
, f +

⇠

2

◆
Wx

✓
t� ⌧

2
, f � ⇠

2

◆
d⌧ d⇠

<latexit sha1_base64="Ez7M86vwNciTApeuFTnjg3XdPCM="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="ZxIFE/wDdGDORzwMCIPy59bRYyc="></latexit><latexit sha1_base64="ZxIFE/wDdGDORzwMCIPy59bRYyc="></latexit><latexit sha1_base64="65gzJolvS9+zC28Kk0OR/gcLURc="></latexit><latexit sha1_base64="65gzJolvS9+zC28Kk0OR/gcLURc="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="erW5vDOsr00mzhT1UIuPJAbgNsg="></latexit><latexit sha1_base64="65gzJolvS9+zC28Kk0OR/gcLURc="></latexit>

Janssen 
1981

t
<latexit sha1_base64="g6NRF52yjAPrD2ocaON/2352slA="></latexit><latexit sha1_base64="7GL9rLvoUgra5w3NTM17w8RocIw="></latexit><latexit sha1_base64="7GL9rLvoUgra5w3NTM17w8RocIw="></latexit><latexit sha1_base64="tps0f3AzZ3S0eITcTN545jrh8vU="></latexit>

f
<latexit sha1_base64="TqlziqFmvvVz2tp8hTKwmYZLu7U="></latexit><latexit sha1_base64="LfvzHvajOqZK4noCdNUa+ujNJWM="></latexit><latexit sha1_base64="LfvzHvajOqZK4noCdNUa+ujNJWM="></latexit><latexit sha1_base64="IE9Tmu3Xj5DDudsp2b263AqKiSA="></latexit>

Symmetry Grossmann 
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Royer 
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Dt,f = ei2⇡(fT�tF)
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Symmetry

• central symmetry

• « mid-point rule »

• localization on straight lines

Grossmann 
1976

Royer 
1977



Back to sesquilinearity “ (a+ b)2 = a2 + b2 + 2ab ”
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Back to sesquilinearity

Wax+by(t, f) = |a|2 Wx(t, f) + |b|2 Wy(t, f) + 2Re{Wx,y(t, f)}
<latexit sha1_base64="bkijzUaCpWZJZ7s5MHXmOTz+1dw="></latexit><latexit sha1_base64="bkijzUaCpWZJZ7s5MHXmOTz+1dw="></latexit><latexit sha1_base64="bkijzUaCpWZJZ7s5MHXmOTz+1dw="></latexit><latexit sha1_base64="bkijzUaCpWZJZ7s5MHXmOTz+1dw="></latexit>
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Reassignment — A mechanical analogy

Sx(t, f) ! Ŝx(t, f) =

Z Z
Sx(s, ⇠) �

⇣
t� t̂(s, ⇠), f � f̂(s, ⇠)

⌘
ds d⇠
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… more on zeros in other talks …
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