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Challenge: Compute Hadron Structure, 
Spectroscopy, and Dynamics from QCD!

• Color Confinement 

• Origin of the QCD Mass Scale 

• Meson and Baryon Spectroscopy 

• Exotic States: Tetraquarks, Pentaquarks, Gluonium, 

• Universal Regge Slopes: n, L, Mesons and Baryons 

• Almost Massless Pion: GMOR Chiral Symmetry Breaking

 

• QCD Coupling at all Scales   

• Eliminate Scale Uncertainties and Scheme Dependence 

3

Chiral symmetry breaking.–The chiral limit follows di-
rectly from (12) since all the coe�cients C vanish for
 6= 0 in this limit. From (12) we obtain

M2
⇡ = �(mu+md) +O

�
(mu+md)

2
�
, (14)

in the limit mu,md ! 0. It has the same linear depen-
dence in the quark mass as the Gell-Mann-Oakes-Renner
(GMOR) relation [43]

M2
⇡f

2
⇡ = �

1
2 (mu+md)hūu+d̄di+O

�
(mu+md)

2
�
, (15)

where the vacuum condensate h  i ⌘ 1
2 hūu + d̄di plays

the role of a chiral order parameter. The same linear de-
pendence in (14) arises for the (3 + 1) e↵ective LF Hamil-
tonian, since the constraints from the superconformal al-
gebra require that the contribution to the pion mass from
the transverse LF dynamics is identically zero [8].

The lowest mode eigenfunction in (11) has identi-
cal form as the approximate analytic solution obtained
in [21, 22], �(x) ⇠ x�1(1 � x)�2 , where the exponents
�i are determined by quark masses and the longitudinal
coupling g, which in QCD(1+1) has units of mass. In the
’t Hooft model [21] the longitudinal equation (4) becomes
the non-linear equation

 
m2

q

x
+

m2
q̄

1� x

!
�(x) +

g2NC

⇡
P

Z 1

0
dx0�(x)� �(x0)

(x� x0)2

= M2
k �(x), (16)

with ⇡m2
q/g

2NC�1+⇡�1 cot(⇡�1) = 0 from the x-power
expansion of (16) at x = ✏ and a similar expression from
the upper bound x = 1�✏. Spontaneous chiral symmetry
breaking occurs in the limit NC ! 1, followed by the
limit mq ! 0 with the result �i = (3m2

i /⇡g
2NC)1/2 from

the expansion of the transcendental equation above and

M2
⇡ = g

p
⇡NC/3 (mu +md) +O

�
(mu+md)

2
�
, (17)

from integrating (16) [21, 23]. Comparison with (14)
leads to � = g

p
⇡NC/3 = const, since g scales as

g ⇠ 1
p
NC and chiral logarithms are suppressed at

NC ! 1. We notice that both (14) and (17) receive
identical contributions from the potential and kinetic en-
ergy terms in agreement with the virial theorem.

Numerical results.–In practice, we need to know the
value of the scale � and the quark masses to compute
M2

k . In the heavy quark limit Eq. (10) coincides with the

heavy-quark e↵ective theory (HQET) result [44], which
requires that the confining scale is proportional to the
mass of the heavy meson:

p
�Q = C

p
MQ [13, 28]. The

value is C = 0.49± 0.02 GeV1/2 for MQ � 1.8 GeV [15],
namely � ' C2 = 0.24 GeV. We assume that this value
of the longitudinal confinement scale to remain constant,
a result supported by the large NC QCD(1 + 1) ’t Hooft
model discussed above. Thus, fixing C ' 0.5 GeV1/2

at all scales, we can determine the e↵ective light quark
masses mu and md from the measured pion mass and the
strange quark mass, ms, from the kaon mass using (12):
The value of the �(1020) mass is then a prediction. No-
tice that the �(1020) vector meson also has the transverse
mass component M? =

p
2� from the spin-spin interac-

tion in supersymmetric LF holographic QCD [9, 35] withp
� = 0.523 GeV.

TABLE I. Lowest expansion coe�cients C in (13).

 = 0  = 1  = 2  = 3  = 4  = 5  = 6
C(ud̄) 0.998 0 0.055 0 0.010 0 -0.003
C(us̄) 0.967 -0.231 0.100 -0.006 -0.009 0.013 -0.016
C(ss̄) 0.998 0 0.038 0 -0.045 0 -0.024
C(uc̄) 0.958 -0.267 0.097 -0.012 -0.003 0 -0.007
C(cc̄) 0.999 0 0.016 0 -0.020 0 -0.003

We show in Table I the values of the lowest expansion
coe�cients. The results for the light meson masses in
Fig. 1 correspond to the values mu = md = 28 MeV and
ms = 326 MeV. Meson masses are determined from the
stability plateau in Fig. 1. For light quark masses con-
tributions above max ' 20 introduce large uncertainties
from highly oscillatory integrands. In Fig. 2 we show the
e↵ect of the strong oscillations from the large  behavior
of the Jacobi Polynomials [46] by examining the variation
of the results for quark masses in the interval mq = 28
MeV to mq = 28⇥ 10�8 MeV.

FIG. 1. Numerical evaluation of ground state meson masses
from the stability plateau in the figure using (12). The hori-
zontal grey lines in the figure are the observed masses [45].

The distribution amplitude (DA) [47], X(x) ⌘p
x(1� x�(x), for the pion, kaon and J/ mesons are

shown in Fig. (3). Due to the rapid convergence of the
exponential wave function in the basis expansion (13),
very few modes are required to reproduce the invari-
ant mass ansatz. The DAs predicted by holographic LF
QCD at the initial nonperturbative scale should then

αs(Q2)

Valence and Higher Fock StatesℒQCD → ψH
n (xi, ⃗k ⊥i, λi)
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P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

x =
k+

P+
=

k0 + k3

P 0 + P 3

`
`0

Measurements of hadron LF 
wavefunction are at fixed LF time

Like a flash photograph xbj = x =
k+

P+

 n(xi,~k?i ,�i)

Invariant under boosts!  Independent of Pμ 

Dirac: Front Form
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General remarks about orbital angular mo-
mentum

⌃R�

xi
⌃R� +⌃b�i

�n
i
⌃b�i = ⌃0�

�n
i xi = 1

�n
i=1(xi

⌃P� + ⌃k�i) = ⌃P�

xi
⌃P� + ⌃k�i

�n
i

⌃k�i = ⌃0�

�n
i xi = 1

P+, ↵P+

xiP
+, xi

↵P⇤ + ↵k⇤i

ẑ

↵L = ↵R ⇥ ↵P

↵Li = (xi
↵R⇤ +↵b⇤i) ⇥ ↵P

↵⇧i = ↵b⇤i ⇥ ↵k⇤i

↵⇧i = ↵Li � xi
↵R⇤ ⇥ ↵P = ↵b⇤i ⇥ ↵P

A(⇤,�⇤) = 1
2⇥

�
d�e

i
2⇤�M(�,�⇤)

P+, P⇤

xiP
+, xi

P⇤ + k⇤i

� = Q2

2p·q

ẑ

L = R ⇥ P

Li = (xi
R⇤ +b⇤i) ⇥ P

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Light-Front Wavefunctions:  rigorous representation of 
composite systems in quantum field theory

x =
k+

P+
=

k0 + k3

P 0 + P 3

Causal, Frame-independent.  Creation Operators on Simple Vacuum, 
Current Matrix Elements are Overlaps of LFWFS

|p, Jz >=
X

n=3

 n(xi,~k?i,�i)|n;xi,~k?i,�i >

Invariant under boosts!  Independent of Pμ 

Eigenstate of LF Hamiltonian 

 n(xi,~k?i ,�i)

HQCD
LF |�h >= M2

h|�h >



PDFs FFs

TMDs

Charges

GTMDs

GPDs

TMSDs

TMFFs

Transverse density in 
momentum space

Transverse density in position 
space

Longitudinal 

Transverse

Momentum space Position space

Lorce, 
Pasquini

General remarks about orbital angular mo-
mentum

�n(xi, k�i,�i)

�n
i=1(xi

 R� + b�i) =  R�

xi
 R� + b�i

�n
i
 b�i =  0�

�n
i xi = 1

Sivers, T-odd from lensing

Light-Front Wavefunctions
underly hadronic observables

DGLAP, ERBL Evolution
Factorization Theorems

Weak transition  
form factors

Diffractive DIS from FSI



HQED

Coupled Fock states

Effective two-particle equation

 Azimuthal  Basis

Confining AdS/QCD  
potential!  

HLF
QCD

(H0
LF + HI

LF )|� >= M2|� >

[
�k2
� + m2

x(1 � x)
+ V LF

e� ] �LF (x,�k�) = M2 �LF (x,�k�)

�,⇥

Semiclassical first approximation to QCD  

U(⇣) = 4⇣2 + 22(L + S � 1)

Light-Front QCD

AdS/QCD:

�2 = x(1 � x)b2
�

x (1 � x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1 � x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1 � x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1 � x)�b2⇥

z

z�

z0 = 1
⇥QCD

x (1 � x) �b⇥

⇤(x,�b⇥) = ⇤(�)

⇥(z)

� =
�

x(1 � x)�b2⇥

z

z�

z0 = 1
⇥QCD

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Sums an infinite # diagrams

LQCD

Eliminate higher Fock states              
and retarded interactions

⇥
� d2

d⇣2
+

1 � 4L2

4⇣2
+ U(⇣)

⇤
 (⇣) = M2 (⇣)

mq = 0
Single variable Equation!-



Light-Front Holography  

AdS/QCD 
Soft-Wall  Model 

Conformal Symmetry 
of the action  

U(⇣) = 4⇣2 + 22(L + S � 1)

Exploring QCD, Cambridge, August 20-24, 2007 Page 9

Confinement scale:   

Light-Front Schrödinger Equation Unique 
Confinement Potential!

de Tèramond, Dosch, sjb

 ' 0.5 GeV

• de Alfaro, Fubini, Furlan: Scale can appear in Hamiltonian and EQM 
without affecting conformal invariance of action!• Fubini, Rabinovici: 

e'(z) = e+2z2

Single variable  ζ

⇥
� d2

d⇣2 � 1�4L2

4⇣2 + U(⇣)
⇤
 (⇣) = M2 (⇣)

�
� d2

d2�
+ V (�)

⇥
= M2⇥(�)

�
� d2

d�2 + V (�)
⇥
= M2⇥(�)

�2 = x(1 � x)b2
⇥.

Jz = Sz
p =

⇤n
i=1 Sz

i +
⇤n�1

i=1 ⌥z
i = 1

2

each Fock State

Jz
p = Sz

q + Sz
g + Lz

q + Lz
g = 1

2

GeV units external to QCD: Only Ratios of Masses Determined
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LF(3+1)                AdS5

Light-Front Holography: Unique mapping derived from equality of LF 
and AdS  formula for EM and gravitational current matrix elements 

and identical equations of motion

⇤(x, �) =
�

x(1 � x)��1/2⇥(�)

de Teramond, sjb

(µR)2 = L2 � (J � 2)2

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Light-Front Holographic Dictionary



G. de Teramond, H. G. Dosch, sjb 

U(⇣2) = 4⇣2 + 22(J � 1)

z ! ⇣

Pion: Negative term  for J=0 cancels 
positive terms from LFKE and potentialm⇡ = 0 if mq = 0

Massless pion! 

~⇣2 = ~b2?x(1� x)



Prediction from AdS/QCD: Meson LFWF

�(x, k�)
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       “Soft Wall” 
model

�(x, k�)(GeV)

de Teramond, 
Cao, sjb⇥M(x, Q0) ⇥

�
x(1 � x)

⇤M(x, k2
⇤)

µR

µR = Q

µF = µR

Q/2 < µR < 2Q

µ�

massless quarks

Note coupling  

k2
�, x

Provides Connection of Confinement to Hadron Structure

⇤M (x, k⇥) =
4⇥

�
�

x(1 � x)
e
� k2

⇥
2�2x(1�x)

x

1 � x

�⇡(x) =
4p
3⇡

f⇡

p
x(1 � x)

f⇡ =
p

Pqq̄

p
3

8
 = 92.4 MeV Same as DSE!

e'(z) = e+2z

C. D. Roberts et al.



γu ≡
2χpγp þ χnγn
2χp þ χn

; γd ≡
2χnγn þ χpγp
2χn þ χp

; ð19Þ

where the higher Fock probabilities γp;n represent the large
distance pion contribution and have the values γp ¼ 0.27
and γn ¼ 0.38 [56]. Our results for Eq

vðx; tÞ are displayed
in Fig. 3.
Pion GPD.—The expression for the pion GPD

Hu;d̄
v ðx; tÞ ¼ qu;d̄v ðxÞ exp ½tfðxÞ& follows from the pion FF

in [81], where the contribution from higher Fock compo-
nents was determined from the analysis of the timelike
region [81]. Up to twist 4,

qu;d̄v ðxÞ ¼ ð1 − γÞqτ¼2ðxÞ þ γqτ¼4ðxÞ; ð20Þ

where the PDFs are normalized to the valence quark
content of the pion

R
1
0 dxq

u;d̄
v ðxÞ ¼ 1, and γ ¼ 0.125

represents the meson cloud contribution determined in [28].
The pion PDFs are evolved to μ2 ¼ 27 GeV2 at next-to-

leadingorder (NLO) to comparewith theNLOglobal analysis
in [82,83] of the data [84]. The initial scale is set at μ0 ¼
1.1'0.2 GeV from the matching procedure in Ref. [75] at
NLO. The result is shown in Fig. 4, and the t dependence of
Hq

vðx; tÞ is illustrated in Fig. 5. We have also included the
NNLO results in Fig. 4, to comparewith future data analysis.
Our results are in good agreement with the data analysis

in Ref. [82] and consistent with the nucleon global fit
results through the GPD universality described here. There
is, however, a tension with the data analysis in [83] for
x ≥ 0.6 and with the Dyson-Schwinger results in [85],
which incorporate the ð1 − xÞ2 pQCD falloff at large x from
hard gluon transfer to the spectator quarks. In contrast, our
nonperturbative results falloff as 1 − x from the leading

twist-2 term in (20). A softer falloff ∼ð1 − xÞ1.5 in Fig. 4
follows from DGLAP evolution. Our analysis incorporates
the nonperturbative behavior of effective LFWFs in the
limit of zero quark masses. However, if we include a
nonzero quark mass in the LFWFs [28,86,87], the PDFs
will be further suppressed at x → 1.
Effective LFWFs.—Form factors in light-front quantiza-

tion can be written in terms of an effective single-particle
density [88]

FðQ2Þ ¼
Z

1

0
dxρðx;QÞ; ð21Þ

where ρðx;QÞ ¼ 2π
R∞
0 dbbJ0½bQð1 − xÞ&jψ effðx; bÞj2

with transverse separation b ¼ jb⊥j. From (8), we find
the effective LFWF

ψτ
effðx;b⊥Þ ¼

1

2
ffiffiffi
π

p

ffiffiffiffiffiffiffiffiffiffiffi
qτðxÞ
fðxÞ

s

ð1 − xÞ exp
"
−
ð1 − xÞ2

8fðxÞ
b2⊥

#
;

ð22Þ

FIG. 3. Nucleon GPDs for different values of −t ¼ Q2 at
the scale μ0 ¼ 1.06'0.15 GeV. (Top) Spin nonflip Hq

vðx; tÞ.
(Bottom) Spin-flip Eq

vðx; tÞ.

FIG. 4. Comparison for xqðxÞ in the pion from LFHQCD (red
band) with the NLO fits [82,83] (gray band and green curve) and
the LO extraction [84]. NNLO results are also included (light blue
band). LFHQCD results are evolved from the initial scale μ0 ¼
1.1'0.2 GeV at NLO and the initial scale μ0 ¼ 1.06'0.15 GeV
at NNLO.

FIG. 5. Pion GPD for different values of −t ¼ Q2 at the scale
μ0 ¼ 1.1'0.2 GeV.

PHYSICAL REVIEW LETTERS 120, 182001 (2018)

182001-4

Universality of Generalized Parton Distributions in Light-Front Holographic QCD 

Guy F. de Te ́ramond, Tianbo Liu, Raza Sabbir Sufian, Hans Günter Dosch, Stanley J. Brodsky, 
and Alexandre Deur PHYSICAL REVIEW LETTERS 120, 182001 (2018) 



0

1

2

3

4

5

0

(a)

1
L

M
2
  
(G

e
V

2
)

2 3

n=2 n=1 n=0 n=2 n=1 n=0

π(1800)

π(1880)

π2(1670)

b1(1235)

π(1300)

π(140) K(494)

K1(1270)

K1(1400)

K2(1820)

K2(1770)

0

(b)

1
L

2 37-2014
8851A8

0 2 4

L

0

2

4

6 (a)

M
2
  
(G

e
V

2
)

n=3 n=2 n=1 n=0

ω(782)
ρ(770)

ω(1420)
ρ(1450)

ω(1650)

ρ(1700)

0 2 4

L

(b) n=2 n=1 n=0

K*(892)

K*2(1430)

K*3(1780)

K*4(2045)

K*(1410)

K*(1680)

7-2014
8851A9

f2(2300)

f2(1950)

a2(1320)
f2(1270)

a4(2040)
f4(2050)

ρ3(1690)
ω3(1670)

0 2 4

1

3

5

φ(1020)

φ(1680)

φ(2170)

n=3 n=2 n=1 n=0

φ3(1850)

L2-2015
8872A5

M
2
 (

G
e

V
2
)

Orbital and radial excitations for
p
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Instituto de Ciencias Nucleares, UNAM, México DF, 2 December 2015
Page 14

Figure 1: Comparison of the light-front holographic prediction [1] M
2(n, L, S) =

4�(n+ L+ S/2) for the orbital L and radial n excitations of the meson spectrum with
experiment. See Ref. [2]

1 Introduction

A remarkable empirical feature of the hadronic spectrum is the near equality of the

slopes of meson and baryon Regge trajectories. The square of the masses of hadrons

composed of light quarks is linearly proportional not only to L, the orbital angular

momentum, but also to the principal quantum number n, the number of radial nodes in

the hadronic wavefunction as seen in Fig. 1. The Regge slopes in n and L are equal, as in

the meson formula M
2
M
(n, L, S) = 4�(n+L+S/2 from light front holographic QCD [1],

but even more surprising, they are observed to be equal for both the meson and baryon

trajectories, as shown in Fig. 2. The mean value for all of the slopes is  =
p
� = 0.523

GeV. See Fig. 3.

4

M2(n,L, S) = 42(n + L + S/2) Equal Slope in n and L



Structure of the Vacuum in Light-Front Dynamics

• Results easily extended to light quarks masses (Ex: K-mesons)
[GdT, S. J. Brodsky and H. G.Dosch, arXiv:1405.2451 [hep-ph]]

• First order perturbation in the quark masses

�M2 = h |
X

a

m2
a/xa| i

• Holographic LFWF with quark masses
[S. J. Brodsky and GdT, arXiv:0802.0514 [hep-ph]

 (x, ⇣) ⇠
p

x(1 � x) e�
1
2�

�m2
q

x +
m2

q
1�x

�
e�

1
2� ⇣2

• Ex: Description of diffractive vector meson production at HERA
[J. R. Forshaw and R. Sandapen, PRL 109, 081601 (2012)]

• For the K⇤

M2
n,L,S = M2

K± + 4�
✓

n +
J + L

2

◆

• Effective quark masses from reduction of higher Fock states as functionals of the valence state:

mu = md = 46 MeV, ms = 357 MeV

Niccolò Cabeo 2014, Ferrara, May 20, 2012
Page 33

De Tèramond, Dosch, sjb

from LF Higgs mechanism

Effective mass from m(p2) Roberts, et al.
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2

where c is the dimensionless normalization factor

c�2 =
� 1

0
dx e

� 1
�2

„
m2

1
x +

m2
2

1�x

«

. (5)

The Fourier transform of (4) is the impact space LFWF

 ⌥(x,b⇥) =
c ⇥ 

⌅

⌦
x(1� x) e�

1
2 �2⇥2

, (6)

where the invariant quantity ⌃ is

⌃2 = x(1� x)b2
⇥ +

1
⇥4

⇤
m2

1

x
+

m2
2

1� x

⌅
. (7)

Impact space holographic LFWFs for the ⌅, K, D, �c, B
and �b mesons are depicted in Fig. 1.

The non-perturbative input to hard exclusive processes
and heavy hadron decays can be computed in terms of
gauge invariant hadronic distribution amplitudes (DAs),
which describe the momentum-fraction distribution of
partons at zero transverse impact distance in a Fock
state with a fixed number of constituents. The me-
son DA is computed from the transverse integral of the
valence quark light-front wavefunction in the light-cone
gauge [17]

⇧M (x,Q) =
� k2

⇥<Q2
d2k⇥
16⌅3

⌥M (x,k⇥), (8)

and thus ⇧(x) ⇥ ⇧(x,Q ⌅ ⇧) ⌅  ⌥(x,b⇥ ⌅ 0)/
 

4⌅.
From (6) we obtain the holographic distribution ampli-
tude ⇧(x)

⇧M (x) =
c ⇥

2⌅

⌦
x(1� x) e

� 1
2�2

»
m2

1
x +

m2
2

1�x

–

, (9)

in the soft wall model. The distribution amplitudes for
the ⌅, K, D, �c, mesons are shown in Fig. 2. Predictions
for the first and second moment of the meson distribution
amplitude

⌥⇤N �M =

⌥ 1
�1 ⇤N⇧M (⇤)
⌥ 1
�1 ⇧M (⇤)

, (10)

and comparison with available lattice computations are
given on Table I . In the chiral limit, the AdS distribu-
tion amplitude ⇧AdS(x) ⇤

⌦
x(1� x) gives for the second

moment ⌥⇤2�AdS ⌅ 1/4, compared with the asymptotic
value ⌥⇤2�PQCD ⌅ 1/5 from the PQCD asymptotic DA
⇧PQCD(x) ⇤ x(1� x) [17] .

...............

III. PARTONIC MASS SHIFT

We compute the partonic mass shift contribution to a
meson due to the constituents quark masses [21]

M2 = M2
massless +

⇧
m2

1

x

⌃
+
⇧

m2
2

1� x

⌃
, (11)

FIG. 1: Two-parton flavored meson holographic LFWF
⌅(x,b�): (a) |⇤+� = |ud�, (b) |K+� = |us�, (c) |D+� = |cd�,
(d) |�c� = |cc�, (e) |B+� = |ub� and (f) |�b� = |bb�. Values
for the quark masses used are mu = 2 MeV, md = 5 MeV,
ms = 95 Mev, mc = 1.25 GeV and mb = 4.2 GeV. The value
of ⇥ = 0.375 GeV is extracted from the pion form factor [16].

for the holographic LFWF (4). Results for the partonic
mass shift contribution �M =

�
M2 �M2

massless

⇥1/2 are
compared with hadronic masses on Table II.

.....

IV. CONCLUSIONS

..........

|�+ >= |ud̄ > |K+ >= |us̄ >

|D+ >= |cd̄ >

|�b >= |bb̄ >

|�c >= |cc̄ >

mu = 2 MeV
md = 5 MeV

ms = 95 MeV

mc = 1.25 GeV

mb = 4.2 GeV

� = 375 MeV

b[GeV�1]

x

|B+ >= |ub̄ >



5 Non-Perturbative QCD Coupling From LF Holography
With A. Deur and S. J. Brodsky

• Consider five-dim gauge fields propagating in AdS5 space in dilaton background ⇧(z) = ⇤2z2

S = �1
4

�
d4x dz

⇧
g e⇥(z) 1

g2
5

G2

• Flow equation
1

g2
5(z)

= e⇥(z) 1
g2
5(0)

or g2
5(z) = e��2z2

g2
5(0)

where the coupling g5(z) incorporates the non-conformal dynamics of confinement

• YM coupling �s(⇥) = g2
Y M (⇥)/4⌅ is the five dim coupling up to a factor: g5(z) ⌅ gY M (⇥)

• Coupling measured at momentum scale Q

�AdS
s (Q) ⇤

� ⇥

0
⇥d⇥J0(⇥Q)�AdS

s (⇥)

• Solution

�AdS
s (Q2) = �AdS

s (0) e�Q2/4�2
.

where the coupling �AdS
s incorporates the non-conformal dynamics of confinement

Hadron 2009, FSU, Tallahassee, December 1, 2009 Page 27

Running Coupling from  Modified AdS/QCD
Deur,  de Teramond, sjb

e�(z) = e+2z2



•Can be used as standard QCD coupling

•Well measured

•Asymptotic freedom at large Q2

•Computable at large Q2 in any pQCD 
scheme

•Universal  β0,  β1

Bjorken sum rule defines effective charge ↵g1(Q2)
Z 1

0
dx[gep

1 (x,Q2) � gen
1 (x,Q2)] ⌘ ga

6
[1 � ↵g1(Q2)

⇡
]



Matching Scale

Matching the couplings from LFHQCD and pQCD

 12

Bjorken sum rule:

Imposing continuity for α 
and its first derivative

Effective coupling in LFHQCD 
(valid at low-Q2)

A. Deur, S.J. Brodsky, G.F. de Téramond,  
Phys. Lett. B 750, 528 (2015); J. Phys. G 44, 105005 (2017).

Analytic, defined at all scales, IR Fixed Point

Running Coupling from AdS/QCD



{Q,S+} = f � B + 2iD, {Q+, S} = f � B � 2iD

B =
1
2
[ +, ] =

1
2
�3{ , +} = 1

 =
1
2
(�1 � i�2),  + =

1
2
(�1 + i�2)

{Q,Q
+} = 2H, {S, S

+} = 2K

generates conformal algebra

[H,D]= i H, [H, K] =2 i D, [K, D] = - i K

Q =  +[�@x +
f

x
], Q+ =  [@x +

f

x
], S =  +x, S+ =  x

Haag, Lopuszanski, Sohnius (1974)

Superconformal Quantum Mechanics 

Q '
p

H, S '
p

K
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4L2

B � 1
4⇣2

�
 +

J = M2 +
J

Baryon Equation

Meson Equation

M2(n,LB) = 42(n + LB + 1)

�
� @2

⇣ + 4⇣2 + 22LB +
4(LB + 1)2 � 1

4⇣2

�
 �

J = M2 �
J

�
� @2

⇣ + 4⇣2 + 22(J � 1) +
4L2

M � 1
4⇣2

�
�J = M2�J

M2(n,LM ) = 42(n + LM )

Meson-Baryon Degeneracy for LM=LB+1

S=1/2, P=+

LF Holography

S=0, I=1 Meson is superpartner of S=1/2, I=1 Baryon

Superconformal  
Quantum Mechanics 

Same   !
S=0, P=+

� = 2

de Téramond, Dosch, Lorcé, sjb
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Figure 2: Orbital and radial baryon excitation spectrum. Positive-parity spin-12 nucleons (a) and

spectrum gap between the negative-parity spin-32 and the positive-parity spin-12 nucleons families

(b). Minus parity N (c) and plus and minus parity ∆ families (d), for
√
λ = 0.49 GeV (nucleons)

and 0.51 GeV (Deltas).

cluster. The predictions for the daughter trajectories for n = 1, n = 2, · · · are also shown in

this figure. Only confirmed PDG [23] states are shown. The Roper state N(1440) and the

N(1710) are well accounted for as the first and second radial excited states of the proton.

The newly identified state, the N(1900) [23] is depicted here as the first radial excitation of

the N(1720). The model is successful in explaining the parity degeneracy observed in the

light baryon spectrum, such as the L = 2, N(1680)−N(1720) pair in Fig. 2 (a). In Fig. 2

(b) we compare the positive parity spin-12 parent nucleon trajectory with the negative parity

7

42S=1/2, P=+ S=1/2, P=+
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Fit to the slope of Regge trajectories, 
including radial excitations

Same Regge Slope for Meson, Baryons:  
Supersymmetric feature of hadron physics

mu = md = 46 MeV, ms = 357 MeV

From ↵g1(Q2)
Deur

� = 2

κ = λ = 0.523 ± 0.024

Universal Mass Scale

de Téramond, Dosch, Lorcé, sjb



Fermionic Modes and Baryon Spectrum
[Hard wall model: GdT and S. J. Brodsky, PRL 94, 201601 (2005)]

[Soft wall model: GdT and S. J. Brodsky, (2005), arXiv:1001.5193]

From Nick Evans

• Nucleon LF modes

⇤+(�)n,L = ⇥2+L

⌅
2n!

(n + L)!
�3/2+Le�⇥2�2/2LL+1

n

�
⇥2�2

⇥

⇤�(�)n,L = ⇥3+L 1⇤
n + L + 2

⌅
2n!

(n + L)!
�5/2+Le�⇥2�2/2LL+2

n

�
⇥2�2

⇥

• Normalization ⇤
d� ⇤2

+(�) =
⇤

d� ⇤2
�(�) = 1

• Eigenvalues

M2
n,L,S=1/2 = 4⇥2 (n + L + 1)

• “Chiral partners”
MN(1535)

MN(940)
=

⇤
2

LC 2011 2011, Dallas, May 23, 2011 Page 13

Quark Chiral 
Symmetry of 
Eigenstate!

Nucleon spin carried by quark orbital angular momentum 

Nucleon: Equal Probability for L=0,1

Jz = + 1/2 :
1

2
[ |Sz

q = + 1/2, Lz = 0 > + |Sz
q = − 1/2, Lz = + 1 > ]

R1
0 d⇣

R 1
0 dx 2

+(⇣
2, x) =

R1
0 d⇣

R 1
0 dx 2

�(⇣
2, x) = 1

2

Baryon LFWFsLF Holography
Superconformal  

Quantum Mechanics 
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From overlap of L = 1 and L = 0 LFWFs



we find qτðxÞ ∼ ð1 − xÞ2τ−3, which is precisely the Drell-
Yan inclusive counting rule at x → 1 [63–65], correspond-
ing to the form factor behavior at large Q2 (3).
From Eq. (10), it follows that the conditions (13) are

equivalent to f0ð1Þ ¼ 0 and f00ð1Þ ≠ 0. Since logðxÞ∼
1 − x for x ∼ 1, a simple ansatz for fðxÞ consistent with
(7), (11), and (13) is

fðxÞ ¼ 1

4λ

!
ð1 − xÞ log

"
1

x

#
þ að1 − xÞ2

$
; ð14Þ

with a being a flavor-independent parameter. From (10),

wðxÞ ¼ x1−xe−að1−xÞ
2
; ð15Þ

an expression that incorporates Regge behavior at small x
and inclusive counting rules at large x.
Nucleon GPDs.—The nucleon GPDs are extracted from

nucleon FF data [66–70] choosing specific x and t depend-
ences of the GPDs for each flavor. One then finds the best
fit reproducing the measured FFs and the valence PDFs. In
our analysis of nucleon FFs [56], three free parameters are
required: these are r, interpreted as an SU(6) breaking
effect for the Dirac neutron FF, and γp and γn, which
account for the probabilities of higher Fock components
(meson cloud) and are significant only for the Pauli FFs.
The hadronic scale λ is fixed by the ρ-Regge trajectory [28],
whereas the Pauli FFs are normalized to the experimental
values of the anomalous magnetic moments.
Helicity nonflip distributions: Using the results from [56]

for the Dirac flavor FFs, we write the spin nonflip valence
GPDs Hqðx; tÞ ¼ qðxÞ exp ½tfðxÞ& with

uvðxÞ ¼
"
2 −

r
3

#
qτ¼3ðxÞ þ

r
3
qτ¼4ðxÞ; ð16Þ

dvðxÞ ¼
"
1 −

2r
3

#
qτ¼3ðxÞ þ

2r
3
qτ¼4ðxÞ; ð17Þ

for the u and d PDFs normalized to the valence content of
the proton:

R
1
0 dxuvðxÞ ¼ 2 and

R
1
0 dxdvðxÞ ¼ 1. The PDF

qτðxÞ and the profile function fðxÞ are given by (9) and
(10), and wðxÞ is given by (15). Positivity of the PDFs
implies that r ≤ 3=2, which is smaller than the value r ¼
2.08 found in [56]. We shall use the maximum value
r ¼ 3=2, which does not change significantly our results
in [56].
The PDFs (16) and (17) are evolved to a higher

scale μ with the Dokshitzer-Gribov-Lipatov-Altarelli-
Parisi (DGLAP) equation [71–73] in the M̄S scheme using
the HOPPET toolkit [74]. The initial scale is chosen at the
matching scale between LFHQCD and perturbative QCD
(pQCD) as μ0 ¼ 1.06'0.15 GeV [75] in the M̄S scheme at
next-to-next-to-leading order (NNLO). The strong cou-
pling constant αs at the scale of the Z-boson mass is set to

0.1182 [76], and the heavy quark thresholds are set with
M̄S quark masses as mc¼ 1.28 GeV and mb¼ 4.18 GeV
[76]. The PDFs are evolved to μ2 ¼ 10 GeV2 at NNLO to
compare with the global fits by the MMHT [5], CT [6], and
NNPDF [77] collaborations as shown in Fig. 1. The value
a ¼ 0.531' 0.037 is determined from the first moment of
the GPD,

R
1
0 dxxH

q
vðx; t ¼ 0Þ ¼ Aq

vð0Þ from the global data
fits with average values Au

vð0Þ ¼ 0.261' 0.005 and
Ad
vð0Þ ¼ 0.109' 0.005. The model uncertainty (red band)

includes the uncertainties in a and μ0 [78]. We also indicate
the difference between our results and global fits in Fig. 2.
The t dependence of Hq

vðx; tÞ is illustrated in Fig. 3.
Since our PDFs scale as qðxÞ ∼ x−1=2 for small x, the
Kuti-Weisskopf behavior for the nonsinglet structure
functions F2pðxÞ − F2nðxÞ ∼ x½uvðxÞ − dvðxÞ& ∼ x1=2 is
satisfied [79,80].
Helicity-flip distributions: The spin-flip GPDsEq

vðx; tÞ ¼
eqvðxÞ exp ½tfðxÞ& follow from the flavor Pauli FFs in [56]
given in terms of twist-4 and twist-6 contributions

eqvðxÞ ¼ χq½ð1 − γqÞqτ¼4ðxÞ þ γqqτ¼6ðxÞ&; ð18Þ

normalized to the flavor anomalous magnetic momentR
1
0 dxeqvðxÞ ¼ χq, with χu ¼ 2χp þ χn ¼ 1.673 and
χd ¼ 2χn þ χp ¼ −2.033. The factors γu and γd are

FIG. 1. Comparison for xqðxÞ in the proton from LFHQCD (red
bands) and global fits: MMHT2014 (blue bands) [5], CT14 [6]
(cyan bands), and NNPDF3.0 (gray bands) [77]. LFHQCD
results are evolved from the initial scale μ0 ¼ 1.06'0.15 GeV.

FIG. 2. Difference between our PDF results and global fits.
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Universality of Generalized Parton Distributions in Light-Front Holographic QCD 
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to constrain the non-minimal sea quark.
The value of the isovector axial charge gA = 1.2732(23)

is precisely determined by the neutron weak decay [58].
As shown in Table I, its values evaluated with a minimal
sea component, gA,min, are smaller than the experimental
value. To in the value of gA with the minimal shift u⌧ !

u⌧ + �⌧,u, ū⌧ ! ū⌧ + �⌧,u and similarly for the d-quark,
implies a positive shift �⌧=5,u and/or �⌧=6,d. Therefore,
we satisfy the sum rule by the shift �⌧=5,u and �⌧=6,d, and
take the variation between them as part of the theoretical
uncertainty.
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u
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HERMES
COMPASS

FIG. 1. Polarized distributions of the isovector combina-
tion x[�u+(x)��d+(x)] in comparison with NNPDF global
fit [15] and experimental data [6–10, 12]. Three sets of param-
eters, see Table I, are determined from the Dirac form factor
and unpolarized valence distributions. The bands represent
the variation with di↵erent approaches to saturate the axial
sum rule. The blue dashed curve shows the result with only
valence state contribution.

For the universal reparametrization function w(x), we
take the same form as in [50],

w(x) = x
1�x exp[�a(1� x)2], (31)

with the parameter “a” fixed with the first moment of
unpolarized valence quark distributions. One can in
principle adopt any parametrization form that fulfills
the boundary conditions (7) and (8), and the predictive
power is kept by the universality of w(x) for all PDFs.
For comparison with measurements, we evolve the distri-
butions from 1.06GeV, which is the matching scale sug-
gested by the study of the strong coupling constant [59].
As shown in Figs. 1-3, our numerical results are in good
agreement with the global fit [15] and measurements [6–
10, 12]. The isovector combination �u+ � �d+, where
u+ and d+ stand for u + ū and d + d̄, is the distribu-
tion relevant to the axial charge sum rule (30). In Fig. 1,
the dashed blue curve is the contribution from the va-
lence state only, and the di↵erence with the full results,

FIG. 2. Polarized distributions of u, d, ū, and d̄ in comparison
with NNPDF global fit [15] and experimental data [10, 12].
The bands have the same meaning as in Fig. 1.

FIG. 3. Helicity asymmetries of u + ū and d + d̄ compared
with measurements. The bands and symbols have the same
meaning as in Fig. 1.

cases I, II and III, which include saturation of the ax-
ial sum rule is noticeable. This is consistent with the
analysis of the Pauli form factor in [60], which demon-
strates the significance of the sea quarks in describing
spin-related quantities. For each single flavor, shown in
Fig. 2, the variation of the results with three sets of co-
e�cients is large, because the sea quark coe�cients are
not well constrained by the procedure discussed above.
Furthermore, the truncation of the Fock state up to five-
quark states allowing only one pair of sea quarks may
potentially result in greater theoretical uncertainties for
each individual flavor. The axial sum rule provides an
important constraint but still leave some flexibility, like
adding the same term to uū and dd̄. Since the goal of this
letter is to introduce a new approach to study polarized
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with measurements. The bands and symbols have the same
meaning as in Fig. 1.

cases I, II and III, which include saturation of the ax-
ial sum rule is noticeable. This is consistent with the
analysis of the Pauli form factor in [60], which demon-
strates the significance of the sea quarks in describing
spin-related quantities. For each single flavor, shown in
Fig. 2, the variation of the results with three sets of co-
e�cients is large, because the sea quark coe�cients are
not well constrained by the procedure discussed above.
Furthermore, the truncation of the Fock state up to five-
quark states allowing only one pair of sea quarks may
potentially result in greater theoretical uncertainties for
each individual flavor. The axial sum rule provides an
important constraint but still leave some flexibility, like
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Polarized distributions for the 

isovector combination x[∆u+ (x) − ∆d+ (x)]

u+(x) = u(x) + ū(x)d+(x) = d(x) + d̄(x)

Δq(x) = q↑(x) − q↓(x)



Superconformal Algebra
2X2 Hadronic Multiplets
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Figure 1: The supersymmetric quadruplet {�M , B+, B�,�T }. Open circles represent
quarks, full circles antiquarks. The tetraquark has the same mass as its baryon partner in the
multiplet. Notice that the LF angular momentum of the negative-chirality component wave
function of a baryon  B� is one unit higher than that of the positive-chirality (leading-twist)
component  B+.

spinor wavefunction  B+ and  B�, plus two bosonic wave functions, namely the meson

�B and the tetraquark �T . These states can be arranged as a 2⇥ 2 matrix:

 
�M(LM = LB + 1)  B�(LB + 1)

 B+(LB) �T (LT = LB)

!
, (21)

on which the symmetry generators (1) and the Hamiltonian (17) operate 9.

According to this analysis, the lowest-lying light-quark tetraquark is a partner of

the b1(1235) and the nucleon; it has quantum numbers I, J
P = 0, 0+. The partners of

the a2(1320) and the �(1233) have the quantum numbers I = 0, JP = 1+. Candidates

for these states are the f0(980) and a1(1260), respectively.

2.4 Inclusion of quark masses and comparison with experiment

We have argued in [11] that the natural way to include light quark masses in the

hadron mass spectrum is to leave the LF potential unchanged as a first approximation

and add the additional term of the invariant mass �m
2 =

P
n

i=1
m

2
i

xi
to the LF kinetic

energy. The resulting LF wave function is then modified by the factor e
� 1

2��m
2
, thus

providing a relativistically invariant form for the hadronic wave functions. The e↵ect of

the nonzero quark masses for the squared hadron masses is then given by the expectation

value of �m
2 evaluated using the modified wave functions. This prescription leads to

9It is interesting to note that in Ref. [20] mesons, baryons and tetraquarks are also hadronic states
within the same multiplet.
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Meson Baryon

Baryon

Bosons, Fermions with Equal Mass!

Proton: |u[ud]> Quark + Scalar Diquark
Equal Weight: L=0, L=1

R†
� q ! [q̄q̄]

3C ! 3C

R†
� q̄ ! [qq]

3̄C ! 3̄C

Tetraquark: 
diquark + antidiquark



]

uu

ū

uu

uu
L = 0

L = 1

R†
� q ! [q̄q̄]

3C ! 3C

R†
� q̄ ! (qq)
3̄C ! 3̄C

( )

( ) ( )
[

JPC = 2++

JP =
3

2

+ JPC = 1++

L = 0

�+(1232)

L = 1, S = 1

u u

u ū
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Superconformal Algebra 4-Plet 
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sjbNew Organization of the Hadron Spectrum

Meson Baryon        Tetraquark



Supersymmetry across the light and heavy-light spectrum
de Téramond, Dosch, Lorcé, sjb



Supersymmetry across the light and heavy-light spectrum

Heavy charm quark mass does not break supersymmetry

de Téramond, Dosch, Lorcé, sjb



Supersymmetry across the light and heavy-light spectrum

Heavy bottom quark mass does not break supersymmetry

de Téramond, Dosch, Lorcé, sjb



Structure of Hadron Bound-State Equations in LFHQCD

4 Heavy-light and heavy-heavy hadronic sectors

• Extension to the heavy-light hadronic sector

[H. G. Dosch, GdT, S. J. Brodsky, PRD 92, 074010 (2015), PRD 95, 034016 (2017)]

• Extension to the double-heavy hadronic sector

[M. Nielsen and S. J. Brodsky, PRD, 114001 (2018)]

[M. Nielsen, S. J. Brodsky, GdT, H. G. Dosch, F. S. Navarra, L. Zou, PRD 98, 034002 (2018)]

• Extension to the isoscalar hadronic sector

[L. Zou, H. G. Dosch, GdT,S. J. Brodsky, arXiv:1901.11205 [hep-ph]]

Bound States in QCD, St Goar, 9 April 2019
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Supersymmetry in QCD

• A hidden symmetry of Color SU(3)C in hadron 
physics

• QCD: No squarks or gluinos!

• Emerges from Light-Front Holography and 
Super-Conformal Algebra

• Color Confinement

• Massless Pion in Chiral Limit

de Téramond, Dosch, Lorcé, sjb



a


a

Superpartners for states with one c quark

predictions             beautiful agreement!M. Nielsen, sjb 41



Superconformal Algebra
Four-Plet Representations

&%
'$ue &%

'$e ee
�M , LB + 1  B+, LB

-R
†
�

&%
'$e ee
 B�, LB + 1

&%
'$e eu u
�T , LB

-R
†
�

Figure 1: The supersymmetric quadruplet {�M , B+, B�,�T }. Open circles represent
quarks, full circles antiquarks. The tetraquark has the same mass as its baryon partner in the
multiplet. Notice that the LF angular momentum of the negative-chirality component wave
function of a baryon  B� is one unit higher than that of the positive-chirality (leading-twist)
component  B+.

spinor wavefunction  B+ and  B�, plus two bosonic wave functions, namely the meson

�B and the tetraquark �T . These states can be arranged as a 2⇥ 2 matrix:

 
�M(LM = LB + 1)  B�(LB + 1)

 B+(LB) �T (LT = LB)

!
, (21)

on which the symmetry generators (1) and the Hamiltonian (17) operate 9.

According to this analysis, the lowest-lying light-quark tetraquark is a partner of

the b1(1235) and the nucleon; it has quantum numbers I, J
P = 0, 0+. The partners of

the a2(1320) and the �(1233) have the quantum numbers I = 0, JP = 1+. Candidates

for these states are the f0(980) and a1(1260), respectively.

2.4 Inclusion of quark masses and comparison with experiment

We have argued in [11] that the natural way to include light quark masses in the

hadron mass spectrum is to leave the LF potential unchanged as a first approximation

and add the additional term of the invariant mass �m
2 =

P
n

i=1
m

2
i

xi
to the LF kinetic

energy. The resulting LF wave function is then modified by the factor e
� 1

2��m
2
, thus

providing a relativistically invariant form for the hadronic wave functions. The e↵ect of

the nonzero quark masses for the squared hadron masses is then given by the expectation

value of �m
2 evaluated using the modified wave functions. This prescription leads to

9It is interesting to note that in Ref. [20] mesons, baryons and tetraquarks are also hadronic states
within the same multiplet.
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Meson Baryon

Tetraquark: 
diquark + antidiquarkBaryon

Bosons, Fermions with Equal Mass!

Proton: |u[ud]> Quark + Scalar Diquark
Equal Weight: L=0, L=1

R†
� q ! [q̄q̄]

3C ! 3C

R†
� q̄ ! [qq]

3̄C ! 3̄C



0 1 2 3
L

M
 = L

B
 + 1

8

10

12

14

16

18

20
M

2
(G

eV
2
)

J/Ψ

χ
c1

χ
c2

Ξ
cc

Ψ(2S)

n=0

n=1

χ
c2

(2P)

Z
c
(3900)

X(3872)

n=2

Ψ(3S)

Z(4430)

Tcc(3868)

<latexit sha1_base64="gMufMtQMQ2z4HhnDuwhlV/fhJhM=">AAACG3icbVDLSgNBEJz1GeMr6tHLYCLES9iNoLkoohePERIjJMvS25kkQ2YfzswKYc1/ePFXvHhQxJPgwb9xsubgq6DpoqqbmS4/Flxp2/6wZmbn5hcWc0v55ZXVtfXCxualihKJrImRiOSVD4oJHrKm5lqwq1gyCHzBWv7wbOK3bphUPAobehQzN4B+yHscQRvJK1QbTEu4TkAOaanhpYjj8n7toLZHj+htGXGPtjs+SJrQrHXd45JXKNoVOwP9S5wpKZIp6l7hrdONMAlYqFGAUm3HjrWbgtQcBRvnO4liMeAQ+qxtaAgBU26a3Tamu0bp0l4kTYWaZur3jRQCpUaBbyYD0AP125uI/3ntRPdqbsrDONEsxK+HeomgOqKToGiXS4ZajAwBlNz8leIAJKA2ceZNCM7vk/+Sy2rFOahUL6rFk9NpHDmyTXZImTjkkJyQc1InTYLkjjyQJ/Js3VuP1ov1+jU6Y013tsgPWO+fFpaeTA==</latexit>

Tetraquark Tcc(3868) = |(cc)[ūd̄] >
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HQCD
LF |ψ >=M2|ψ >

Dirac’s Front Form: Fixed τ = t+ z/c

Bound States in Relativistic Quantum Field Theory: 

Light-Front Wavefunctions

Remarkable new insights from AdS/CFT, the duality 
between conformal field theory  and Anti-de Sitter Space 

Invariant under boosts.   Independent of Pμ

Direct connection to QCD Lagrangian

 (xi,~k?i,�i)

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

LF Wavefunction: off-shell in invariant mass

x =
k+

P+
=

k0 + k3

P 0 + P 3



General remarks about orbital angular mo-
mentum

⌃R�

xi
⌃R� +⌃b�i

�n
i
⌃b�i = ⌃0�

�n
i xi = 1

�n
i=1(xi

⌃P� + ⌃k�i) = ⌃P�

xi
⌃P� + ⌃k�i

�n
i

⌃k�i = ⌃0�

�n
i xi = 1

P+, ↵P+

xiP
+, xi

↵P⇤ + ↵k⇤i

ẑ

↵L = ↵R ⇥ ↵P

↵Li = (xi
↵R⇤ +↵b⇤i) ⇥ ↵P

↵⇧i = ↵b⇤i ⇥ ↵k⇤i

↵⇧i = ↵Li � xi
↵R⇤ ⇥ ↵P = ↵b⇤i ⇥ ↵P

A(⇤,�⇤) = 1
2⇥

�
d�e

i
2⇤�M(�,�⇤)

P+, P⇤

xiP
+, xi

P⇤ + k⇤i

� = Q2

2p·q

ẑ

L = R ⇥ P

Li = (xi
R⇤ +b⇤i) ⇥ P

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

Light-Front Wavefunctions:  rigorous representation of 
composite systems in quantum field theory

x =
k+

P+
=

k0 + k3

P 0 + P 3

Structure Function is square of LFWFs, summed over all Fock states. 
Causal, Frame-independent.  Creation Operators on Simple Vacuum, 

Current Matrix Elements are Overlaps of LFWFS

|p, Jz >=
X

n=3

 n(xi,~k?i,�i)|n;xi,~k?i,�i >

Invariant under boosts!  Independent of Pμ 

Eigenstate of LF Hamiltonian 

 n(xi,~k?i ,�i)
HQCD

LF |�h >= M2
h|�h >
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LFWF: Projection on free Fock state:  n(xi,~k?i,�i) =< p|n >
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<latexit sha1_base64="syzpMjRJKcL773y3YTFITKI4eO8=">AAAB9HicbVDLSgMxFM3UVx1fVZduQotQFcpMF+qy6MZlBfuAzlgyadqGJplpkikMQ/9CcONCEbd+jLv+jZnWhbYeuHA4517uvSeIGFXacWZWbm19Y3Mrv23v7O7tHxQOj5oqjCUmDRyyULYDpAijgjQ01Yy0I0kQDxhpBaPbzG9NiFQ0FA86iYjP0UDQPsVIG8n3Bohz9HheHp/ZdrdQcirOHHCVuD+kVCt6F0+zWlLvFr68XohjToTGDCnVcZ1I+ymSmmJGprYXKxIhPEID0jFUIE6Un86PnsJTo/RgP5SmhIZz9fdEirhSCQ9MJ0d6qJa9TPzP68S6f+2nVESxJgIvFvVjBnUIswRgj0qCNUsMQVhScyvEQyQR1ianLAR3+eVV0qxW3MtK9d6kcQMWyIMTUARl4IIrUAN3oA4aAIMxeAav4M2aWC/Wu/WxaM1ZPzPH4A+sz2/PHZPL</latexit>

�⇤(q)

<latexit sha1_base64="+DuEIa3VojTv0Kp0J4peZ5cpaMg=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGZyUI9BLx4TMAskQ+jp1CRteha6e4Qw5OjJiwdFvPoV+Q5vfoM/YWc5aOKDgsd7VVTV82LBlbbtLyuzsrq2vpHdzG1t7+zu5fcP6ipKJMMai0Qkmx5VKHiINc21wGYskQaewIY3uJn4jQeUikfhnR7G6Aa0F3KfM6qNVO118gW7aE9BlokzJ4Xy8bj6/XgyrnTyn+1uxJIAQ80EVarl2LF2Uyo1ZwJHuXaiMKZsQHvYMjSkASo3nR46ImdG6RI/kqZCTabq74mUBkoNA890BlT31aI3Ef/zWon2r9yUh3GiMWSzRX4iiI7I5GvS5RKZFkNDKJPc3EpYn0rKtMkmZ0JwFl9eJvVS0bkolqomjWuYIQtHcArn4MAllOEWKlADBghP8AKv1r31bL1Z77PWjDWfOYQ/sD5+ALu+kJk=</latexit>g
<latexit sha1_base64="mg6qU3noFeA+0D5iQ1+W0ZgV9j8=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIXdFGojBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYNdotFN2SO5XzF7w5FC/e7fPk7dOudgsfnV5M0wiFppwo1fbcRPsZkZpRjmO7kypMCB2SPrYNChKh8rPpoGPnyDg9J4yleUI7U/dnR0YipUZRYCojogdqMZuY/2XtVIdnfsZEkmoUdPZRmHJHx85ka6fHJFLNRwYIlczM6tABkYRqcxvbHMFbXPkvNMol76RUrrnFyiXMlIcDOIRj8OAUKnANVagDBYR7eIQn69Z6sJ6tl1lpzpr37MMvWa/fKEWQKw==</latexit>c

<latexit sha1_base64="5w+PUxdfVfW31Ada68ssDFFVpJ4=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIXdFGojBm0sI5gLJEuYncwmY2ZnlplZISx5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWHCmTae9+3klpZXVtfy6+7G5tb2TmF3r65lqgitEcmlaoZYU84ErRlmOG0miuI45LQRDq7GeeOeKs2kuDXDhAYx7gkWMYKNtertECtEOoWiV/ImQovgz6B48eGeJ29fbrVT+Gx3JUljKgzhWOuW7yUmyLAyjHA6ctuppgkmA9yjLYsCx1QH2WTaETqyThdFUtknDJq4vzsyHGs9jENbGWPT1/PZ2Pwva6UmOgsyJpLUUEGmH0UpR0ai8eqoyxQlhg8tYKKYnRWRPlaYGHsg1x7Bn195Eerlkn9SKt94xcolTJWHAziEY/DhFCpwDVWoAYE7eIAneHak8+i8OK/T0pwz69mHP3LefwB2uZIO</latexit>

c̄

<latexit sha1_base64="npU+UN2O5Ub/Ttwjkhrinp2REvo=">AAAB6XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmulA3YtGNyyr2Au1QMmmmDc0kQ5IRytA3cONCEbd9GPduxLcxvSy09YfAx/+fQ845YcKZNp737eRWVtfWN/Kb7tb2zu5eYf+grmWqCK0RyaVqhlhTzgStGWY4bSaK4jjktBEObiZ545EqzaR4MMOEBjHuCRYxgo217lPUKRS9kjcVWgZ/DsWrD/cyGX+51U7hs92VJI2pMIRjrVu+l5ggw8owwunIbaeaJpgMcI+2LAocUx1k00lH6MQ6XRRJZZ8waOr+7shwrPUwDm1ljE1fL2YT87+slZroIsiYSFJDBZl9FKUcGYkma6MuU5QYPrSAiWJ2VkT6WGFi7HFcewR/ceVlqJdL/lmpfOcVK9cwUx6O4BhOwYdzqMAtVKEGBCJ4ghd4dQbOs/PmvM9Kc8685xD+yBn/AJlmkGc=</latexit>u

<latexit sha1_base64="npU+UN2O5Ub/Ttwjkhrinp2REvo=">AAAB6XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmulA3YtGNyyr2Au1QMmmmDc0kQ5IRytA3cONCEbd9GPduxLcxvSy09YfAx/+fQ845YcKZNp737eRWVtfWN/Kb7tb2zu5eYf+grmWqCK0RyaVqhlhTzgStGWY4bSaK4jjktBEObiZ545EqzaR4MMOEBjHuCRYxgo217lPUKRS9kjcVWgZ/DsWrD/cyGX+51U7hs92VJI2pMIRjrVu+l5ggw8owwunIbaeaJpgMcI+2LAocUx1k00lH6MQ6XRRJZZ8waOr+7shwrPUwDm1ljE1fL2YT87+slZroIsiYSFJDBZl9FKUcGYkma6MuU5QYPrSAiWJ2VkT6WGFi7HFcewR/ceVlqJdL/lmpfOcVK9cwUx6O4BhOwYdzqMAtVKEGBCJ4ghd4dQbOs/PmvM9Kc8685xD+yBn/AJlmkGc=</latexit>u

<latexit sha1_base64="J7KB491zGCQoxca6/mHA8wrPCz8=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIXdFGojBm0sEzAXSJYwO3s2GTM7u8zMCiHkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCVLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DZVkkmKdJjyRrYAo5ExgXTPNsZVKJHHAsRkMriZ58w6lYom40cMU/Zj0BIsYJdpYtbBbKLoldyrnL3hzKF682+fp26dd7RY+OmFCsxiFppwo1fbcVPsjIjWjHMd2J1OYEjogPWwbFCRG5Y+mg46dI+OETpRI84R2pu7PjhGJlRrGgamMie6rxWxi/pe1Mx2d+SMm0kyjoLOPoow7OnEmWzshk0g1HxogVDIzq0P7RBKqzW1scwRvceW/0CiXvJNSueYWK5cwUx4O4BCOwYNTqMA1VKEOFBDu4RGerFvrwXq2XmalOWvesw+/ZL1+AynJkCw=</latexit>

d

<latexit sha1_base64="vdDNj6ej9y4c8WAUjypLTJpeSWM=">AAAB+nicbVC7TsMwFL0pr1JeKYwgZFEhMVVJB2CsYGFsJfqQmqhyXLe16jiR7YCq0JHPYGEAIVaGfgcb38BP4D4GaDmWpaNz7tW99wQxZ0o7zpeVWVldW9/Ibua2tnd29+z8fl1FiSS0RiIeyWaAFeVM0JpmmtNmLCkOA04bweB64jfuqFQsErd6GFM/xD3BuoxgbaS2nUc98zwdIYK8AEtE2nbBKTpToGXizkmhfDSufj8ejytt+9PrRCQJqdCEY6VarhNrP8VSM8LpKOclisaYDHCPtgwVOKTKT6erj9CpUTqoG0nzhUZT9XdHikOlhmFgKkOs+2rRm4j/ea1Edy/9lIk40VSQ2aBuwpG5dJID6jBJieZDQzCRzOyKSB9LTLRJK2dCcBdPXib1UtE9L5aqJo0rmCELh3ACZ+DCBZThBipQAwL38AQv8Go9WM/Wm/U+K81Y854D+APr4wfYwpYn</latexit>

gg ! cc̄

<latexit sha1_base64="wCF+6L5wQU1CVezSRbZm1CQtygc="></latexit>

 |uudcc̄>(xi,~k?i ,�i)

Intrinsic 

<latexit sha1_base64="av8SRFNIYw5unDxS4KGPjMiX4+w=">AAACF3icbVDLSsNAFJ34rPUVdelmsBUEISRdqBuh6MZlBfuAppbJ9KYdOnkwMymUkL9w46+4caGIW935N07bLGrrgQtnzrmXufd4MWdS2faPsbK6tr6xWdgqbu/s7u2bB4cNGSWCQp1GPBItj0jgLIS6YopDKxZAAo9D0xveTvzmCIRkUfigxjF0AtIPmc8oUVrqmlY5eKx0UzcGEWOW4Ws8eTN8jlN3BBQPs3m73DVLtmVPgZeJk5MSylHrmt9uL6JJAKGinEjZduxYdVIiFKMcsqKbSIgJHZI+tDUNSQCyk07vyvCpVnrYj4SuUOGpOj+RkkDKceDpzoCogVz0JuJ/XjtR/lUnZWGcKAjp7CM/4VhFeBIS7jEBVPGxJoQKpnfFdEAEoUpHWdQhOIsnL5NGxXIurMp9pVS9yeMooGN0gs6Qgy5RFd2hGqojip7QC3pD78az8Wp8GJ+z1hUjnzlCf2B8/QIQW54B</latexit>

m2
?i = m2

i + ~k2?i

High x  intrinsic charm!

<latexit sha1_base64="xRQIbGrtFww7AMLcLDlv/NJR3KY=">AAACJHicbVDLSsNAFJ3UV62vqEs3g63gqiQFHyBC0Y3LCvYBTQyT6aQdOpOEmYlYQj7Gjb/ixoUPXLjxW5y2QbT1wMDhnHu4c48fMyqVZX0ahYXFpeWV4mppbX1jc8vc3mnJKBGYNHHEItHxkSSMhqSpqGKkEwuCuM9I2x9ejv32HRGSRuGNGsXE5agf0oBipLTkmWcVZ4AUvPcwdCTlMOVe6sRExBBnTqSTWk747ZGX0nM7gz8uzbKKZ5atqjUBnCd2TsogR8Mz35xehBNOQoUZkrJrW7FyUyQUxYxkJSeRJEZ4iPqkq2mIOJFuOjkygwda6cEgEvqFCk7U34kUcSlH3NeTHKmBnPXG4n9eN1HBqZvSME4UCfF0UZAwqCI4bgz2qCBYsZEmCAuq/wrxAAmEle61pEuwZ0+eJ61a1T6u1q5r5fpFXkcR7IF9cAhscALq4Ao0QBNg8ACewAt4NR6NZ+Pd+JiOFow8swv+wPj6BkeApJo=</latexit>

x̂c ⇠ m?cP5
i=1 m?i

<latexit sha1_base64="o9bmgP79+TeMyocLbPZ36qeUliY=">AAACHHicbVDNS8MwHE39nPNr6tFLcBM8jbaCehx68SJUcB+w1pKm6RaWNiVJhVL2h3jxX/HiQREvHgT/G7OtB918EHi89/sleS9IGZXKNL+NpeWV1bX1ykZ1c2t7Z7e2t9+RPBOYtDFnXPQCJAmjCWkrqhjppYKgOGCkG4yuJn73gQhJeXKn8pR4MRokNKIYKS35tVNH8AAFlFGVw4bjF1kWYjdAAuIxdFPBU8VhYblcXwJv7m0fjxt+rW42zSngIrFKUgclHL/26YYcZzFJFGZIyr5lpsorkFAUMzKuupkkKcIjNCB9TRMUE+kV03BjeKyVEEZc6JMoOFV/bxQoljKPAz0ZIzWU895E/M/rZyq68AqapJkiCZ49FGUM6sCTpmBIBcGK5ZogLKj+K8RDJBBWus+qLsGaj7xIOnbTOmvat3a9dVnWUQGH4AicAAucgxa4Bg5oAwwewTN4BW/Gk/FivBsfs9Elo9w5AH9gfP0A9WWhQw==</latexit>

Probability Puudcc̄ / 1
M2

c



P+, ↵P+

xiP
+, xi

↵P⇤ + ↵k⇤i

ẑ

↵L = ↵R ⇥ ↵P

↵Li = (xi
↵R⇤ +↵b⇤i) ⇥ ↵P

↵⇧i = ↵b⇤i ⇥ ↵k⇤i

↵⇧i = ↵Li � xi
↵R⇤ ⇥ ↵P = ↵b⇤i ⇥ ↵P

A(⇤,�⇤) = 1
2⇥

�
d�e

i
2⇤�M(�,�⇤)

P+, P⇤

xiP
+, xi

P⇤ + k⇤i

� = Q2

2p·q

ẑ

L = R ⇥ P

Li = (xi
R⇤ +b⇤i) ⇥ P

`

`0

<latexit sha1_base64="syzpMjRJKcL773y3YTFITKI4eO8=">AAAB9HicbVDLSgMxFM3UVx1fVZduQotQFcpMF+qy6MZlBfuAzlgyadqGJplpkikMQ/9CcONCEbd+jLv+jZnWhbYeuHA4517uvSeIGFXacWZWbm19Y3Mrv23v7O7tHxQOj5oqjCUmDRyyULYDpAijgjQ01Yy0I0kQDxhpBaPbzG9NiFQ0FA86iYjP0UDQPsVIG8n3Bohz9HheHp/ZdrdQcirOHHCVuD+kVCt6F0+zWlLvFr68XohjToTGDCnVcZ1I+ymSmmJGprYXKxIhPEID0jFUIE6Un86PnsJTo/RgP5SmhIZz9fdEirhSCQ9MJ0d6qJa9TPzP68S6f+2nVESxJgIvFvVjBnUIswRgj0qCNUsMQVhScyvEQyQR1ianLAR3+eVV0qxW3MtK9d6kcQMWyIMTUARl4IIrUAN3oA4aAIMxeAav4M2aWC/Wu/WxaM1ZPzPH4A+sz2/PHZPL</latexit>

�⇤(q)

<latexit sha1_base64="+DuEIa3VojTv0Kp0J4peZ5cpaMg=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGZyUI9BLx4TMAskQ+jp1CRteha6e4Qw5OjJiwdFvPoV+Q5vfoM/YWc5aOKDgsd7VVTV82LBlbbtLyuzsrq2vpHdzG1t7+zu5fcP6ipKJMMai0Qkmx5VKHiINc21wGYskQaewIY3uJn4jQeUikfhnR7G6Aa0F3KfM6qNVO118gW7aE9BlokzJ4Xy8bj6/XgyrnTyn+1uxJIAQ80EVarl2LF2Uyo1ZwJHuXaiMKZsQHvYMjSkASo3nR46ImdG6RI/kqZCTabq74mUBkoNA890BlT31aI3Ef/zWon2r9yUh3GiMWSzRX4iiI7I5GvS5RKZFkNDKJPc3EpYn0rKtMkmZ0JwFl9eJvVS0bkolqomjWuYIQtHcArn4MAllOEWKlADBghP8AKv1r31bL1Z77PWjDWfOYQ/sD5+ALu+kJk=</latexit>g
<latexit sha1_base64="mg6qU3noFeA+0D5iQ1+W0ZgV9j8=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIXdFGojBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYNdotFN2SO5XzF7w5FC/e7fPk7dOudgsfnV5M0wiFppwo1fbcRPsZkZpRjmO7kypMCB2SPrYNChKh8rPpoGPnyDg9J4yleUI7U/dnR0YipUZRYCojogdqMZuY/2XtVIdnfsZEkmoUdPZRmHJHx85ka6fHJFLNRwYIlczM6tABkYRqcxvbHMFbXPkvNMol76RUrrnFyiXMlIcDOIRj8OAUKnANVagDBYR7eIQn69Z6sJ6tl1lpzpr37MMvWa/fKEWQKw==</latexit>c

<latexit sha1_base64="5w+PUxdfVfW31Ada68ssDFFVpJ4=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIXdFGojBm0sI5gLJEuYncwmY2ZnlplZISx5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWHCmTae9+3klpZXVtfy6+7G5tb2TmF3r65lqgitEcmlaoZYU84ErRlmOG0miuI45LQRDq7GeeOeKs2kuDXDhAYx7gkWMYKNtertECtEOoWiV/ImQovgz6B48eGeJ29fbrVT+Gx3JUljKgzhWOuW7yUmyLAyjHA6ctuppgkmA9yjLYsCx1QH2WTaETqyThdFUtknDJq4vzsyHGs9jENbGWPT1/PZ2Pwva6UmOgsyJpLUUEGmH0UpR0ai8eqoyxQlhg8tYKKYnRWRPlaYGHsg1x7Bn195Eerlkn9SKt94xcolTJWHAziEY/DhFCpwDVWoAYE7eIAneHak8+i8OK/T0pwz69mHP3LefwB2uZIO</latexit>

c̄

<latexit sha1_base64="npU+UN2O5Ub/Ttwjkhrinp2REvo=">AAAB6XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmulA3YtGNyyr2Au1QMmmmDc0kQ5IRytA3cONCEbd9GPduxLcxvSy09YfAx/+fQ845YcKZNp737eRWVtfWN/Kb7tb2zu5eYf+grmWqCK0RyaVqhlhTzgStGWY4bSaK4jjktBEObiZ545EqzaR4MMOEBjHuCRYxgo217lPUKRS9kjcVWgZ/DsWrD/cyGX+51U7hs92VJI2pMIRjrVu+l5ggw8owwunIbaeaJpgMcI+2LAocUx1k00lH6MQ6XRRJZZ8waOr+7shwrPUwDm1ljE1fL2YT87+slZroIsiYSFJDBZl9FKUcGYkma6MuU5QYPrSAiWJ2VkT6WGFi7HFcewR/ceVlqJdL/lmpfOcVK9cwUx6O4BhOwYdzqMAtVKEGBCJ4ghd4dQbOs/PmvM9Kc8685xD+yBn/AJlmkGc=</latexit>u

<latexit sha1_base64="npU+UN2O5Ub/Ttwjkhrinp2REvo=">AAAB6XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmulA3YtGNyyr2Au1QMmmmDc0kQ5IRytA3cONCEbd9GPduxLcxvSy09YfAx/+fQ845YcKZNp737eRWVtfWN/Kb7tb2zu5eYf+grmWqCK0RyaVqhlhTzgStGWY4bSaK4jjktBEObiZ545EqzaR4MMOEBjHuCRYxgo217lPUKRS9kjcVWgZ/DsWrD/cyGX+51U7hs92VJI2pMIRjrVu+l5ggw8owwunIbaeaJpgMcI+2LAocUx1k00lH6MQ6XRRJZZ8waOr+7shwrPUwDm1ljE1fL2YT87+slZroIsiYSFJDBZl9FKUcGYkma6MuU5QYPrSAiWJ2VkT6WGFi7HFcewR/ceVlqJdL/lmpfOcVK9cwUx6O4BhOwYdzqMAtVKEGBCJ4ghd4dQbOs/PmvM9Kc8685xD+yBn/AJlmkGc=</latexit>u

<latexit sha1_base64="J7KB491zGCQoxca6/mHA8wrPCz8=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIXdFGojBm0sEzAXSJYwO3s2GTM7u8zMCiHkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCVLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DZVkkmKdJjyRrYAo5ExgXTPNsZVKJHHAsRkMriZ58w6lYom40cMU/Zj0BIsYJdpYtbBbKLoldyrnL3hzKF682+fp26dd7RY+OmFCsxiFppwo1fbcVPsjIjWjHMd2J1OYEjogPWwbFCRG5Y+mg46dI+OETpRI84R2pu7PjhGJlRrGgamMie6rxWxi/pe1Mx2d+SMm0kyjoLOPoow7OnEmWzshk0g1HxogVDIzq0P7RBKqzW1scwRvceW/0CiXvJNSueYWK5cwUx4O4BCOwYNTqMA1VKEOFBDu4RGerFvrwXq2XmalOWvesw+/ZL1+AynJkCw=</latexit>

d

<latexit sha1_base64="vdDNj6ej9y4c8WAUjypLTJpeSWM=">AAAB+nicbVC7TsMwFL0pr1JeKYwgZFEhMVVJB2CsYGFsJfqQmqhyXLe16jiR7YCq0JHPYGEAIVaGfgcb38BP4D4GaDmWpaNz7tW99wQxZ0o7zpeVWVldW9/Ibua2tnd29+z8fl1FiSS0RiIeyWaAFeVM0JpmmtNmLCkOA04bweB64jfuqFQsErd6GFM/xD3BuoxgbaS2nUc98zwdIYK8AEtE2nbBKTpToGXizkmhfDSufj8ejytt+9PrRCQJqdCEY6VarhNrP8VSM8LpKOclisaYDHCPtgwVOKTKT6erj9CpUTqoG0nzhUZT9XdHikOlhmFgKkOs+2rRm4j/ea1Edy/9lIk40VSQ2aBuwpG5dJID6jBJieZDQzCRzOyKSB9LTLRJK2dCcBdPXib1UtE9L5aqJo0rmCELh3ACZ+DCBZThBipQAwL38AQv8Go9WM/Wm/U+K81Y854D+APr4wfYwpYn</latexit>

gg ! cc̄

<latexit sha1_base64="SsMcp8z/l5Ha7k+KzMQ87GwcsAM="></latexit>

P (p ! uudcc̄) ⇠
⇥
m2

p �
P5

i=1
m2

?i
xi

⇤�2

<latexit sha1_base64="XcNTmnVTcv9E8WUIpdOxHB9S+4o=">AAACYXicbVHJTsMwFHTCXrZQjr080SIVIaokB+CI4MKxSBQqNSVyXBcsnNiyHdQq6k9y48KFH8FJK8T2JNujeTNexonkTBvff3PcpeWV1bX1jdrm1vbOrrdXv9MiV4T2iOBC9ROsKWcZ7RlmOO1LRXGacHqfPF+V/fsXqjQT2a2ZSjpM8WPGxoxgY6nYm7S6bQmREUAgSrCyyzH0jwBatVYklZC2U8DkIYxJNRdz0QwiYbeF9i QuDZMv/ughhFllNiylGtrBCZSak5+aVi32mn7Hrwr+gmABmmhR3dh7jUaC5CnNDOFY60HgSzMssDKMcDqrRbmmEpNn/EgHFmbYHj8sqoRmcGiZEYyFsiMzULHfHQVOtZ6miVWm2Dzp372S/K83yM34fFiwTOaGZmR+0DjnYGMr44YRU5QYPrUAE8XsXYE8YYWJsZ9ShhD8fvJfcBd2gtNOeBM2Ly4XcayjBjpAbRSgM3SBrlEX9RBB786ys+3sOB/uhuu59bnUdRaeffSj3MYngP+upA==</latexit>

P (p ! cc̄+X) / x2
cx

2
c̄

(xc+xc̄)2
⇥(1� xc � xc̄)2

<latexit sha1_base64="av8SRFNIYw5unDxS4KGPjMiX4+w=">AAACF3icbVDLSsNAFJ34rPUVdelmsBUEISRdqBuh6MZlBfuAppbJ9KYdOnkwMymUkL9w46+4caGIW935N07bLGrrgQtnzrmXufd4MWdS2faPsbK6tr6xWdgqbu/s7u2bB4cNGSWCQp1GPBItj0jgLIS6YopDKxZAAo9D0xveTvzmCIRkUfigxjF0AtIPmc8oUVrqmlY5eKx0UzcGEWOW4Ws8eTN8jlN3BBQPs3m73DVLtmVPgZeJk5MSylHrmt9uL6JJAKGinEjZduxYdVIiFKMcsqKbSIgJHZI+tDUNSQCyk07vyvCpVnrYj4SuUOGpOj+RkkDKceDpzoCogVz0JuJ/XjtR/lUnZWGcKAjp7CM/4VhFeBIS7jEBVPGxJoQKpnfFdEAEoUpHWdQhOIsnL5NGxXIurMp9pVS9yeMooGN0gs6Qgy5RFd2hGqojip7QC3pD78az8Wp8GJ+z1hUjnzlCf2B8/QIQW54B</latexit>

m2
?i = m2

i + ~k2?i

< xF >= 0.33

Minimize LF energy denominator

x̂i = m�i�n
j m�j

m�i =
⇥

m2
i + k2

�i

Same velocity; heavy constituents carry high-
est momentum fraction

Q2 = 1 GeV2

<latexit sha1_base64="wCF+6L5wQU1CVezSRbZm1CQtygc="></latexit>

 |uudcc̄>(xi,~k?i ,�i)

Intrinsic 



P+, ↵P+

xiP
+, xi

↵P⇤ + ↵k⇤i

ẑ

↵L = ↵R ⇥ ↵P

↵Li = (xi
↵R⇤ +↵b⇤i) ⇥ ↵P

↵⇧i = ↵b⇤i ⇥ ↵k⇤i

↵⇧i = ↵Li � xi
↵R⇤ ⇥ ↵P = ↵b⇤i ⇥ ↵P

A(⇤,�⇤) = 1
2⇥

�
d�e

i
2⇤�M(�,�⇤)

P+, P⇤

xiP
+, xi

P⇤ + k⇤i

� = Q2

2p·q

ẑ

L = R ⇥ P

Li = (xi
R⇤ +b⇤i) ⇥ P

`

`0

<latexit sha1_base64="syzpMjRJKcL773y3YTFITKI4eO8=">AAAB9HicbVDLSgMxFM3UVx1fVZduQotQFcpMF+qy6MZlBfuAzlgyadqGJplpkikMQ/9CcONCEbd+jLv+jZnWhbYeuHA4517uvSeIGFXacWZWbm19Y3Mrv23v7O7tHxQOj5oqjCUmDRyyULYDpAijgjQ01Yy0I0kQDxhpBaPbzG9NiFQ0FA86iYjP0UDQPsVIG8n3Bohz9HheHp/ZdrdQcirOHHCVuD+kVCt6F0+zWlLvFr68XohjToTGDCnVcZ1I+ymSmmJGprYXKxIhPEID0jFUIE6Un86PnsJTo/RgP5SmhIZz9fdEirhSCQ9MJ0d6qJa9TPzP68S6f+2nVESxJgIvFvVjBnUIswRgj0qCNUsMQVhScyvEQyQR1ianLAR3+eVV0qxW3MtK9d6kcQMWyIMTUARl4IIrUAN3oA4aAIMxeAav4M2aWC/Wu/WxaM1ZPzPH4A+sz2/PHZPL</latexit>

�⇤(q)

<latexit sha1_base64="+DuEIa3VojTv0Kp0J4peZ5cpaMg=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGZyUI9BLx4TMAskQ+jp1CRteha6e4Qw5OjJiwdFvPoV+Q5vfoM/YWc5aOKDgsd7VVTV82LBlbbtLyuzsrq2vpHdzG1t7+zu5fcP6ipKJMMai0Qkmx5VKHiINc21wGYskQaewIY3uJn4jQeUikfhnR7G6Aa0F3KfM6qNVO118gW7aE9BlokzJ4Xy8bj6/XgyrnTyn+1uxJIAQ80EVarl2LF2Uyo1ZwJHuXaiMKZsQHvYMjSkASo3nR46ImdG6RI/kqZCTabq74mUBkoNA890BlT31aI3Ef/zWon2r9yUh3GiMWSzRX4iiI7I5GvS5RKZFkNDKJPc3EpYn0rKtMkmZ0JwFl9eJvVS0bkolqomjWuYIQtHcArn4MAllOEWKlADBghP8AKv1r31bL1Z77PWjDWfOYQ/sD5+ALu+kJk=</latexit>g
<latexit sha1_base64="mg6qU3noFeA+0D5iQ1+W0ZgV9j8=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIXdFGojBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYNdotFN2SO5XzF7w5FC/e7fPk7dOudgsfnV5M0wiFppwo1fbcRPsZkZpRjmO7kypMCB2SPrYNChKh8rPpoGPnyDg9J4yleUI7U/dnR0YipUZRYCojogdqMZuY/2XtVIdnfsZEkmoUdPZRmHJHx85ka6fHJFLNRwYIlczM6tABkYRqcxvbHMFbXPkvNMol76RUrrnFyiXMlIcDOIRj8OAUKnANVagDBYR7eIQn69Z6sJ6tl1lpzpr37MMvWa/fKEWQKw==</latexit>c

<latexit sha1_base64="5w+PUxdfVfW31Ada68ssDFFVpJ4=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIXdFGojBm0sI5gLJEuYncwmY2ZnlplZISx5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWHCmTae9+3klpZXVtfy6+7G5tb2TmF3r65lqgitEcmlaoZYU84ErRlmOG0miuI45LQRDq7GeeOeKs2kuDXDhAYx7gkWMYKNtertECtEOoWiV/ImQovgz6B48eGeJ29fbrVT+Gx3JUljKgzhWOuW7yUmyLAyjHA6ctuppgkmA9yjLYsCx1QH2WTaETqyThdFUtknDJq4vzsyHGs9jENbGWPT1/PZ2Pwva6UmOgsyJpLUUEGmH0UpR0ai8eqoyxQlhg8tYKKYnRWRPlaYGHsg1x7Bn195Eerlkn9SKt94xcolTJWHAziEY/DhFCpwDVWoAYE7eIAneHak8+i8OK/T0pwz69mHP3LefwB2uZIO</latexit>

c̄

<latexit sha1_base64="npU+UN2O5Ub/Ttwjkhrinp2REvo=">AAAB6XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmulA3YtGNyyr2Au1QMmmmDc0kQ5IRytA3cONCEbd9GPduxLcxvSy09YfAx/+fQ845YcKZNp737eRWVtfWN/Kb7tb2zu5eYf+grmWqCK0RyaVqhlhTzgStGWY4bSaK4jjktBEObiZ545EqzaR4MMOEBjHuCRYxgo217lPUKRS9kjcVWgZ/DsWrD/cyGX+51U7hs92VJI2pMIRjrVu+l5ggw8owwunIbaeaJpgMcI+2LAocUx1k00lH6MQ6XRRJZZ8waOr+7shwrPUwDm1ljE1fL2YT87+slZroIsiYSFJDBZl9FKUcGYkma6MuU5QYPrSAiWJ2VkT6WGFi7HFcewR/ceVlqJdL/lmpfOcVK9cwUx6O4BhOwYdzqMAtVKEGBCJ4ghd4dQbOs/PmvM9Kc8685xD+yBn/AJlmkGc=</latexit>u

<latexit sha1_base64="npU+UN2O5Ub/Ttwjkhrinp2REvo=">AAAB6XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmulA3YtGNyyr2Au1QMmmmDc0kQ5IRytA3cONCEbd9GPduxLcxvSy09YfAx/+fQ845YcKZNp737eRWVtfWN/Kb7tb2zu5eYf+grmWqCK0RyaVqhlhTzgStGWY4bSaK4jjktBEObiZ545EqzaR4MMOEBjHuCRYxgo217lPUKRS9kjcVWgZ/DsWrD/cyGX+51U7hs92VJI2pMIRjrVu+l5ggw8owwunIbaeaJpgMcI+2LAocUx1k00lH6MQ6XRRJZZ8waOr+7shwrPUwDm1ljE1fL2YT87+slZroIsiYSFJDBZl9FKUcGYkma6MuU5QYPrSAiWJ2VkT6WGFi7HFcewR/ceVlqJdL/lmpfOcVK9cwUx6O4BhOwYdzqMAtVKEGBCJ4ghd4dQbOs/PmvM9Kc8685xD+yBn/AJlmkGc=</latexit>u

<latexit sha1_base64="J7KB491zGCQoxca6/mHA8wrPCz8=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIXdFGojBm0sEzAXSJYwO3s2GTM7u8zMCiHkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCVLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DZVkkmKdJjyRrYAo5ExgXTPNsZVKJHHAsRkMriZ58w6lYom40cMU/Zj0BIsYJdpYtbBbKLoldyrnL3hzKF682+fp26dd7RY+OmFCsxiFppwo1fbcVPsjIjWjHMd2J1OYEjogPWwbFCRG5Y+mg46dI+OETpRI84R2pu7PjhGJlRrGgamMie6rxWxi/pe1Mx2d+SMm0kyjoLOPoow7OnEmWzshk0g1HxogVDIzq0P7RBKqzW1scwRvceW/0CiXvJNSueYWK5cwUx4O4BCOwYNTqMA1VKEOFBDu4RGerFvrwXq2XmalOWvesw+/ZL1+AynJkCw=</latexit>

d

<latexit sha1_base64="vdDNj6ej9y4c8WAUjypLTJpeSWM=">AAAB+nicbVC7TsMwFL0pr1JeKYwgZFEhMVVJB2CsYGFsJfqQmqhyXLe16jiR7YCq0JHPYGEAIVaGfgcb38BP4D4GaDmWpaNz7tW99wQxZ0o7zpeVWVldW9/Ibua2tnd29+z8fl1FiSS0RiIeyWaAFeVM0JpmmtNmLCkOA04bweB64jfuqFQsErd6GFM/xD3BuoxgbaS2nUc98zwdIYK8AEtE2nbBKTpToGXizkmhfDSufj8ejytt+9PrRCQJqdCEY6VarhNrP8VSM8LpKOclisaYDHCPtgwVOKTKT6erj9CpUTqoG0nzhUZT9XdHikOlhmFgKkOs+2rRm4j/ea1Edy/9lIk40VSQ2aBuwpG5dJID6jBJieZDQzCRzOyKSB9LTLRJK2dCcBdPXib1UtE9L5aqJo0rmCELh3ACZ+DCBZThBipQAwL38AQv8Go9WM/Wm/U+K81Y854D+APr4wfYwpYn</latexit>

gg ! cc̄
Intrinsic

<latexit sha1_base64="o9bmgP79+TeMyocLbPZ36qeUliY=">AAACHHicbVDNS8MwHE39nPNr6tFLcBM8jbaCehx68SJUcB+w1pKm6RaWNiVJhVL2h3jxX/HiQREvHgT/G7OtB918EHi89/sleS9IGZXKNL+NpeWV1bX1ykZ1c2t7Z7e2t9+RPBOYtDFnXPQCJAmjCWkrqhjppYKgOGCkG4yuJn73gQhJeXKn8pR4MRokNKIYKS35tVNH8AAFlFGVw4bjF1kWYjdAAuIxdFPBU8VhYblcXwJv7m0fjxt+rW42zSngIrFKUgclHL/26YYcZzFJFGZIyr5lpsorkFAUMzKuupkkKcIjNCB9TRMUE+kV03BjeKyVEEZc6JMoOFV/bxQoljKPAz0ZIzWU895E/M/rZyq68AqapJkiCZ49FGUM6sCTpmBIBcGK5ZogLKj+K8RDJBBWus+qLsGaj7xIOnbTOmvat3a9dVnWUQGH4AicAAucgxa4Bg5oAwwewTN4BW/Gk/FivBsfs9Elo9w5AH9gfP0A9WWhQw==</latexit>

Probability Puudcc̄ / 1
M2

c

<latexit sha1_base64="ma3+B4PP4HY5DqAS90i2yVbsqC8="></latexit>

L
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QCD = �
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�
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Q
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G⌫a

µ G⌧b
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⌧ fabc +O
�

1
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Q

�

Property of Non-Abelian 
QCD



p p

Probability (QED) � 1
M4

�
Probability (QCD) � 1

M2
Q

Cut of Proton Self Energy: 
QCD predicts  

Intrinsic Heavy Quarks!

xQ � (m2
Q + k2

�)1/2

Q

Q

<latexit sha1_base64="24hE1mMjrq1x+x/ZEdMc2PJmah8=">AAAB73icbVDLSgNBEOyNrxhfUY+KDAZBPITdHNRj0IvHBMwDkjXMTmaTITOz68ysEEKO/oAXD4p49Q/yHd78Bn/CyeOgiQUNRVU33V1BzJk2rvvlpJaWV1bX0uuZjc2t7Z3s7l5VR4kitEIiHql6gDXlTNKKYYbTeqwoFgGntaB3PfZrD1RpFslb04+pL3BHspARbKxUb3awEPjurJXNuXl3ArRIvBnJFQ9H5e/Ho1Gplf1stiOSCCoN4VjrhufGxh9gZRjhdJhpJprGmPRwhzYslVhQ7Q8m9w7RiVXaKIyULWnQRP09McBC674IbKfApqvnvbH4n9dITHjpD5iME0MlmS4KE45MhMbPozZTlBjetwQTxeytiHSxwsTYiDI2BG/+5UVSLeS983yhbNO4ginScADHcAoeXEARbqAEFSDA4Qle4NW5d56dN+d92ppyZjP78AfOxw+TXZNf</latexit>

�⇤<latexit sha1_base64="24hE1mMjrq1x+x/ZEdMc2PJmah8=">AAAB73icbVDLSgNBEOyNrxhfUY+KDAZBPITdHNRj0IvHBMwDkjXMTmaTITOz68ysEEKO/oAXD4p49Q/yHd78Bn/CyeOgiQUNRVU33V1BzJk2rvvlpJaWV1bX0uuZjc2t7Z3s7l5VR4kitEIiHql6gDXlTNKKYYbTeqwoFgGntaB3PfZrD1RpFslb04+pL3BHspARbKxUb3awEPjurJXNuXl3ArRIvBnJFQ9H5e/Ho1Gplf1stiOSCCoN4VjrhufGxh9gZRjhdJhpJprGmPRwhzYslVhQ7Q8m9w7RiVXaKIyULWnQRP09McBC674IbKfApqvnvbH4n9dITHjpD5iME0MlmS4KE45MhMbPozZTlBjetwQTxeytiHSxwsTYiDI2BG/+5UVSLeS983yhbNO4ginScADHcAoeXEARbqAEFSDA4Qle4NW5d56dN+d92ppyZjP78AfOxw+TXZNf</latexit>

�⇤

Hoyer, Peterson, Sakai, Collins, Ellis, Gunion, Mueller, sjb 
Polyakov, et al. 

 



p p

Probability (QED) � 1
M4

�

Probability (QCD) � 1
M2

Q

Proton 5-quark Fock State : 
Intrinsic Heavy Quarks

xQ � (m2
Q + k2

�)1/2

Q

Q

QCD predicts  
Intrinsic 

Heavy Quarks 
at high x!

Minimal off-
shellness!

Hoyer, Peterson, Sakai, Collins, Ellis, Gunion, Mueller, sjb 
Polyakov, et al. 

 



|uudcc̄> Fluctuation in Proton
QCD: Probability ⇠Λ2

QCD
M2
Q

|e+e�`+`� > Fluctuation in Positronium
QED: Probability ⇠(meα)4

M4
`

Distribution peaks at equal rapidity (velocity)
Therefore heavy particles carry the largest mo-

mentum fractions

cc̄ in Color Octet

High x charm!

OPE derivation - M.Polyakov et al.

BHPS: Hoyer, Peterson, Sakai, sjb

< xF >= 0.33

Minimize LF energy denominator

x̂i = m�i�n
j m�j

m�i =
⇥

m2
i + k2

�i

Same velocity; heavy constituents carry high-
est momentum fraction

Q2 = 1 GeV2

� = t + z/c

< p|G
3
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m2
Q
|p > vs. < p|F

4
µ⇧

m4
⌘
|p >

+⇤4⇥2

d⌥
dxF

(pp ⇥ HX)[fb]

fb

⌃q ⇥ ��q

Charm at Threshold

Action Principle: Minimum KE, maximal potential 



J. J. Aubert et al. [European Muon Collaboration], “Pro-
duction Of Charmed Particles In 250-Gev Mu+ - Iron In-
teractions,” Nucl. Phys. B 213, 31 (1983).

First Evidence for Intrinsic 
Charm

Measurement of Charm 
Structure  Function 

DGLAP / Photon-Gluon Fusion: factor of 30 too small

factor of 30 !

Two Components (separate evolution):
c(x, Q2) = c(x, Q2)extrinsic + c(x, Q2)intrinsic

gluon splitting 
(DGLAP)
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xi = k+
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u
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Color confinement potential from AdS/QCD
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<latexit sha1_base64="LpMNBoIUj/hj4zDxiLM/nnLAV+Q="></latexit>

U(⇣2) = 4⇣2, ⇣2 = b2?x(1� x)

<latexit sha1_base64="WX4uA0IIPDZWs7kloBGE7FQbubk=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGZyUI9BLx4TMAskQ+jp1CRteha6e4Qw5OjJiwdFvPoV+Q5vfoM/YWc5aOKDgsd7VVTV82LBlbbtLyuzsrq2vpHdzG1t7+zu5fcP6ipKJMMai0Qkmx5VKHiINc21wGYskQaewIY3uJn4jQeUikfhnR7G6Aa0F3KfM6qNVI07+YJdtKcgy8SZk0L5eFz9fjwZVzr5z3Y3YkmAoWaCKtVy7Fi7KZWaM4GjXDtRGFM2oD1sGRrSAJWbTg8dkTOjdIkfSVOhJlP190RKA6WGgWc6A6r7atGbiP95rUT7V27KwzjRGLLZIj8RREdk8jXpcolMi6EhlElubiWsTyVl2mSTMyE4iy8vk3qp6FwUS1WTxjXMkIUjOIVzcOASynALFagBA4QneIFX6956tt6s91lrxprPHMIfWB8/yWKQog==</latexit>p <latexit sha1_base64="CPLtBQay2oglutPXdzvfkpGQvgI=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIXdFGojBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYtbRbKLoldyrnL3hzKF682+fJ26dd7RY+Or2YphEKTTlRqu25ifYzIjWjHMd2J1WYEDokfWwbFCRC5WfTQcfOkXF6ThhL84R2pu7PjoxESo2iwFRGRA/UYjYx/8vaqQ7P/IyJJNUo6OyjMOWOjp3J1k6PSaSajwwQKpmZ1aEDIgnV5ja2OYK3uPJfaJRL3kmpXHOLlUuYKQ8HcAjH4MEpVOAaqlAHCgj38AhP1q31YD1bL7PSnDXv2Ydfsl6/AUONkD0=</latexit>u

<latexit sha1_base64="CPLtBQay2oglutPXdzvfkpGQvgI=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIXdFGojBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYtbRbKLoldyrnL3hzKF682+fJ26dd7RY+Or2YphEKTTlRqu25ifYzIjWjHMd2J1WYEDokfWwbFCRC5WfTQcfOkXF6ThhL84R2pu7PjoxESo2iwFRGRA/UYjYx/8vaqQ7P/IyJJNUo6OyjMOWOjp3J1k6PSaSajwwQKpmZ1aEDIgnV5ja2OYK3uPJfaJRL3kmpXHOLlUuYKQ8HcAjH4MEpVOAaqlAHCgj38AhP1q31YD1bL7PSnDXv2Ydfsl6/AUONkD0=</latexit>u

<latexit sha1_base64="J7KB491zGCQoxca6/mHA8wrPCz8=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIXdFGojBm0sEzAXSJYwO3s2GTM7u8zMCiHkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCVLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DZVkkmKdJjyRrYAo5ExgXTPNsZVKJHHAsRkMriZ58w6lYom40cMU/Zj0BIsYJdpYtbBbKLoldyrnL3hzKF682+fp26dd7RY+OmFCsxiFppwo1fbcVPsjIjWjHMd2J1OYEjogPWwbFCRG5Y+mg46dI+OETpRI84R2pu7PjhGJlRrGgamMie6rxWxi/pe1Mx2d+SMm0kyjoLOPoow7OnEmWzshk0g1HxogVDIzq0P7RBKqzW1scwRvceW/0CiXvJNSueYWK5cwUx4O4BCOwYNTqMA1VKEOFBDu4RGerFvrwXq2XmalOWvesw+/ZL1+AynJkCw=</latexit>
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Charm quark distributions within the BHPS model. The three panels 
correspond  to the renormalization scales                        GeV respectively. 
The long-dashed and the short-dashed  curves  correspond  to  
                                   respectively  using the PDF CTEQ66c. The solid curve 
and shaded region show the central value and uncertainty from CTEQ6.5, 
which contains no IC.  
         There  is an  enhancement at x>0.1 due to the IC contribution  
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Leading Hadron Production 
from Intrinsic Charm

Coalescence of Comoving Charm and Valence Quarks
Produce J/ψ, Λc and other Charm Hadrons at High xF

PX X



• EMC data: c(x, Q2) > 30 � DGLAP
Q2 = 75 GeV2, x = 0.42

• High xF pp ⇤ J/�X

• High xF pp ⇤ J/�J/�X

• High xF pp ⇤ �cX

• High xF pp ⇤ �bX

• High xF pp ⇤ ⇥(ccd)X (SELEX)

IC Structure Function: Critical Measurement for EIC
Many interesting spin, charge asymmetry, spectator effects

Intrinsic Bottom!  
Zichichi, Cifarelli, et al.

ISR

FermiLab

CERN NA3
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Production of Two Charmonia 
at High xF

X
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Fig. 3. The fi# pair distributions are shown in (a) and (c) for the 

pion and proton projectiles. Similarly, the distributions of J/$‘s 

from the pairs are shown in (b) and (d). Our calculations are 

compared with the n-N data at 150 and 280 GeV/c [ I]. The 

x++, distributions are normalized to the number of pairs from both 

pion beams (a) and the number of pairs from the 400 GeV proton 

measurement (c) The number of single J/e’s is twice the number 

of pairs. 

x+ = ~it,/pt,~a~ in Fig. 3. The +$ pair distributions 

are shown in Fig. 3(a) and 3(c) and the associated 

the single J/I) distributions in pair events are shown 

in Fig. 3(b) and 3(d) . Both are normalized to the 

data with the single J/r/ normalization twice that of 

the pair. 

4. Other tests of the intrinsic heavy quark 

mechanism 

The intrinsic charm model provides a natural expla- 

nation of double J/e hadroproduction and thus gives 

strong phenomenological support for the presence of 

intrinsic heavy quark states in hadrons. While the gen- 

eral agreement with the intrinsic charm model is quite 

good, the excess events at medium xlfi~l suggests that 

intrinsic charm may not be the only @$ QCD produc- 

tion mechanism present or that the model parameteri- 

zation with a constant vertex function is too oversim- 

plified. The x,++,+ distributions can also be affected by 

the A dependence. Additional mechanisms, including 

an update of previous models [ 3-71, will be presented 

in a separate paper [ 81. 

The intrinsic heavy quark model can also be used to 

predict the features of heavier quarkonium hadropro- 

duction, such as YY, Y$, and (6~) (Eb) pairs. Using 

fib = 4.6 GeV, we find that the single Y and YY pair 

x distributions are similar to the equivalent I,& distri- 

butions. The average mass, (MYY), is 21.4 GeV for 

pion projectiles and 21.7 GeV for a proton, a few GeV 

above threshold, 2my = 18.9 GeV. The xy@ pair distri- 

butions are also similar to the +@ distributions but we 
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configuration and (xy) = 0.39 and (x$) = 0.27 from 

a luudc&) configuration. Here (MY@) = 14.9 GeV 
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GeV. 

It is clearly important for the double J/+ measure- 

ments to be repeated with higher statistics and also at 

higher energies. The same intrinsic Fock states will 

also lead to the production of multi-charmed baryons 

in the proton fragmentation region. It is also interesting 

to study the correlations of the heavy quarkonium pairs 

to search for possible new four-quark bound states and 

final state interactions generated by multiple gluon ex- 

change [ 71. It has been suggested that such QCD Van 

der Waals interactions could be anomalously strong at 

low relative rapidity [ 22,231. 

There are many ways in which the intrinsic heavy 

quark content of light hadrons can be tested. More 

measurements of the charm and bottom structure func- 

tions at large XF are needed to confirm the EMC data 

[ 151. Charm production in the proton fragmentation 

region in deep inelastic lepton-proton scattering is sen- 

sitive to the hidden charm in the proton wavefunction. 

The presence of intrinsic heavy quarks in the hadron 

wavefunction also enhances heavy flavor production 

in hadronic interactions near threshold. More gener- 

ally, the intrinsic heavy quark model leads to enhanced 

open and hidden heavy quark production and leading 

particle correlations at high XF in hadron collisions 

with a distinctive strongly-shadowed nuclear depen- 

dence characteristic of soft hadronic collisions. 
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[ 121. For soft interactions at momentum scale CL, the 

intrinsic heavy quark cross section is suppressed by a 

resolving factor cc &2/m; [ 131. 

There is substantial circumstantial evidence for the 

existence of intrinsic CL! states in light hadrons. For ex- 

ample, the charm structure function of the proton mea- 

sured by EMC is significantly larger than predicted by 

photon-gluon fusion at large XBj [ 151. Leading charm 

production in TN and hyperon-N collisions also re- 

quires a charm source beyond leading twist [ 13,161. 

The NA3 experiment has also shown that the single 

J/$ cross section at large XF is greater than expected 

from gg and q?j production [ 171. Additionally, intrin- 

sic charm may account for the anomalous longitudi- 

nal polarization of the J/+4 at large XF [ 181 seen in 

?rN -+ J/+X interactions. 

Over a sufficiently short time, the pion can contain 

Fock states of arbitrary complexity. For example, two 

intrinsic CC pairs may appear simultaneously in the 

quantum fluctuations of the projectile wavefunction 

and then, freed in an energetic interaction, coalesce 

to form a pair of I,!J’s. We shall estimate the creation 
-- 

probability of ~~vcccc) Fock states, where nv = &I for 

7~- and nv = uud for proton projectiles, assuming that 

all of the double J/I,~ events arise from these configu- 

rations. We then examine the x+$ and invariant mass 

distributions of the $$ pairs and the x,,+ distribution 

for the single $‘s arising from these Fock states. 

2. Intrinsic charm Fock states 

The probability distribution for a general n-particle 

intrinsic CC Fock state as a function of x and kr is 

written as 

(1) 

where N,, normalizes the Fock state probability. In 

the model, the vertex function in the intrinsic charm 

wavefunction is assumed to be relatively slowly vary- 

ing; the particle distributions are then controlled by the 

light-cone energy denominator and phase space. This 

form for the higher Fock wavefunctions generalizes 

for an arbitrary number of light and heavy quark com- 

ponents. The Fock states containing charmed quarks 

can be materialized by a soft collision in the target 

which brings the state on shell. The distribution of 

produced open and hidden charm states will reflect the 

underlying shape of the Fock state wavefunction. 

The invariant mass of a c.? pair, M,, from such a 

Fock state is 

(2) 

where n = 4 and 5 is the number of partons in the 

lowest lying meson and baryon intrinsic CC Fock states. 

The probability to produce a J/(/I from an intrinsic 

CT state is proportional to the fraction of intrinsic ci? 

production below the Or, threshold. The fraction of 

CC pairs with 2m, < MC? < 2rno is 

The ratio fc~jr is approximately 15% larger than fc~iP 

for 1.2 < m, < 1.8 GeV. However, not all c?‘s pro- 

duced below the DB threshold will produce a final- 

state J/S. We include two suppression factors to es- 

timate J/q5 production, one reflecting the number of 

quarkonium channels available with McT < 2rno and 

one for the c and C to coalesce with each other rather 

than combine with valence quarks to produce open 

charm states. The “channel” suppression factor, s, z 

0.3, is estimated from direct and indirect J/$ produc- 

tion, including x1 and xz radiative and +’ hadronic 

decays. The combinatoric “flavor” suppression factor, 

of, is l/2 for a IEdcC) state and l/4 for a IuudcC) 

state. In Fig. 1 we show the predicted fraction of $‘s 

produced from intrinsic CC pairs, 

f@lh = s,sf.fE/h ) (4) 

as a function of m,. We take m, = I .5 GeV, suggesting 

f ur  M 0.03 and f e j p M 0.014. 

NA3 Data

πA! J/ψJ/ψX

µ2
R = CQ2

⌅(Q2) = C0 + C1�s(µR) + C2�2
s(µR) + · · ·

⇧ = 1
2x�P+

⇥p ⌅ µ+µ�p

Oberwölz

All events have xF
⌃⌃ > 0.4 !

⇧(pp ⌅ cX) ⇤ 1µb

Excludes PYTHIA 
‘color drag’ model

R. Vogt, sjb 
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Production of a Double-Charm Baryon

X

SELEX  high xF < xF >= 0.33

pp ⌅ p + H + p

H, Z0, �b

b⌃ ⇤ 1/Q

Must have �Lz = ±1 to have nonzero F2

Use charge radius R2 = �6F ⇧
1(0)

and anomalous moment ⇥ = F2(0)



Intrinsic Charm Mechanism for Exclusive 
Diffraction Production

xJ/ψ = xc+ xc̄

Intrinsic cc̄ pair formed in color octet 8C in pro-
ton wavefunction

Collision produces color-singlet J/ψ through
color exchange

Kopeliovitch, 
Schmidt, Soffer, sjb

RHIC Experiment

Large Color Dipole

p p ! J/ψ p p

Exclusive Diffractive  
High-XF Higgs Production



Goldhaber, Kopeliovich, 
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Intrinsic Charm Mechanism for Inclusive  
High-XF Higgs Production

H

Higgs can have 80% of Proton Momentum!

Also: intrinsic bottom, top

pp � HXp

p

c
c̄

g

New search strategy for Higgs



Properties of  Non-Perturbative 
Five-Quark Fock-State

• Dominant configuration: mininum off-
shell, same rapidity

• Heavy quarks have most of the LF 
momentum  

• Correlated with proton quantum 
numbers

• Duality with meson-baryon channels

• Strangeness, charm asymmetry at x > 0.1

u
d

u
Q̄
Q

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u

< xQ > ∝ m2
Q + k2

⊥
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Interference predicts Q(x) 6= Q̄(x)
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(pp ! D�c̄dX)
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in agreement with the qualitative analysis at the begin-
ning of this section that the charm quark tends to carry
larger momentum than the anticharm quark based on the
charm quark form factors from the lattice calculation.
From the x[c(x)� c̄(x)] distribution obtained combining

Figure 3: The distribution function x[c(x) � c̄(x)] obtained from the
LFHQCD formalism using the lattice QCD input of charm electro-
magnetic form factors Gc

E,M(Q2). The outer cyan band indicates an
estimate of systematic uncertainty in the x[c(x) � c̄(x)] distribution
obtained from a variation of the hadron scale c by 5%.

LQCD results of Gc
E,M(Q2) and LFHQCD formalism,

we can calculate the first moment of the di↵erence of
c(x) and c̄(x) PDFs to be

hxic�c̄ =

Z 1

0
dx x [c(x) � c̄(x)] = 0.00047(15). (15)

The [c(x) � c̄(x)] distribution result is about 3 times
smaller in magnitude than the s(x)� s̄(x) distribution ob-
tained with the same formalism [46]. Although a small
asymmetry could be a result of the cancellation of two
relatively large c(x) and c̄(x) distributions, it is possible
that the intrinsic charm and anticharm distributions are
both small. Furthermore, the charm and anticharm dis-
tributions at high energy scales are dominated by the ex-
trinsic sea from perturbative radiations. The experimen-
tal observation and isolation of the intrinsic charm e↵ect
are extremely challenging in such cases. Thus it is not
surprising that the recent measurement of J/ and D0

productions by the LHCb collaboration [13] found no
intrinsic charm e↵ect. An ideal place to investigate the
intrinsic charm would be the J/ or open charm produc-
tions at relatively low energies, e.g., at JLab, although
it is also possible to see intrinsic charm e↵ects in very
accurate measurements of high energy reactions. In ad-
dition, lepton-nucleon scattering may provide a cleaner

probe than nucleon-nucleon scattering to help reduce
backgrounds and increase the chance to observe the in-
trinsic charm e↵ect, and therefore the future EIC will
provide such opportunities.

The nonzero value of Gc
E(Q2) can also originate

from the interference of the q ! gq ! cc̄q and
q ! ggq ! cc̄q sub-processes, without the exis-
tence of IC. However, as mentioned earlier, this extrin-
sic [c(x) � c̄(x)] asymmetry which arises at the next-to-
next-to-leading order level is negligible [38]. Moreover,
according to [38], this extrinsic asymmetry would re-
sult in a much smaller and negative value of the first
moment of [c(x) � c̄(x)] distribution hxic�c̄ compared to
hxic�c̄ = 0.00047(15) obtained in this calculation. A
negative value for hxic�c̄ would also result in a positive
[c(x)� c̄(x)] distribution at small x and a negative distri-
bution at large x, in contrast to the [c(x)� c̄(x)] distribu-
tion we have obtained here. But the evidence based on
the [s(x) � s̄(x)] distribution in [46], the EMC measure-
ment [8], and perturbative QCD computation [38] seem
to indicate extremely small values of extrinsic charm for
x > 0.1. The present determination of the [c(x) � c̄(x)]
distribution gives a strong evidence from LQCD for the
existence of nonperturbative intrinsic heavy quarks in
the nucleon wavefunction at large x ⇠ 0.4 � 0.5 with
a magnitude consistent with experimental signals. A
consequence of this result is Higgs production at large
xF > 0.8 in pp collisions at the LHC from the di-
rect coupling of the Higgs to the intrinsic heavy quark
pair [81].

4. Conclusion and outlook

In this article, we have presented the first lattice
QCD calculation of the charm quark electromagnetic
form factors in the physical limit. This first lattice
QCD calculation indicates that a nonzero charm elec-
tric form factor corresponds to the intrinsic charm-
anticharm asymmetry in the nucleon sea, thereby pro-
viding an indication of the existence of nonzero intrinsic
charm based on a first-principles calculation. In addi-
tion, the nonzero value of the charm magnetic form fac-
tor indicates a nonzero orbital angular momentum con-
tribution to the nucleon coming from the charm quarks.
We have discussed that the existence of IC is supported
by QCD and how an accurate knowledge of the intrinsic
charm can help to remove bias in the global fits of PDFs
and related phenomenological studies.

Motivated by the new lattice results, we have used the
nonperturbative light-front holographic framework in-
corporating the QCD inclusive-exclusive connection at
large x to determine the [c(x)� c̄(x)] asymmetry up to a
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tribution to the nucleon coming from the charm quarks.
We have discussed that the existence of IC is supported
by QCD and how an accurate knowledge of the intrinsic
charm can help to remove bias in the global fits of PDFs
and related phenomenological studies.

Motivated by the new lattice results, we have used the
nonperturbative light-front holographic framework in-
corporating the QCD inclusive-exclusive connection at
large x to determine the [c(x)� c̄(x)] asymmetry up to a

8

(LGTH+ Exclusive-Connection)
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Abstract

We present the first lattice QCD calculation of the charm quark contribution to the nucleon electromagnetic form fac-
tors Gc

E,M(Q2) in the momentum transfer range 0  Q2
 1.4 GeV2. The quark mass dependence, finite lattice spacing

and volume corrections are taken into account simultaneously based on the calculation on three gauge ensembles in-
cluding one at the physical pion mass. The nonzero value of the charm magnetic moment µc

M = �0.00127(38)stat(5)sys,
as well as the Pauli form factor, reflects a nontrivial role of the charm sea in the nucleon spin structure. The nonzero
Gc

E(Q2) indicates the existence of a nonvanishing asymmetric charm-anticharm sea in the nucleon. Performing a non-
perturbative analysis based on holographic QCD and the generalized Veneziano model, we study the constraints on the
[c(x)� c̄(x)] distribution from the lattice QCD results presented here. Our results provide complementary information
and motivation for more detailed studies of physical observables that are sensitive to intrinsic charm and for future
global analyses of parton distributions including asymmetric charm-anticharm distribution.

Keywords: Intrinsic charm, Form factor, Parton distributions, Lattice QCD, Light-front holographic QCD,
JLAB-THY-20-3155, SLAC-PUB-17515

1. Introduction

The charm-anticharm sea in the nucleon has received
great interest in nuclear and particle physics for its par-
ticular significance in understanding high energy re-
actions associated with charm production. Quantum
Chromodynamics (QCD), the underlying theory of the
strong interaction with quarks and gluons as the funda-
mental degrees of freedom, allows heavy quarks in the
nucleon-sea to have both perturbative “extrinsic” and
nonperturbative “intrinsic” origins. The extrinsic sea
arises from gluon splitting triggered by a probe in the
reaction. It can be calculated order-by-order in pertur-
bation theory if the probe is hard. The intrinsic sea is
encoded in the nucleon wave functions.

The existence of nonperturbative intrinsic charm (IC)
was originally proposed in the BHPS model [1] and in
the subsequent calculations [2, 3, 4] following the orig-
inal proposal [1]. Proper knowledge of the existence of
IC and an estimate of its magnitude will elucidate some

fundamental aspects of nonperturbative QCD. There-
fore, the main goal of this article is to investigate the
existence of a nonzero “intrinsic” charm of nonpertur-
bative origin in the nucleon. In the case of light-front
(LF) Hamiltonian theory, the intrinsic heavy quarks of
the proton are associated with higher Fock states such
as |uudQQ̄i in the hadronic eigenstate of the LF Hamil-
tonian; this implies that the heavy quarks are multi-
connected to the valence quarks. The probability for the
heavy-quark Fock states scales as 1/m2

Q in non-Abelian
QCD. Since the LF wavefunction is maximal at mini-
mum o↵-shell invariant mass; i.e., at equal rapidity, the
intrinsic heavy quarks carry large momentum fraction
xQ. A key characteristic is di↵erent momentum and spin
distributions for the intrinsic Q and Q̄ in the nucleon; for
example the charm-anticharm asymmetry, since the co-
moving quarks are sensitive to the global quantum num-
bers of the nucleon [5].

IC was also proposed in meson-baryon fluctuation

Preprint submitted to Elsevier March 3, 2020
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• Rigorous prediction of QCD, OPE

• Color-Octet Color-Octet Fock State! 

• Probability

• Large Effect at high x

• Greatly increases kinematics of colliders  such as Higgs production 
at high xF (Kopeliovich, Schmidt, Soffer, Goldhaber, sjb)

• Severely underestimated in conventional parameterizations of 
heavy quark distributions (Pumplin, Tung)

• Many empirical tests  (Gardner, Karliner, ..)
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b⇤ = O(1/MQ)
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M2
Q

PQQ̄ ⇥ 1
M2

Q

Pcc̄/p � 1%

Q

Q̄

b⇤ = O(1/MQ)

�(DDIS)
�(DIS) �

�2
QCD

M2
Q

PQQ̄ ⇤ 1
M2

Q

PQQ̄QQ̄ � �2
sPQQ̄

Pcc̄/p ⇥ 1%

Q

Q̄

b⌅ = O(1/MQ)

Hoyer, Peterson, Sakai, sjb

Intrinsic Heavy-Quark Fock States
M. Polyakov, et. al

Review:  G. Lykasov, et al
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Supersymmetry in QCD

• A hidden symmetry of Color SU(3)C in hadron 
physics

• QCD: No squarks or gluinos!

• Emerges from Light-Front Holography and 
Super-Conformal Algebra

• Color Confinement

• Massless Pion in Chiral Limit

de Téramond, Dosch, Lorcé, sjb
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Superconformal Algebra
Four-Plet Representations

&%
'$ue &%

'$e ee
�M , LB + 1  B+, LB

-R
†
�

&%
'$e ee
 B�, LB + 1

&%
'$e eu u
�T , LB

-R
†
�

Figure 1: The supersymmetric quadruplet {�M , B+, B�,�T }. Open circles represent
quarks, full circles antiquarks. The tetraquark has the same mass as its baryon partner in the
multiplet. Notice that the LF angular momentum of the negative-chirality component wave
function of a baryon  B� is one unit higher than that of the positive-chirality (leading-twist)
component  B+.

spinor wavefunction  B+ and  B�, plus two bosonic wave functions, namely the meson

�B and the tetraquark �T . These states can be arranged as a 2⇥ 2 matrix:

 
�M(LM = LB + 1)  B�(LB + 1)

 B+(LB) �T (LT = LB)

!
, (21)

on which the symmetry generators (1) and the Hamiltonian (17) operate 9.

According to this analysis, the lowest-lying light-quark tetraquark is a partner of

the b1(1235) and the nucleon; it has quantum numbers I, J
P = 0, 0+. The partners of

the a2(1320) and the �(1233) have the quantum numbers I = 0, JP = 1+. Candidates

for these states are the f0(980) and a1(1260), respectively.

2.4 Inclusion of quark masses and comparison with experiment

We have argued in [11] that the natural way to include light quark masses in the

hadron mass spectrum is to leave the LF potential unchanged as a first approximation

and add the additional term of the invariant mass �m
2 =

P
n

i=1
m

2
i

xi
to the LF kinetic

energy. The resulting LF wave function is then modified by the factor e
� 1

2��m
2
, thus

providing a relativistically invariant form for the hadronic wave functions. The e↵ect of

the nonzero quark masses for the squared hadron masses is then given by the expectation

value of �m
2 evaluated using the modified wave functions. This prescription leads to

9It is interesting to note that in Ref. [20] mesons, baryons and tetraquarks are also hadronic states
within the same multiplet.

12

Meson Baryon

Tetraquark: 
diquark + antidiquarkBaryon

Bosons, Fermions with Equal Mass!

Proton: |u[ud]> Quark + Scalar Diquark
Equal Weight: L=0, L=1

R†
� q ! [q̄q̄]
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R†
� q̄ ! [qq]

3̄C ! 3̄C
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LFHQCD: Underlying Principles

• Poincarè Invariance: Independent of the observer’s Lorentz 
frame:  Quantization at Fixed Light-Front Time τ 

• Causality: Information within causal horizon:  Light-Front 

• Light-Front Holography: AdS5 = LF (3+1) 

• Introduce Mass Scale κ while retaining the Conformal 
Invariance of the Action (dAFF) 

• Unique Dilaton in AdS5:   

• Unique color-confining LF Potential 

• Superconformal Algebra:  Mass Degenerate 4-Plet:

U(⇣2) = 4⇣2

e+2z2

Meson qq̄ $ Baryon q[qq] $ Tetraquark [qq][q̄q̄]

z $ ⇣ where ⇣2 = b2?x(1� x)
Exploring QCD, Cambridge, August 20-24, 2007 Page 9



Other Issues for Precision QCD

• Elimination of renormalization scale ambiguities    
PMC: Principle of Maximum Conformality

• Diffractive processes and violation of the OPE

• Validity of the Momentum Sum Rule

• Shadowing and Anti-Shadowing of Nuclear PDFs



2

LF orbital angular momentum L ⌘ |Lz
|max. As dis-

cussed by Chabysheva and Hiller [27], it is natural to
identify the potential for longitudinal dynamics with the
potential which underlies the t’Hooft model for large-NC

QCD (1+1) [27], and it has the same form as the in-
stantaneous LF potential which appears from gluon ex-
change in A+ = 0 LF gauge in QCD (3+1). As noted in
Refs. [27, 30], the resulting longitudinal eigenvalue equa-
tion for the longitudinal mass M2

k can be combined with

the holographic LF transverse equation (3) for M2
? to

incorporate massive quarks.
We write the meson LF wave function  as

 (x, ⇣,') =

s
x(1� x)

2⇡⇣
eiL'�(x)�(⇣), (5)

normalized to
R 1
0 dx�2(x) = 1 and

R1
0 d⇣ �2(⇣) = 1,

where we have factored out the longitudinal, trans-
verse and orbital dependence since the total e↵ective
LF Hamiltonian is written as the sum of longitudinal
and transverse components. The longitudinal mass M2

k
thus appears as a separation constant in the transverse
equation (3), namely M2

? ! M2
� M2

k [27]. As a re-
sult, the structure of the superconformal equation in the
transverse direction is not modified, even by heavy quark
masses, as long as transverse and longitudinal dynamics
can be separated. We have included in (5) the normal-
ization factor

p
x(1� x) which arises from the precise

mapping of AdS form factors to light-front physics in the
limit of zero quark masses [34].

The transverse LF equation (3) has a similar structure
as the wave equations derived in five-dimensional AdS
provided that one identifies ⇣ = z [5], the holographic
fifth-dimensional coordinate of AdS. This precise map-
ping allows us to relate the LF confinement potential U?
to the dilaton profile which modifies AdS space [9]. The
assumption of superconformal algebra then uniquely de-
termines the form of the transverse confining potential
for both mesons and nucleons [7, 8]: For mesons it is
given by [8, 35]

U?(⇣) = �2⇣2 + 2�(J � 1). (6)

In the factorized approximation, the radial and orbital
excitations are determined by the transverse potential
(6) with eigenvalues [9]

M2
?(n, J, L) = 4�

✓
n+

J + L

2

◆
, (7)

and eigenfunctions

�n,L(⇣) = �(1+L)/2

s
2n!

(n+L)!
⇣1/2+Le��⇣2/2LL

n(�⇣
2).

(8)
For the longitudinal component we will adopt the ef-

fective potential introduced by Li, Maris, Zhao and Vary

in [30] to generate a convenient orthonormal basis func-
tions in the LF longitudinal momentum variable x. It is
given by

Uk(x) = ��2@x (x(1� x) @x) , (9)

and contains the term �2x(1� x)z̃2 required to form an
oscillator potential in the LF longitudinal as well as in the
transverse directions. The longitudinal spatial variable
z̃ conjugate to the longitudinal momentum-x, z̃ ⇠ i@x,
is the frame-independent Io↵e coordinate of Miller and
Brodsky [36]. The potential (9) was introduced in the
context of basis light-front quantization [37, 38] and was
further used in [39–42].
The scale � in (9) is the longitudinal confinement

scale and has units of mass. In contrast, the trans-
verse confinement scale � in (6) has dimensions of mass
squared, but both scales are connected in the heavy
quark mass limit. To show this, consider the limit
mq,mq̄ ! mQ,mQ̄ � k?, kz, � ! �Q. In the non-

relativistic limit we find x = mQ+kz

mQ+mQ
, x =

mQ�kz

mQ+mQ
: It

leads to the non-relativistic rotationally-invariant poten-
tial U(r) ! V (r) = U(r)

mQ+mQ
= 1

2µ!
2r2, and the con-

straint

! = � =
�Q

mQ +mQ

, (10)

where µ =
mQmQ̄

mQ+mQ
and r2 = b2

?+ b2z, with bz the canon-

ical conjugate to kz, bz = i@kz .
In order to compute the longitudinal meson mass con-

tribution for an arbitrary LF wave function �(x), it is
convenient to perform an expansion in terms of the com-
plete basis of orthonormal functions generated by the lon-
gitudinal LF Hamiltonian equation (4) for the specific
potential (9)

�↵,�
 (x) = Nx↵/2(1� x)�/2P (↵,�)

 (1� 2x). (11)

Thus,

M2
k = �2

Z 1

0
dx�(x)

⇣
� @x (x(1� x)@x)

+
1

4

h↵2

x
+

�2

1� x

i⌘
�(x) = �2

X



C2
 ⌫

2(,↵,�), (12)

where ⌫2(,↵,�) = 1
4 (↵+ � + 2)(2 + ↵+ � + 2), with

↵ = 2mq/� and � = 2mq̄/� as shown in the Appendix.
For the invariant mass ansatz Eq. (1)

N exp

⇢
�
�2

8�

✓
↵2

x
+

�2

1� x

◆�
=

X



C �(x), (13)

a very rapid convergence is found [27, 30] for the basis
function (11).
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gitudinal LF Hamiltonian equation (4) for the specific
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a very rapid convergence is found [27, 30] for the basis
function (11).
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2SLAC National Accelerator Laboratory, Stanford University, Stanford, CA 94309, USA

(Dated: April 18, 2021)

The breaking of chiral symmetry in holographic light-front QCD is encoded in its longitudinal
dynamics with its chiral limit protected by the superconformal algebraic structure which governs its
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Introduction.–In spite of the important progress of Eu-
clidean lattice gauge theory, a basic understanding of the
mechanism of color confinement and its relation to chi-
ral symmetry breaking in QCD, two fundamental phe-
nomena of strong interactions, has remained an unsolved
problem. Recent developments based on superconfor-
mal quantum mechanics [1, 2] in light-front quantiza-
tion [3] and its holographic embedding on a higher dimen-
sional gravity theory [4] (gauge/gravity correspondence)
have led to new analytic insights into the structure of
hadrons and their dynamics [5–10]. This new approach
to nonperturbative QCD dynamics, holographic light-
front QCD, leads to e↵ective semi-classical relativistic
bound-state equations for arbitrary spin [11], and it in-
corporates fundamental properties which are not appar-
ent from the QCD Lagrangian, such as the emergence of
the hadron mass scale, the prediction of a massless pion
in the chiral limit, and the remarkable connections be-
tween meson, baryon and tetraquark spectroscopy across
the full hadron spectrum [12–15]. Phenomenological ex-
tensions of the holographic QCD approach also describe
the running of the QCD coupling ↵s(Q2) in the nonper-
turbative domain [16, 17] and provide nontrivial connec-
tions between the dynamics of form factors and polarized
and unpolarized quark distributions with pre-QCD non-
perturbative approaches such as Regge theory and the
Veneziano model [18–20].

In this letter we examine the e↵ect of longitudi-
nal light-front dynamics for the computation of hadron
masses, confinement, and chiral symmetry breaking mo-
tivated by the previous work in Refs. [21–30]. Although
light-front holography, based on the Maldacena conjec-
ture [4] and the superconformal algebraic structure in [2],
determines the confinement potential in the light-front
(LF) transverse coordinates in the zero quark mass chi-
ral limit [10], an extension is required to incorporate
color-confining LF longitudinal dynamics for non-zero
quark masses [31]. This extension of holographic LF
QCD (HLFQCD) should preserve its successful predic-
tions while restoring 3-dimensional rotational invariance
in the heavy-quark limit.

A simple ansatz to account for quark masses in holo-
graphic LF QCD was introduced in [26] based on the
o↵-shell dependence of the LF wave function on the in-
variant mass which controls the bound state. For a two-
parton state this amounts to the substitution k2

?
x(1�x) !

k2
?

x(1�x) + m2
1

x + m2
2

1�x in the ground-state Gaussian wave
function to include the expression for the LF kinetic en-
ergy with quark masses: It is also the invariant mass
squared s = (pq + pq̄)2 of the qq̄ pair. This substitution
leads to the longitudinal wave function [26]

�(x) = N e�
1
2�

�
m2

1
x +

m2
2

1�x

�
, (1)

with N a normalization factor [32]. The variable x is the
LF longitudinal momentum fraction x = k+/P+ and k?
is the relative transverse momentum. The partonic mass
shift contribution to hadron masses [33],

�M2 =

Z 1

0
dx�(x)

hm2
q

x
+

m2
q̄

1� x

i
�(x), (2)

used in [26, 28] does not account for the explicit contri-
bution from a longitudinal potential to hadron masses.
As we shall show in this letter, we can extend our holo-
graphic framework by combining the longitudinal dy-
namics with the transverse superconformal results in a
semiclassical approximation consistent with our previous
holographic results [9, 10].
Longitudinal dynamics in HLFQCD.–We start from

the semiclassical LF transverse [5, 9] and longitudi-
nal [27, 30] Hamiltonian wave equations for mesons
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q

x
+

m2
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1� x
+ Uk(x)

!
�(x) = M2

k �(x), (4)

in the approximation where transverse and longitudinal
dynamics are separated. The variable ⇣ in (3) is the
invariant transverse variable, ⇣2 = x(1 � x)b2

?, with
b? the transverse impact distance conjugate to the rel-
ative transverse momentum k?, and L is the relative
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Introduction.–In spite of the important progress of Eu-
clidean lattice gauge theory, a basic understanding of the
mechanism of color confinement and its relation to chi-
ral symmetry breaking in QCD, two fundamental phe-
nomena of strong interactions, has remained an unsolved
problem. Recent developments based on superconfor-
mal quantum mechanics [1, 2] in light-front quantiza-
tion [3] and its holographic embedding on a higher dimen-
sional gravity theory [4] (gauge/gravity correspondence)
have led to new analytic insights into the structure of
hadrons and their dynamics [5–10]. This new approach
to nonperturbative QCD dynamics, holographic light-
front QCD, leads to e↵ective semi-classical relativistic
bound-state equations for arbitrary spin [11], and it in-
corporates fundamental properties which are not appar-
ent from the QCD Lagrangian, such as the emergence of
the hadron mass scale, the prediction of a massless pion
in the chiral limit, and the remarkable connections be-
tween meson, baryon and tetraquark spectroscopy across
the full hadron spectrum [12–15]. Phenomenological ex-
tensions of the holographic QCD approach also describe
the running of the QCD coupling ↵s(Q2) in the nonper-
turbative domain [16, 17] and provide nontrivial connec-
tions between the dynamics of form factors and polarized
and unpolarized quark distributions with pre-QCD non-
perturbative approaches such as Regge theory and the
Veneziano model [18–20].

In this letter we examine the e↵ect of longitudi-
nal light-front dynamics for the computation of hadron
masses, confinement, and chiral symmetry breaking mo-
tivated by the previous work in Refs. [21–30]. Although
light-front holography, based on the Maldacena conjec-
ture [4] and the superconformal algebraic structure in [2],
determines the confinement potential in the light-front
(LF) transverse coordinates in the zero quark mass chi-
ral limit [10], an extension is required to incorporate
color-confining LF longitudinal dynamics for non-zero
quark masses [31]. This extension of holographic LF
QCD (HLFQCD) should preserve its successful predic-
tions while restoring 3-dimensional rotational invariance
in the heavy-quark limit.

A simple ansatz to account for quark masses in holo-
graphic LF QCD was introduced in [26] based on the
o↵-shell dependence of the LF wave function on the in-
variant mass which controls the bound state. For a two-
parton state this amounts to the substitution k2

?
x(1�x) !

k2
?

x(1�x) + m2
1

x + m2
2

1�x in the ground-state Gaussian wave
function to include the expression for the LF kinetic en-
ergy with quark masses: It is also the invariant mass
squared s = (pq + pq̄)2 of the qq̄ pair. This substitution
leads to the longitudinal wave function [26]

�(x) = N e�
1
2�
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1
x +
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2

1�x
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, (1)

with N a normalization factor [32]. The variable x is the
LF longitudinal momentum fraction x = k+/P+ and k?
is the relative transverse momentum. The partonic mass
shift contribution to hadron masses [33],

�M2 =

Z 1

0
dx�(x)
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+
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used in [26, 28] does not account for the explicit contri-
bution from a longitudinal potential to hadron masses.
As we shall show in this letter, we can extend our holo-
graphic framework by combining the longitudinal dy-
namics with the transverse superconformal results in a
semiclassical approximation consistent with our previous
holographic results [9, 10].
Longitudinal dynamics in HLFQCD.–We start from

the semiclassical LF transverse [5, 9] and longitudi-
nal [27, 30] Hamiltonian wave equations for mesons
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Io↵e length z̃: conjugate to LF x = k+

P+

2

LF orbital angular momentum L ⌘ |Lz
|max. As dis-

cussed by Chabysheva and Hiller [27], it is natural to
identify the potential for longitudinal dynamics with the
potential which underlies the t’Hooft model for large-NC

QCD (1+1) [27], and it has the same form as the in-
stantaneous LF potential which appears from gluon ex-
change in A+ = 0 LF gauge in QCD (3+1). As noted in
Refs. [27, 30], the resulting longitudinal eigenvalue equa-
tion for the longitudinal mass M2

k can be combined with

the holographic LF transverse equation (3) for M2
? to

incorporate massive quarks.
We write the meson LF wave function  as

 (x, ⇣,') =

s
x(1� x)

2⇡⇣
eiL'�(x)�(⇣), (5)

normalized to
R 1
0 dx�2(x) = 1 and

R1
0 d⇣ �2(⇣) = 1,

where we have factored out the longitudinal, trans-
verse and orbital dependence since the total e↵ective
LF Hamiltonian is written as the sum of longitudinal
and transverse components. The longitudinal mass M2

k
thus appears as a separation constant in the transverse
equation (3), namely M2

? ! M2
� M2

k [27]. As a re-
sult, the structure of the superconformal equation in the
transverse direction is not modified, even by heavy quark
masses, as long as transverse and longitudinal dynamics
can be separated. We have included in (5) the normal-
ization factor

p
x(1� x) which arises from the precise

mapping of AdS form factors to light-front physics in the
limit of zero quark masses [34].

The transverse LF equation (3) has a similar structure
as the wave equations derived in five-dimensional AdS
provided that one identifies ⇣ = z [5], the holographic
fifth-dimensional coordinate of AdS. This precise map-
ping allows us to relate the LF confinement potential U?
to the dilaton profile which modifies AdS space [9]. The
assumption of superconformal algebra then uniquely de-
termines the form of the transverse confining potential
for both mesons and nucleons [7, 8]: For mesons it is
given by [8, 35]

U?(⇣) = �2⇣2 + 2�(J � 1). (6)

In the factorized approximation, the radial and orbital
excitations are determined by the transverse potential
(6) with eigenvalues [9]
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For the longitudinal component we will adopt the ef-

fective potential introduced by Li, Maris, Zhao and Vary

in [30] to generate a convenient orthonormal basis func-
tions in the LF longitudinal momentum variable x. It is
given by

Uk(x) = ��2@x (x(1� x) @x) , (9)

and contains the term �2x(1� x)z̃2 required to form an
oscillator potential in the LF longitudinal as well as in the
transverse directions. The longitudinal spatial variable
z̃ conjugate to the longitudinal momentum-x, z̃ ⇠ i@x,
is the frame-independent Io↵e coordinate of Miller and
Brodsky [36]. The potential (9) was introduced in the
context of basis light-front quantization [37, 38] and was
further used in [39–42].
The scale � in (9) is the longitudinal confinement

scale and has units of mass. In contrast, the trans-
verse confinement scale � in (6) has dimensions of mass
squared, but both scales are connected in the heavy
quark mass limit. To show this, consider the limit
mq,mq̄ ! mQ,mQ̄ � k?, kz, � ! �Q. In the non-
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where µ =
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and r2 = b2

?+ b2z, with bz the canon-

ical conjugate to kz, bz = i@kz .
In order to compute the longitudinal meson mass con-

tribution for an arbitrary LF wave function �(x), it is
convenient to perform an expansion in terms of the com-
plete basis of orthonormal functions generated by the lon-
gitudinal LF Hamiltonian equation (4) for the specific
potential (9)
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a very rapid convergence is found [27, 30] for the basis
function (11).
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Introduction.–In spite of the important progress of Eu-
clidean lattice gauge theory, a basic understanding of the
mechanism of color confinement and its relation to chi-
ral symmetry breaking in QCD, two fundamental phe-
nomena of strong interactions, has remained an unsolved
problem. Recent developments based on superconfor-
mal quantum mechanics [1, 2] in light-front quantiza-
tion [3] and its holographic embedding on a higher dimen-
sional gravity theory [4] (gauge/gravity correspondence)
have led to new analytic insights into the structure of
hadrons and their dynamics [5–10]. This new approach
to nonperturbative QCD dynamics, holographic light-
front QCD, leads to e↵ective semi-classical relativistic
bound-state equations for arbitrary spin [11], and it in-
corporates fundamental properties which are not appar-
ent from the QCD Lagrangian, such as the emergence of
the hadron mass scale, the prediction of a massless pion
in the chiral limit, and the remarkable connections be-
tween meson, baryon and tetraquark spectroscopy across
the full hadron spectrum [12–15]. Phenomenological ex-
tensions of the holographic QCD approach also describe
the running of the QCD coupling ↵s(Q2) in the nonper-
turbative domain [16, 17] and provide nontrivial connec-
tions between the dynamics of form factors and polarized
and unpolarized quark distributions with pre-QCD non-
perturbative approaches such as Regge theory and the
Veneziano model [18–20].

In this letter we examine the e↵ect of longitudi-
nal light-front dynamics for the computation of hadron
masses, confinement, and chiral symmetry breaking mo-
tivated by the previous work in Refs. [21–30]. Although
light-front holography, based on the Maldacena conjec-
ture [4] and the superconformal algebraic structure in [2],
determines the confinement potential in the light-front
(LF) transverse coordinates in the zero quark mass chi-
ral limit [10], an extension is required to incorporate
color-confining LF longitudinal dynamics for non-zero
quark masses [31]. This extension of holographic LF
QCD (HLFQCD) should preserve its successful predic-
tions while restoring 3-dimensional rotational invariance
in the heavy-quark limit.

A simple ansatz to account for quark masses in holo-
graphic LF QCD was introduced in [26] based on the
o↵-shell dependence of the LF wave function on the in-
variant mass which controls the bound state. For a two-
parton state this amounts to the substitution k2
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x(1�x) !
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x(1�x) + m2
1

x + m2
2

1�x in the ground-state Gaussian wave
function to include the expression for the LF kinetic en-
ergy with quark masses: It is also the invariant mass
squared s = (pq + pq̄)2 of the qq̄ pair. This substitution
leads to the longitudinal wave function [26]

�(x) = N e�
1
2�

�
m2

1
x +

m2
2

1�x

�
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with N a normalization factor [32]. The variable x is the
LF longitudinal momentum fraction x = k+/P+ and k?
is the relative transverse momentum. The partonic mass
shift contribution to hadron masses [33],
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used in [26, 28] does not account for the explicit contri-
bution from a longitudinal potential to hadron masses.
As we shall show in this letter, we can extend our holo-
graphic framework by combining the longitudinal dy-
namics with the transverse superconformal results in a
semiclassical approximation consistent with our previous
holographic results [9, 10].
Longitudinal dynamics in HLFQCD.–We start from

the semiclassical LF transverse [5, 9] and longitudi-
nal [27, 30] Hamiltonian wave equations for mesons

✓
�

d2

d⇣2
�

1� 4L2

4⇣2
+ U?(⇣)

◆
�(⇣) = M2

?�(⇣), (3)

 
m2

q

x
+

m2
q̄

1� x
+ Uk(x)

!
�(x) = M2

k �(x), (4)

in the approximation where transverse and longitudinal
dynamics are separated. The variable ⇣ in (3) is the
invariant transverse variable, ⇣2 = x(1 � x)b2

?, with
b? the transverse impact distance conjugate to the rel-
ative transverse momentum k?, and L is the relative

ar
X

iv
:su

bm
it/

37
05

10
5 

 [h
ep

-p
h]

  1
8 

A
pr

 2
02

1

Longitudinal dynamics and chiral symmetry breaking in holographic light-front QCD
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2SLAC National Accelerator Laboratory, Stanford University, Stanford, CA 94309, USA

(Dated: April 18, 2021)

The breaking of chiral symmetry in holographic light-front QCD is encoded in its longitudinal
dynamics with its chiral limit protected by the superconformal algebraic structure which governs its
transverse dynamics. The scale in the longitudinal light-front Hamiltonian determines the confine-
ment strength in this direction: It is also responsible for most of the light meson ground state mass
consistent with the Gell-Mann-Oakes-Renner constraint. Longitudinal confinement and the break-
ing of chiral symmetry are found to be di↵erent manifestations of the same underlying dynamics
like in ’t Hooft large NC QCD(1 + 1) model.

Introduction.–In spite of the important progress of Eu-
clidean lattice gauge theory, a basic understanding of the
mechanism of color confinement and its relation to chi-
ral symmetry breaking in QCD, two fundamental phe-
nomena of strong interactions, has remained an unsolved
problem. Recent developments based on superconfor-
mal quantum mechanics [1, 2] in light-front quantiza-
tion [3] and its holographic embedding on a higher dimen-
sional gravity theory [4] (gauge/gravity correspondence)
have led to new analytic insights into the structure of
hadrons and their dynamics [5–10]. This new approach
to nonperturbative QCD dynamics, holographic light-
front QCD, leads to e↵ective semi-classical relativistic
bound-state equations for arbitrary spin [11], and it in-
corporates fundamental properties which are not appar-
ent from the QCD Lagrangian, such as the emergence of
the hadron mass scale, the prediction of a massless pion
in the chiral limit, and the remarkable connections be-
tween meson, baryon and tetraquark spectroscopy across
the full hadron spectrum [12–15]. Phenomenological ex-
tensions of the holographic QCD approach also describe
the running of the QCD coupling ↵s(Q2) in the nonper-
turbative domain [16, 17] and provide nontrivial connec-
tions between the dynamics of form factors and polarized
and unpolarized quark distributions with pre-QCD non-
perturbative approaches such as Regge theory and the
Veneziano model [18–20].

In this letter we examine the e↵ect of longitudi-
nal light-front dynamics for the computation of hadron
masses, confinement, and chiral symmetry breaking mo-
tivated by the previous work in Refs. [21–30]. Although
light-front holography, based on the Maldacena conjec-
ture [4] and the superconformal algebraic structure in [2],
determines the confinement potential in the light-front
(LF) transverse coordinates in the zero quark mass chi-
ral limit [10], an extension is required to incorporate
color-confining LF longitudinal dynamics for non-zero
quark masses [31]. This extension of holographic LF
QCD (HLFQCD) should preserve its successful predic-
tions while restoring 3-dimensional rotational invariance
in the heavy-quark limit.

A simple ansatz to account for quark masses in holo-
graphic LF QCD was introduced in [26] based on the
o↵-shell dependence of the LF wave function on the in-
variant mass which controls the bound state. For a two-
parton state this amounts to the substitution k2

?
x(1�x) !

k2
?

x(1�x) + m2
1

x + m2
2

1�x in the ground-state Gaussian wave
function to include the expression for the LF kinetic en-
ergy with quark masses: It is also the invariant mass
squared s = (pq + pq̄)2 of the qq̄ pair. This substitution
leads to the longitudinal wave function [26]

�(x) = N e�
1
2�

�
m2

1
x +

m2
2

1�x

�
, (1)

with N a normalization factor [32]. The variable x is the
LF longitudinal momentum fraction x = k+/P+ and k?
is the relative transverse momentum. The partonic mass
shift contribution to hadron masses [33],

�M2 =

Z 1

0
dx�(x)

hm2
q

x
+

m2
q̄

1� x

i
�(x), (2)

used in [26, 28] does not account for the explicit contri-
bution from a longitudinal potential to hadron masses.
As we shall show in this letter, we can extend our holo-
graphic framework by combining the longitudinal dy-
namics with the transverse superconformal results in a
semiclassical approximation consistent with our previous
holographic results [9, 10].
Longitudinal dynamics in HLFQCD.–We start from

the semiclassical LF transverse [5, 9] and longitudi-
nal [27, 30] Hamiltonian wave equations for mesons

✓
�

d2

d⇣2
�

1� 4L2

4⇣2
+ U?(⇣)

◆
�(⇣) = M2

?�(⇣), (3)

 
m2

q

x
+

m2
q̄

1� x
+ Uk(x)

!
�(x) = M2

k �(x), (4)

in the approximation where transverse and longitudinal
dynamics are separated. The variable ⇣ in (3) is the
invariant transverse variable, ⇣2 = x(1 � x)b2

?, with
b? the transverse impact distance conjugate to the rel-
ative transverse momentum k?, and L is the relative
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Tetraquark Tcc(3868) = |(cc)[ūd̄] >

<latexit sha1_base64="wUgplxNZJxz0aRUnlLTgjjP54hw="></latexit>

Mesons : GreenSquare,Baryons(BlueTriangle), T etraquarks(RedCircle)
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c

c

c̄

P+ = P0 + Pz

Fixed ⌅ = t + z/c

xi = k+

P+ = k0+k3

P0+Pz

⇧(⇤, b�)

⇥ = d�s(Q2)
d lnQ2 < 0

u
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Implications of LHCb measurements and future prospects
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<latexit sha1_base64="5w+PUxdfVfW31Ada68ssDFFVpJ4=">AAAB7XicbZC7SgNBFIbPxltcb1FLm8EgWIXdFGojBm0sI5gLJEuYncwmY2ZnlplZISx5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWHCmTae9+3klpZXVtfy6+7G5tb2TmF3r65lqgitEcmlaoZYU84ErRlmOG0miuI45LQRDq7GeeOeKs2kuDXDhAYx7gkWMYKNtertECtEOoWiV/ImQovgz6B48eGeJ29fbrVT+Gx3JUljKgzhWOuW7yUmyLAyjHA6ctuppgkmA9yjLYsCx1QH2WTaETqyThdFUtknDJq4vzsyHGs9jENbGWPT1/PZ2Pwva6UmOgsyJpLUUEGmH0UpR0ai8eqoyxQlhg8tYKKYnRWRPlaYGHsg1x7Bn195Eerlkn9SKt94xcolTJWHAziEY/DhFCpwDVWoAYE7eIAneHak8+i8OK/T0pwz69mHP3LefwB2uZIO</latexit>

c̄
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<latexit sha1_base64="mT8JgokWCbbIucpwFD94f5dvQ2o="></latexit>

c(x) 6= c̄(x)
c̄(x) carries proton spin in the |[ud][uc]c̄ > intrinsic charm Fock state.

Non-perturbative QCD
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[du]3̄C and [cu]3̄C J = 0 diquark dominance

Light Front Holograpy,  Intrinsic Charm, 
and Tetraquarks
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preferred two-color version is not possible or appropriate. Do not create versions of the logo in other colors or
proportions.

The red used in the logo has the following color mix:

Pantone 201
CMYK: 0/100/65/34
RGB: 164/0/29
Web: #8c1515

Caution: DO NOT convert between these four color spaces or the red will change tone. Use Pantone (spot color only) or
CMYK for externally printed pieces, RGB for documents printed in the o!ice, and HEX for web and digital colors. When you
embed an .eps version of a logo, make sure it’s the correct HEX color value BEFORE saving for web or digital.
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