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An Open Question in General Relativity

▶ Different formulations: metric, Einstein-Cartan, . . .

▶ Equivalent in pure gravity

▶ Distinct predictions in presence of matter

Which formulation should we use?

1 From Einstein-Cartan to Metric-Affine Gravity

2 Higgs Inflation
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From Einstein-Cartan to Metric-Affine Gravity Higgs Inflation Summary

The Geometry of Gravity

Einstein: curvature

Rα
βγδ

𝑅 𝛽𝛾𝛿
𝛼

𝑇 𝛽𝛾
𝛼

𝑄𝛼𝛽𝛾

Weyl:2 non-metricity

Qαβγ = ∇αgβγ

𝑅 𝛽𝛾𝛿
𝛼

𝑇 𝛽𝛾
𝛼

𝑄𝛼𝛽𝛾

Cartan:3 torsion

T α
βγ = Γα

βγ − Γα
γβ

𝑅 𝛽𝛾𝛿
𝛼

𝑇 𝛽𝛾
𝛼

𝑄𝛼𝛽𝛾

2 H. Weyl, Gravitation und Elektrizität, Sitzungsber. Preuss. Akad. Wiss. (1918) 465.
3 É. Cartan, Sur une généralisation de la notion de courbure de Riemann et les espaces

à torsion, Comptes Rendus, Ac. Sc. Paris 174 (1922) 593.
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From Einstein-Cartan to Metric-Affine Gravity Higgs Inflation Summary

The Geometry of Gravity

▶ Question: Include curvature/torsion/non-metricity?

▶ Choice determines formulations of General Relativity (GR)

▷ Rα
βγδ only: metric

▷ Rα
βγδ and T α

βγ : Einstein-Cartan

▷ . . .
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From Einstein-Cartan to Metric-Affine Gravity Higgs Inflation Summary

Pure Gravity

▶ Independent fundamental fields: gµν and Γα
βγ

▶ Minimal action: “Palatini”

L = 1
2M2

PR

▶ General Einstein-Cartan

L = 1
2M2

PR + c1M2
PT βγ

α T α
βγ + . . .

▶ Equations of motion

δL
δΓα

βγ

∼ T βγ
α ⇒ T βγ

α = 0

▶ Torsion vanishes dynamically: equivalent to metric GR
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From Einstein-Cartan to Metric-Affine Gravity Higgs Inflation Summary

Include Matter

▶ Palatini model

L = 1
2M2

PR − 1
2(∂µh)2 − V (h)

▶ Matter breaks equivalence

▶ General Einstein-Cartan

L = 1
2

(
M2

P + ξh2
)

R+
(
c1M2

P + ξ1h2
)

T βγ
α T α

βγ+ . . . −1
2(∂µh)2−V (h)

▶ Many more non-minimal coupling constants

▶ No assumptions about geometry: metric-affine gravity
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From Einstein-Cartan to Metric-Affine Gravity Higgs Inflation Summary

Application to Inflation

▶ Higgs inflation: unique option in Standard Model

▶ First scenarios: metric4 and Palatini5

L = 1
2

(
M2

P + ξh2
)

R − 1
2(∂µh)2 − V (h)

▶ Match amplitude of perturbations in CMB:
metric: ξ ∼ 103 Palatini: ξ ∼ 107

4 F. Bezrukov and M. Shaposhnikov, The Standard Model Higgs boson as the inflaton,
arXiv:0710.3755.

5 F. Bauer and D. Demir, Inflation with Non-Minimal Coupling: Metric versus Palatini
Formulations, arXiv:0803.2664.
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From Einstein-Cartan to Metric-Affine Gravity Higgs Inflation Summary

Review of Higgs Inflation
Te

ns
or

-t
o-

sc
al

ar
ra

tio

Spectral index
Planck Collaboration, Planck 2018 results. I., arXiv:1807.06205.
BICEP and Keck Collaborations, Improved Constraints on Primordial Gravitational
Waves using Planck, WMAP, and BICEP/Keck Observations, arXiv:2110.00483.
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From Einstein-Cartan to Metric-Affine Gravity Higgs Inflation Summary

Higgs Inflation in Einstein-Cartan6

L = 1
2

(
M2

P + ξh2
)

R − 1
2(∂µh)2 − V (h)

+ 1
4ξη(∂µh2)ϵµνρσTνρσ

6 M. Shaposhnikov, A. Shkerin, I. Timiryasov, S. Z., Higgs inflation in Einstein-Cartan
gravity, arXiv:2007.14978.
See also M. Långvik, J. Ojanperä, S. Raatikainen, S. Rasanen, Higgs inflation with the
Holst and the Nieh-Yan term, arXiv:2007.12595. 10
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From Einstein-Cartan to Metric-Affine Gravity Higgs Inflation Summary

Higgs Inflation Beyond Metric Gravity

▶ Predictions no longer unique

▶ Only parts of parameter space studied so far7

▶ Consistent with observations for many choices of couplings

▶ Higgs inflation as probe of GR

▶ Quantum effects can distinguish:
perturbative study of preheating not always possible

7 See also S. Rasanen, Higgs inflation in the Palatini formulation with kinetic terms for
the metric, arXiv:1811.09514. and S. Raatikainen, S. Rasanen, Higgs inflation and
teleparallel gravity, arXiv:1910.03488.
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From Einstein-Cartan to Metric-Affine Gravity Higgs Inflation Summary

Summary

▶ Pure gravity: equivalent formulations of GR

▶ Include matter: distinct observable predictions

▶ Important implications

▷ Higgs inflation

▷ Fermionic dark matter production8

▷ . . .

8 M. Shaposhnikov, A. Shkerin, I. Timiryasov, S. Z., Einstein-Cartan Portal to Dark
Matter, arXiv:2008.11686.
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Seven Formulations of General Relativity Full Action Fermionic Dark Matter

Additional Material

3 Seven Formulations of General Relativity

4 Full Action

5 Fermionic Dark Matter
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Seven Formulations of General Relativity Full Action Fermionic Dark Matter

Four Formulations with Curvature

Weyl
Tαβγ = 0

Einstein-Cartan
Qαβγ = 0

Metric
Tαβγ = Qαβγ = 0

Metric-affine

Palatini
(   ℒ∼ R)

(5)

(13)

Metric-affine gravity: avoid a priori assumption
14



Seven Formulations of General Relativity Full Action Fermionic Dark Matter

Three formulations without curvature9

Symmetric teleparallel
Rα

βγδ = Tαβγ = 0
Metric teleparallel

Rα
βγδ = Qαβγ = 0

Metric
Tαβγ = Qαβγ = 0

Generic Teleparallel
Rα

βγδ = 0

(13)

Equivalence to metric GR in pure gravity

⇓

Generically no free parameters

9 See J. Jiménez, L. Heisenberg, D. Iosifidis, A. Jiménez-Cano, T. Koivisto, General
Teleparallel Quadratic Gravity, arXiv:1909.09045.
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Seven Formulations of General Relativity Full Action Fermionic Dark Matter

Decomposition
▶ Torsion T α =gµνT µαν

T̂ α =ϵαβµνTβµν ,

tαβγ with gµνtµαν = 0 = ϵαβµνtβµν

▶ Decomposition

Tαβγ = −2
3gα[βTγ] + 1

6ϵαβγνT̂ ν + tαβγ

▶ Non-metricity
Qγ =gαβQγαβ

Q̂γ =gαβQαγβ

qαβγ with gαβqγαβ = 0 = gαβqαγβ

▶ Decomposition

Qαβγ = 1
18[gβγ(5Qα − 2Q̂α) + 2gα(β(4Q̂γ) − Qγ))] + qαβγ

16



Seven Formulations of General Relativity Full Action Fermionic Dark Matter

Full action

L =1
2Ω2(h)R̊ − 1

2 K̃ (h)gαβ∂αh∂βh − V (h)

+ A1(h)∇̊αT̂ α + A2(h)∇̊αT α + A3(h)∇̊αQ̂α + A4(h)∇̊αQα

+ B1(h)QαQα + B2(h)Q̂αQ̂α + B3(h)QαQ̂α

+ C1(h)TαT α + C2(h)T̂αT̂ α + C3(h)TαT̂ α

+ D1(h)ϵαβγδtαβλtγδ
λ + D2(h)ϵαβγδqαβλqγδ

λ + D3(h)ϵαβγδqαβλtγδ
λ

+ E1(h)TαQα + E2(h)T̂αQα + E3(h)TαQ̂α + E4(h)T̂αQ̂α

+ B4(h)qαβγqαβγ + B5(h)qαβγqβαγ

+ C4(h)tαβγtαβγ + E5(h)tαβγqβαγ
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Seven Formulations of General Relativity Full Action Fermionic Dark Matter

Equivalent Metric Theory

L = 1
2 R̊ − 1

2K (h)gαβ∂αh∂βh − V (h)
Ω4

▶ Full metric-affine theory

K (h) = 1
(1 + ξh2)

[
1 + h2 ∑7

n=0 Pnh2n

M2
P(

∑4
m=0 Omh2m)2 + 6ξ2h2

(1 + ξh2)

]

▶ Einstein-Cartan formulation

K (h) = 1
(1 + ξh2)

[
1 + 8h2 ∑1

n=0 Hnh2n

M2
P

∑2
m=0 Omh2m + 6ξ2h2

(1 + ξh2)

]

18



Seven Formulations of General Relativity Full Action Fermionic Dark Matter

Include Fermions

▶ Coupling of fermion Ψ to torsion (or non-metricity)(
ξ1∂µh2

)
T ν

µν

▶ Equivalent metric theory

L ⊃ 1
M2

P

(
ζ1 Ψ̄γµΨ + ζ2 Ψ̄γ5γµΨ

)2

▶ Universal 4-fermion interaction

19
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Seven Formulations of General Relativity Full Action Fermionic Dark Matter

Dark Matter Production10

▶ Singlet fermion N in early Universe

Ψ

Ψ̄

N

N̄(ζ1+ζ2)2

M2
P

▶ Portal to dark matter

▶ Relative abundance
ΩN

ΩDM
=

10−2 mN
10 keV

(ζ1 + ζ2)4 T 3

M3
P

▶ All of dark matter for
mN = 10 keV, . . . , 108 GeV

10 M. Shaposhnikov, A. Shkerin, I. Timiryasov, S. Z., Einstein-Cartan Portal to Dark
Matter, arXiv:2008.11686. 20
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Seven Formulations of General Relativity Full Action Fermionic Dark Matter

Example: Warm Dark Matter

▶ Cutoff in Palatini Higgs inflation11

Λ ∼ MP√
ξ

▶ Universal scales
ζ1 ∼ ζ2 ∼

√
ξ

▶ Warm dark matter
ΩN

ΩDM
= mN

10keV
▶ Characteristic momentum distribution

11 F. Bauer and D. Demir, Higgs-Palatini Inflation and Unitarity, arXiv:1012.2900.
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