Thermal regularization of t-channel singularities in cosmology

Michat Iglicki

University of Warsaw

based on

B. Grzadkowski, M. Iglicki, S. Mréwczynski
t-channel singularities in cosmology and particle physics
arXiv:2108.01757, currently under review

Planck 2022
Paris, 1 June 2022


https://arxiv.org/abs/2108.01757

Introduction: the t-channel singularity

@ definition:
1
: M —— | t=p?
P Dp3 t— M2 D
m —— 5 M3

t=M? = singular matrix element
M| |p=p1—Dp3 e .
= infinite cross section

my — 4L My
_ —>

D2 P4 * IR regularization not applicable if M > 0

* BW resummation not applicable if I' = 0

@ SM and BSM examples:

muon colliders weak Compton scattering dark matter
in early Universe
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2 < 2 process: when does the t-channel singularity occur?

P1 P3
_ — i
my ———————— mg3 @ Mandelstam variables:
M lp =P1—P3 5= (pl +p2)2 _ (p3 +p4)2
2 2
mo . my f=p=(p1—p3)
P2 2
@ matrix element: 1
M~
@ cross section @ thermally av. cross section
() g
o(s) — (/ m/} (ov)(T) — [ o(s) f(Er, E2,T)ds

R \tgxiu(s) - \j

@ singularity condition:
tmin(8) < M? < tmax(s) = singularity

tmin = m% + m% - 2E1E372‘ﬁ‘1”ﬁ‘3| tmax = TI’L% + Tng - 2E1E3+2|ﬁl|‘53|
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@ singularity condition:

tmin(8) < M? < tpax(s) = singularity
tmin = m% + m25 - 2E1E372‘ﬁl|‘53| tmax = m% + 7TL§ - 2E1E3+2|51Hﬁ.3|
@ in terms of the CMS energy (1/s): as?+fs+y

tmin < M < tmax

tmin(s) < M2 < tmax(s)
& S <s< 8y

as’+Bs+y <0

—BFVB2—4ay

51,2 = 2a
a, B, v — functions of m1, ma, ms, myg and M

Michat Iglicki Thermal regularization of t-channel singularities in cosmology



example: weak Compton scattering

a[pb] a[pb]
A A
s=8¢! | s=s
1 : 105 i 2
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@ singularity condition:

> S

tmin(8) < M? < tiax(s) = singularity
tmin =M} +mj — 2E1 E3—2|p1| |75 tmax = M} +mj — 2E1 E3+2|51| |75
@ in terms of the CMS energy (1/s): as?+Ps+y
| tmin<M2<tmax i
2 ! |
tmin(8) < M7 < tmax(8) as?+Bs+y<0 |

~ S1 <8< 89

—BFVB2—day
2

[e3
a, B, v — functions of m1, ma, ms, myg and M

S1,2 =

o thermally averaged cross section < integration over /s € [$min, )
(weighted by thermal distribution functions)

@ conclusion for the cosmological case:

if 59 > smin = max{(my +mz)?, (m3 + maq)?},
singularity in the allowed range = (ov) =00
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_ =B+ VB —day
- 2a

«, B, v — functions of m1, ma, ms, ms and M

82

if 85 > Smin = max{(my +ms)?, (m3z +my)?}, singularity in the allowed range

:II my

mq > M 4+ mg and my > M + mo
or

mo > M + my and ms > M + my

ma

o Coleman-Norton theorem my

S. Coleman & R. E. Norton, Nuovo Cim 38, 438442 (1965)
"It is shown that a Feynman amplitude has singularities on the physical boundary if and only if the relevant
Feynman diagram can’be interpreted as a picture of an energy- and momentum-conserving process occurring
in space-time, with all internal particles real, on the mass shell, and moving forward in time"”
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Known approaches to the problem

— complex mass of unstable particles I Ginzburg, Nucl Phys.B Proc Suppl. 51 (1996) 35-89

ms

mq

mo

idea: finite lifetime should affect the wavefunction

@ at rest: gimit _, gimit—Tht
o — I
= et my=my|1+i—
mi

- I
@ after Lorentz boost: p; — p1 =p1 (1 + zl>
my

— problem: (p; — p3)? # (ps — p2)? = lack of symmetry

(momentum conservation...)

Michat Iglicki Thermal regularization of t-channel singularities in cosmology


https://doi.org/10.1016/0920-5632(96)00418-5

. L. Kotkin et al., Yad. Fiz. 42 (1982) 692

Known approaches to the problem i e

(. Melnikov & V. G. Serbo, Nucl.Phys. B483 (1997) 67

— finite beam width . Dams & R. Kleiss, Eur.Phys.J.C29 (2003) 11

. Dams & R. Kleiss, Eur.Phys.J. C36 (2004) 177

idea: at colliders, the beams have finite size

4

they should not be treated as plain waves

example:

Gaussian beam moving along z axis

22442
n(x,y) ~e 242 a — beam width

—— density profile along x (a.u.)

/ dt /a3e_ 2 A3k dt
—
[t — M? + ie|? (2m)3/2 (t—M2+ie—R-Q)(t— M? —ie+R-q)

m™a 5 E3 . o
q=|7=DP1— D3
t=M?2

m ’

— problem: inapplicable in cosmological context
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@ early Universe = hot gas
@ every particle interacts with a thermal medium
@ the mean life time cannot be infinite = effective width

e QFT in a thermal medium: Keldysh-Schwinger formalism
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@ early Universe = hot gas
@ every particle interacts with a thermal medium
@ the mean life time cannot be infinite = effective width

e QFT in a thermal medium: Keldysh-Schwinger formalism

o o)
) .o
- IS g
c ,p o
5 e
o
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Toy model

@ 3 real scalars: 1, @2, P

P2
e Lagrangian: o
L = [kinetic terms] + p @1p2® Pl mmm=- <
o discrete symmetries: P

Zo: (p1, p2, @) = (—p1, 2, @),
Zy: (p1, o2, ©) = (o1, —p2, —0),
= no power-3 terms except @1 ®

e power-4 terms (e.g. 7 ©3) dropped for simplicity
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The singularity

@ general case:

L

mi ———— M3
M
mo my
@ toy model:
ORTEES AERRREL
2|
P =====@mmmmms ®1

singular if

mi1>ms+M and my > mo+ M
or
mg>mq+M and mo >my+ M

= [kinetic terms] + @12 ®

singular if

my > mo+ M
or
mo >mq + M
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The singularity

@ general case:

singular if
my — M3 mi1>ms+M and my > mo+ M
M or
Mo my mg>mq+M and mo >my+ M
@ toy model:
L = [kinetic terms] + @192 ®
singular if

LTy R

' T= ’ — my>mo+ M

P
! or

P2ommmmdennees a1 mo >mq+ M
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One-loop self-energy

L = [kinetic terms] + p @129 | mi > mo + M

@ singular process:

P1
s -
0 *
p 4 P
P ----- - ¢ ¢----- [}

n K

N P
P2

iz, y) = p? il (2,y) iDs(y, T),

@ non-zero imaginary part of self-energy acquired as a result of thermal
interactions with the medium of particles (Keldysh-Schwinger formalism)
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Calculation of one-loop self-energy

----

K . L = [kinetic terms| + p @102®
----- + - P my > mo + M

@ one-loop contribution to the self-energy:
iH('T', l/) = /’(‘2 ZAI (l’, y) ZAQ(y7 Z‘),

@ non-zero imaginary part of self-energy acquired as a result of thermal
interactions with the medium of particles (Keldysh-Schwinger formalism)

: 4
(. 7) = 50 [ s [AF 0+ 9) AT (. T) + AP (T) A7 (k=)

APk T) = _%(5(El — ko) + 6(E; + ko>) x [2f(E,T)+1], 1=1,2

1 -
AE(p) = E, =\/k2 2 E,T) = (eP/T — 1)1
l(p) p2—ml2:|:isgn(p0)5’ l +ml 3 f( 1y ) (€ )
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@ after tedious calculations:

S(|pl. T) = ST (|pl, T)
HQ 1 e(A+C)/T -1 e(A+B+C)/T -1
=——— ——= X |[1In —In
167 |p|/T eA/T —1 e(A+B)/T — ]
_ (mi —m3 — M*)E, — V|l _ _ VAl
A= e , B=E,, C= e

E, =5 + M?

A= [m2 — (ma + M)?] x [m? — (mg — M)?)

effective width:
Lerr(p], T) = M~HZ(1p1, )|
I
Breit-Wigner propagator:
1 1
(t—M22 ~ (t— M2+ M2Toq([p), 1)2
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Results: effective width

2
© c i
Tere(|p], T) =  167M 171 {h;/; ta Clle(l * AH;?J for high T
w — — _
167w M |]5‘|/T (1- )(1—e ) forlow T
— [P13l = 20 GeV
z == [B1al = 40 GeV
° | THEEEITLSISS. [P13| = 60 GeV
— e |P13] = 80 GeV
i —m |P13] = 100 GeV
o —me B3] = 120 GeV
< =70 GeV —em B3] = 140 GeV
E 10-2 my = 40 GeV —eee |Py3| = 160 GeV
@ M =20 GeV |P13] = 180 GeV
u =10 GeV = |1P13] = 200 GeV
T =500 GeV N T 5Ge\y,
0.02 0.05 0.1 0.2 0.5 1 2
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Results: thermally averaged cross section

A
108 ® calculated values parameters
------------ [ = const=10"%GeV m = 70 GeV bd
6 /
10°r _ _ _ r-const=10-3Gev m, = 40 GeV /
104 I'=const=10"2GeV M = 20 GeV
— 102l =T T'=const=10"1GeV = 10 GeV a
>
§ 10
o 107
g
< 104
107
1078
1070

(2m)* 6@ (p1 + po — p3 — pa)
(t — M?2)? + M?Tee(|p], T)?

(o019 34(T) = p / dily dlly f(Ey, By, T) / dIl; dI1,

dlly = ——=—— - phase-space element (k = 1,2,3,4)
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@ t-channel singularity of (ocv) occurs if

o the process can be seen as a sequence of decay and fusion
ms

my

M —

ma

o the mediator has no width (is stable)

@ the singularity is present both in SM and BSM physics e 4

e —>—O AN ZU

@ known approaches are either unsatisfactory or inapplicable

@ interaction with the medium results in a non-zero effective width (obtained
within the Keldysh-Schwinger formalism) that regulates the singularity

@ the effective width depends on temperature and mediator's momentum

(momentum transfer) and behaves in an expected, natural way
L = Tet(T, |D1)
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BACKUP SLIDES



Values of sq, s9 in terms of masses

@ in terms of the CMS energy (1/s):

as’+Bs+y

fmin < M? < tmax

tmin(8) < M? < tax(s)
< S <s< Sy

L= “BFVE 4o
c 20

| as?+PBs+y<0 |

S1

a= M?
B =M* = M*(mf +mj +m3 +mi) + (mf —m3)(m3 —mj)

¥ = M?(mi — m3)(m3 — mi) + (mimj — mimg)(m} —m3 — m3 + m3)
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Known approaches to the problem

— Breit-Wigner propagator

M~ i
2, r,
N @
+p2—]V127’ PE_MZ
p p P
o t @t@"
+ PE_12 oI PE_M? ail PE_IM2
E A A R )
2! 2! s

+ ...
- p2—DM? k=0 p2—M?
optical = QM| . . = MT

i
p2—M?2411 theorem

— problem: ' = 0 for a stable mediator
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Result discussion

S(1p]. T) = ST (|p1, T)

7711’72 1 y e(A+C)/T _q . e(A+B+C)/T _q
= 167 |97 AT —1 T e(FB)T 1
Ao e m = MOE, VAR o YAl
- 2M? ’ o M2
E,=+/p?+ M?
A= [mi — (ma + M)?|[m — (ma — M)?]
:(mffmngz)zfélm%Mz
Notice that

o A >0,since E, > [p] and m? —m% — M? > /),
@ B>0and C >0,

@ A, B and C do not depend on T,

o

zc—1

Lefr > 0, since 2=

is a decreasing function of x (for z,c > 1).
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Limiting cases: no ¢; — o ® decay

) M2 1 e(A+C)/T _ 1 e(A+B+C)/T _ |
Fe([p], T) = —/—— == % T —In— s
167 M |p|/T eA/T — 1 e(A+B)/T _ 1
- 2M2 ’ - -

M2

o for my = mo + M:

A=0 = C=0 = both logarithms vanish = > =0

(cf. with singularity condition: m; > mgq + )
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Limiting cases: mediator at rest

2
. jZ 1
Leit(|P], 1) = o=+

S(A+O)/T _
1670 [p|/T

o(A+B+C)/T _
AT —1 M arEr

L (mk = m} = M*)E, — VAl

_ _ VAR
20M?2 - B=Eh O=Tp
E,=+p%+ M?
A= [mi = (ma+ M)?|[m? — (ma — M)?]
e for [p] — 0: we expand around |p|/T = a =0 to get
771277n27]%2 m,27m2+1\42
2 f—Ll 22— f—1 -2
W 1 Ve M +1 e TN +1
Feff(hﬂf T) = W E 0+a 2M2 m?—m2— M2 o m2—m24+ M2 + 0(0/2)
e oM —1 €f o — 1
my—mg— 2 '7'L27"'L2 2
‘u f eﬁ 12MM +1 eﬂlTerM—Fl
~ m2—m2— 2 - m2—m?2 2
327 ]\4'3 eﬁ%—l 651271‘34—]\4—1
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Limiting cases: high temperature

2
- Jz 1
Lee(|p], T)

S 1
1670 [p/T "

eA/T —_1 e(A+B)/T _q

(A+0)/T _ 1 e(A+B+C)/T _ 1]

e for T'— oo we expand the exponentials:

2
I 1 A+C  A+B+C
Fer(IP. ) ~ 1537 7T Y
2
I 1 C C
- e m (142 mm (1
167M [p|/T n( +A> n( +A+B> >

>0
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Limiting cases: low temperature

/1'2 e(A—i—C)/T -1 e(A+B+C)/T -1
Fet(|p], T) = = X T —In —
167M |p|/T eA/T — 1 e(A+B)/T _ 1
o for T' — 0 we rewrite the result
2 1 eCIT _ o—=A/T o(B+C)/T _ ,—A/T
Lerr(|p], T) = K X iy Bl s Sy e v
167M |p/T 1—e 4/ eB/T — =4/

and introduce ¢ = e 4/T <« 1

w1
Ler(PL, T) = 1537 /T

In

1—-¢  eB/IT_¢

eCIT _ ¢ e(B+C)/T _ 5]

@ Expansion around £ = O:

2
Carl.7) = g Ty * |0+ €=M = e T + O(e?)
w1

~

~16xM |p|/T

x e AT —e Oy 1 —e BTy 0
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