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The concordance model of cosmology:
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Perturbation Theory

Experiments on oscillations of neutrinos of different flavours:

Massive neutrinos

Fermi-Dirac momentum distribution ρν ∝T
4 q2 q2 + (m /T )2

1+ eq0

∞

∫

-At low redshift they are indistinguishable from matter 

Masse difference

WHAT IS THEIR ABSOLUTE MASSE ?

-At high redshift they behave as radiation

ρν ∝ (1+ z)
4

ρν ∝ (1+ z)
3

High redshift:

Low redshift:
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Homogeneous Background

Perturbation Theory
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Deviations on smaller scales

Dynamics of the inhomogeneous universe

Fluid approximation in the Newtonian limit:

∂δ
∂τ

+

∇⋅
v = −


∇⋅ (δv)

∂

∇⋅
v

∂τ
+ aH


∇⋅
v +Δφ = −


∇⋅[(v ⋅


∇)v]

Δφ −
3
2
Ωm (aH )

2δ = 0

(Continuity)

(Momentum conservation)

(Poisson equation)

dτ ≡ dt
a
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Homogeneous Background
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Perturbation Theory
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Deviations on smaller scales

Velocity fluctuations:

∇⋅
v = −aHfδ(t, x)

Linear evolution of fluctuations:
d 2δ
dτ 2

+ aH dδ
dτ

−
3
2
ΩmH

2δ = 0
(In Newtonian approximation)

zo = zc +
v ⋅ elos
c

Dynamics of the inhomogeneous universe
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Homogeneous Background

Linear evolution of fluctuations: 0
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Perturbation Theory
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Deviations on smaller scales

),()(),( 0 xttgxt !! dd =Density contrast of matter:  
linear growth factor  

1)( 0 ºtg

Velocity fluctuations: ),( xtfv p
!! d=×Ñ

(In Newtonian approximation)

Dynamics of the inhomogeneous universe
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),()(),( 0 xttgxt !! dd =Density contrast of matter:  
linear growth factor  

1)( 0 ºtg

Velocity fluctuations: ),( xtfv p
!! d=×Ñ

(In Newtonian approximation)

f is directly related to observations

Dynamics of the inhomogeneous universe
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Perturbation Theory

∂δν
∂τ

+

∇⋅
vν = 0

∂

∇⋅
vν

∂τ
+ aH


∇⋅
vν +

2
3
Ωm (aH )

2[(1−ν )δc +νδν ]− c
2
effΔδν = 0

Massive neutrinos

Non-negligible velocity dispersion: 

∂δc
∂τ

+

∇⋅
vc = 0

∂

∇⋅
vc

∂τ
+ aH


∇⋅
vc +

2
3
Ωm (aH )

2[(1−ν )δc +νδν ]= 0

(Blas et al. 2014)

(Continuity equation for neutrinos)

(Continuity equation for CDM)

(Eq. of motions)

Newtonian approximation and linearized
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Perturbation Theory
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Perturbation TheoryMassive neutrinos effects on LSS

Overall:  Lower non-linear evolution of the CDM (reduction of the variance      )

-Halo mass function (Castorina et al. 2015)
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Perturbation TheoryMassive neutrinos effects on LSS
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-Higher order statistics; Bi-spectrum; Tri-spectrum etc… (Ruggeri et al. 2017)

-CDM velocity field -> Redshift space distortions (Villaescusa-Navarro et al. 2017)

-Integrated Sachs-Wolfe and Rees-Sciama effects (Carbone et al. 2016)
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Perturbation TheoryDEMNUni simulations with neutrinos

The DEMNUni cosmology:
h = 0.67

ΩΛ = 0.68
Ωm = 0.32
Ωb = 0.05
ns = 0.96

Mv = 0, 0.17, 0.3, 0.53eV

σ 8,m = 0.85, 0.80, 0.77, 0.72

σ 8,c = 0.85, 0.81, 0.79, 0.74

(total matter)

(cold dark matter)

(Carbone, C. et al. 2016)
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20483 particles in a L3=20003 h-3Mpc3 box Pezzota et al. (2019)

Fundamental frequency of 
the simulation comoving 

output (box) 

CDM velocity spectra (useful for RSD analysis )

10

DEMNUni simulations with neutrinos
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Perturbation Theory

Change the expansion rate with dynamical dark energy:

massive neutrinos

DEMNUni simulations with neutrinos
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Perturbation Theory

Power spectra with good spatial resolution (kNyquist=3.14 hMpc-1):

Ongoing project…

DEMNUni simulations with neutrinos
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Perturbation TheoryConclusions

1 – Improved LSS simulations with massive neutrinos 

2 – Study massive neutrino effects on the clustering of dark matter

• Second order statistics 

• Higher order statistics

• Dark matter velocity field for RSD 

2 – We are involved in observational projects 

• VIPERS (finished)

• Euclid (ongoing)

(Zennaro et al. 2017) 

(Zennaro et al. 2018) 

(Pezzota et al. 2019)
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Perturbation TheoryBackup
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Perturbation TheoryBackup
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Perturbation TheoryBackup
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Perturbation TheoryBackup



2

Streaming	model

δD (

k )+Ps (


k ) = d3r eifkµkvz [1+δ(x)][1+δ(x ')]∫ e−i


k . r

where

Which can be illustrated by 

vz ≡

V (x ')−


V (x)#$ %&⋅

ez
r ≡ x '− x and

µ ≡ cos(θ )
µk ≡ cos(θk )

δ(x)

R

r

δ(x ')

ez

er

!et

ex

θ


V (x ')


V (x)


kθk

fGrowth rate : 

Scoccimarro (2004)
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[1+ξ (r)]M (λ, !r ) ≡ eλvz [1+δ(!x)][1+δ(!x ')]

which can be used to generate the moments   

The RSD power spectrum can be obtained from  

The generating function of the line-of-sight pairwise velocity distribution:

[1+ξ (r)]mn ≡ [1+δ(!x)][1+δ(!x ')]vz
n =

∂nM
∂λ n

λ=0

Ps (

k ) = d3r (1+ξ )M (ifkµk,

r )−1[ ]∫ e−i

k . r

Streaming	model

M (λ = −it) = 2π !P(t) = P(vz )∫ e−ivztdvz
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δR (
xi ) =

N(xi )
N

−1

Estimating the velocity field:

Arithmetic mean (A-M) 

Estimating the density field:


VR (
xi ) ≡

1
Ni


V (x j )

j=1

Ni

∑

xi
xi+n

xiBernardeau & van de Weygaert (1996); 

Bernardeau et al. (1997); 

van de Weygaert & Bernardeau (1998); 

Romano-Díaz & van de Weygaert (2007) 

Pueblas & Scoccimarro (2009) 

Yu et al. (2015) 

Hahn et al. (2015) 

Velocity-density	estimator
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δR (
xi ) =

N(xi )
N

−1

Estimating the velocity field:

Arithmetic mean (A-M) 

Estimating the density field:


VR (
xi ) ≡

1
Ni


V (x j )

j=1

Ni

∑

xi
xi+n

xi

Delaunay tessellation (D-T) 
VR (
xi ) ≡

1
ϑ R

ϑ k


V (xk )

k=1

Ni

∑
xi


V (xk ) =

1
D+1


V (xq )

q=1

D+1

∑ 
V (x1)


V (x2 )


V (x3)

Velocity-density	estimator
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The	small	separation	limit	in	the	DEMNUni

Q ≡
Φ(r, s,α)+ perm
ξ (r)ξ (s)+ perm

Φ(r, s,α) = wl (r, s)Ll (cosα)
l=0

∞

∑



The	small	separation	limit	in	the	DEMNUni
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C12,R (r) =
68
21
+
βR +γR
3

+ 2 1+ βR

6
+
β 'R
3
1+ βR

2
!

"
#

$

%
&ΘR +

1−ΘR

3
βR −βRΘR( )− 421ΘR 2−ΘR( )

)
*
+

,
-
.

ξR
σ R
2
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3-point	correlators:	non-local	bias

δg,R ≈ b1 δR +
c2
2
δR
2 − δR

2#
$

%
&+

g2
2
ϑ R

'
(
)

*
+
,

Non-local bias:

Hoffmann, Bel, Gaztanaga et al. (2014)
Hoffmann, Bel & Gaztanaga (2015)
Bel, Hoffmann & Gaztanaga  (2015)

ς (r, s,α) ≡ δR(x)δR(x + r)δR(x + s)

Rs

r

α

3-point correlation function:

Chan et al. 2012
Baldauf et al. 2012
Saito et al. 2014

Influence of the tidal field    
on   the  galaxy  distribution.

ϑ R
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