Stability structures in holomorphic Morse-Novikov theory

DT invariants appear in two different contexts:
1) CY3 categories, 2) holomorphic Floer theory
in arbitrary dimension

Goal of the lecture: a totally elementary and controllable example, simpler than
4dim wall-crossing (Kontsevich-Soibelman & Joyce-Song), but a bit more
complicated than 2dim wall-crossing (Cecotti-Vafa).



Morse-Novikov theory
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More canonical isomorphisms
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Holomorphic Morse-Novikov theory

complex Morse type:
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No walls in the contractible space of hermitean metrics
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Even more: assume that X is not even a complex manifold, just smooth C
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What happens when we cross Stokes direction? We get two different canonical identifications.
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Claim: we get a stability structure in 1 graded Lie algebra (more precisely, a local system of graded
- algebras over SB)
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Wall-crossing formula: if we vary O()o{@\ preserving o{(L near %QMS Co(d:\,

Remark: one can generalize the whole story to complex-valued closed 1-forms on non-compact
manifolds, need some some constraints on the behaviour at infinity.




Apply to quadratic differentials on complex curves
(get abelian differentials on ramified double covers) X )
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Traditional story (works only for quadratic differentials with simple zeroes and arbitrary poles), -
DT invariants for A-model on the associated noncompact 3CY variety (Bridgeland-Smith, Haiden):
BPS states correspond to saddle connections and cylinders filled by closed geodesics.
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Two events (varying curve with
quadratic differential):
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Two different wall-crossing identities:
3 saddle connections 2 saddle connections in hamiltonian vector fields, and in

matrix-valued Laurent polynomials

infinitely many saddle connections, and a 2 saddle connections
cylinder filled by closed geodesics
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How can we calculate all these numbers of saddle conbections "at once"?

Key notion: generalized square-tiled surfaces
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Example: X is curve of genus 2, ok& is an abelian differential (holomorphic 1-form) with two simple
zeroes.

minimal square tiled: 4 squares of size 1x1

almost vertical almost horizontal
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If (1 — B) and (1 — AB) are both invertible then

(1-B)'(1-A)=(1-AB) ' (1-A)-(1-B) (1 - BA)
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General framework: holomorphic Floer theory, quantization, resurgence
(ongoing project: M.K. & Y. Soibelman & ...)
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Wall-crossing structure: countable dimensional rl graded Lie algebra ﬂg\ :
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