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Introduction

q



Introduction 4

I QFT with boundaries:
I Casimir effect
I Ads/CFT correspondence...

I A toy model: φ in Euclidean half-space R3 × R+(
−∆ +m2

)
φ = 0

with a boundary condition at z = 0.

I Specifying a b.c. is necessary to ensure the self-adjointness
of −∆ +m2 in L2

(
R3 × R+

)
.
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I Self-adjoint extensions of −∆ +m2 in L2
(
R3 × R+

)
define

all the possible boundary conditions
I Dirichlet: φ(x, 0) = 0.
I Neumann: ∂nφ(x, 0) = 0.
I Robin: (∂nφ) (x, 0) = cφ(x, 0).

I Self-adjoint extensions define the propagators. We mean by

the propagator :=
(
−∆• +m2

)−1
(

(x, z), (x
′
, z
′
)
)

.
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The renormalization problem: φ4
4 in R4

q



Gaussian measure 7

I Point of departure to write the flow equations: Path integral
formulation of the QFT −→ Gaussian measure

I The covariance ~C defines uniquely the gaussian measure dµC
with mean zero,∫

dµC(φ)φ(x)φ(y) = ~C(x, y) = ~C(y, x)

I The generating functional of the correlation functions is defined
by ∫

dµC(φ)e〈φ,J〉 = e
1
2 〈J,~CJ〉

where 〈φ, J〉 :=
∫
R4 φ(x)J(x)

〈J,CJ〉 :=
∫
R4 d

4xd4yJ(x)J(y)C(x− y)
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The flowing propagator 8

I The bare propagator is replaced by the regularized flowing
propagator,

∀0 ≤ Λ ≤ Λ0 ≤ ∞,

CΛ,Λ0(k) =
1

k2 +m2

(
e−

k2+m2

Λ2 − e
− k

2+m2

Λ2
0

)
I The full propagator is recovered by taking the regulator Λ0

to ∞ and the flow parameter Λ to 0,

lim
Λ→0

lim
Λ0→∞

CΛ,Λ0(k) =
1

k2 +m2
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Bare action-Effective action 9

I QFT: Massive Euclidean φ4
4-theory in R4. We start from the

bare action

LΛ0,Λ0(φ) =

∫
R4

d4x

{
f

4!
φ4(x) + a(Λ0)φ2 + b(Λ0) |∇φ|2 + c(Λ0)φ4(x)

}
a(Λ0), c(Λ0) = O(~), b(Λ0) = O(~2)

I The Wilson’s flowing effective action is defined from LΛ0,Λ0 and
CΛ,Λ0 by integrating out momenta in the region Λ ≤ |p| ≤ Λ0,

e−
1
~L

Λ,Λ0 (φ) := N
∫
dµΛ,Λ0(ψ)e−

1
~L

Λ0,Λ0 (φ+ψ) (1)

LΛ,Λ0 → Generating functional of the connected free propagator
amputated Schwinger functions with propagator CΛ,Λ0 and bare
action LΛ0,Λ0 .
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The flow equations 10

I The fundamental tool to study the renormalization problem is
the flow equation,

∂ΛL
Λ,Λ0 =

~
2
〈 δ
δφ
, ĊΛ,Λ0

δ

δφ
〉LΛ,Λ0 − 1

2
〈δL

Λ,Λ0

δφ
, ĊΛ,Λ0

δLΛ,Λ0

δφ
〉

I It is obtained by:
• Deriving both sides of (1) w.r.t Λ.
• Perform an integration by parts in the functional integral on
the RHS using,

d

dt

∫
dµCt(φ)A(φ) =

1

2

∫
dµCt(φ)〈 δ

δφ
, Ċt

δ

δφ
〉A(φ)

• Rearrange the powers of ~ coming from L/~ and from ~Ċ.
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The amputated n-point flow equations 11

I LΛ,Λ0 expansion in moments w.r.t. φ, ∀(pi)1≤i≤n ∈ R4

(2π)4(n−1)δφ(p1) · · · δφ(pn)L
Λ,Λ0 |φ≡0

= δ(4)(p1 + · · ·+ pn)LΛ,Λ0
n (p1, · · · , pn)

I Expansion of LΛ,Λ0
n in a formal powers series w.r.t. ~ to select

the loop order l,

LΛ,Λ0
n (p1, · · · , pn) =

∞∑
l=0

~lLΛ,Λ0

l,n (p1, · · · , pn)

I Perturbative flow equations for the connected free propagator
amputated n-point functions

∂ΛLΛ,Λ0

l,n (p1, · · · , pn) =
1

2

∫
k

LΛ,Λ0

l−1,n+2(−k, p1, · · · , pn, k)ĊΛ,Λ0(k)

−
′∑

li,ni

[
LΛ,Λ0

l1,n1+1 (p1, · · · , pn1
, p) ĊΛ,Λ0(p)LΛ,Λ0

l2,n2+1 (−p, · · · , pn)
]
rsym

,

p = −p1 − · · · − pn1
= pn1+1 + · · ·+ pn (2)
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Fig. 1. A contribution to the r.h.s of the flow equation for l = 2,

n = 6. The dashed line represent the derived propagator ĊΛ,Λ0 .
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Renormalization problem 13

Perturbative renormalizability ≡ For given f in LΛ0,Λ0 , the
coefficients a(Λ0), b(Λ0) and c(Λ0) can be adjusted within a loop
expansion of the theory

a(Λ0) =

∞∑
l=1

~lal(Λ0), · · · , c(Λ0) =

∞∑
l=1

~lcl(Λ0)

such that

limΛ→0 limΛ0→∞ L
Λ,Λ0

l,n (p1, · · · , pn) = L0,∞
l,n (p1, · · · , pn) < +∞
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Boundedness and Convergence 14

The following result proves the statement of renormalizability.

Theorem
For all l ∈ N∗, n ∈ N, w, pi ∈ R4 and for 0 ≤ Λ ≤ Λ0 ≤ ∞ holds

I Boundedness:∣∣∣∂wLΛ,Λ0

l,n (p1, · · · , pn)
∣∣∣

≤ (Λ +m)
4−n−|w| P1

(
log

Λ +m

m

)
P2

(
|pi|

Λ +m

)
I Convergence:∣∣∣∂Λ0∂

wLΛ,Λ0

l,n (p1, · · · , pn)
∣∣∣

≤ Λ−2
0 (Λ +m)5−n−|w|

(
log

Λ0 +m

m

)ν
P4

(
|pi|

Λ +m

)
where Pi are polynomials with positive constants depending only on
n,w and l. 14 / 21



Boundary conditions 15

Boundary conditions for LΛ,Λ0

l,n :

I Irrelevant terms:

∂wLΛ0,Λ0

l,n (p1, · · · , pn) = 0, ∀n+ |w| ≥ 5

I Relevant parameters:

L0,Λ0

l,4 (0, · · · , 0) = f, L0,Λ0

l,2 (0, 0) = 0, ∂p2L0,Λ0

l,2 (0, 0) = 0
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Induction scheme 16

Fig. 2. The inductive
scheme starts from the point (l = 0, n = 4) and follows the arrows,
along the lines of fixed value of n+ 2l in increasing order.
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Renormalization of the semi-infinite scalar field

q



The possible propagators 18

I The possible propagators of the free scalar field theory in the
half space are:

CD

(
(x, z); (x

′
, z
′
)
)

=

∫ ∞
0

dλe−λm
2
pb

(
λ;x, x

′) 1
√

2πλ

(
e−

(z−z
′
)2

2λ − e−
(z+z

′
)2

2λ

)

CN

(
(x, z); (x

′
, z
′
)
)

=

∫ ∞
0

dλe−λm
2
pb

(
λ;x, x

′) 1
√

2πλ

(
e−

(z−z
′
)2

2λ + e−
(z+z

′
)2

2λ

)

CR

(
(x, z); (x

′
, z
′
)
)

=

∫ ∞
0

dλe−λm
2
pb

(
λ;x, x

′)
pR

(
λ; z, z

′)
where

pb
(
λ;x, x

′)
=

1

(2πλ)
3
2

e−
(x−x

′
)2

2λ

pR(λ; z, z
′
) = pN (λ; z, z

′
)− 2

∫ ∞
0

dw√
2πλ

e−we−

(
z+z
′
+w
c

)2

2λ

pN denotes the one-dimensional Neumann heat kernel

pN (λ; z, z
′
) =

1√
2πλ

e−
(z−z

′
)2

2λ + e−
(z+z

′
)2

2λ

2
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I Surface→ Mixed momentum-position space representation
(pz-representation)

I Regularized flowing propagator:

CΛ,Λ0

R

(
p; z, z

′
)

=

∫ 1

Λ2
0

1
Λ2

dλe−λ(p2+m2)pR

(
λ; z, z

′
)

I Correlation functions are distributions in pz-representation

LΛ,Λ0

l,n (q1, · · · , qn), qi ∈ R4

LΛ,Λ0

l,n ((p1, z1), · · · , (pn, zn)) , (pi, zi) ∈ R3 × R+

Example: The tree order 4-point function

LΛ,Λ0
0,4 (q1, · · · , q4) = f, LΛ,Λ0

0,4 ((p1, z1), · · · , (p4, z4)) = f

4∏
i=2

δ(zi − z1)
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Conclusion 20

Breaking of translational invariance by the presence of a surface
implies technical problems:

I From functions to distributions.

I Additional counter-terms compared to the φ4
4 in R4 called

surface counter-terms. (not all present in the effective action
LΛ0,Λ0 → Composite operators)

I Renormalization of amputated diagrams is not equivalent to the
renormalization of the non-amputated ones. (need less
counter-terms)
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Thank you for your attention!

q
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