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System of interest

What we want to model:

hP P︷︸︸︷
h+ −i

hP Q︷︸︸︷
h× =

+∞∑
`=2

∑̀
m=−`

h`mY `m−2 (Θ,Φ)

Amplitudes A`m

Phases φGW = mφ
for the mode (`,m)
←↩ obtained from

dE
dt = −F

h`m = A`me−imφ



Why do we need high accuracy?

GW151226
Credit: LVC

cross-correlation for detection & parameter estimation
←↩ ET, LISA
reduction of biases when comparing/combining with NR

⇒

computation of φ to 4PN
... and beyond



What do we compute?

first term of the 1/R expansion of the form

hrad
ij (X, T ) = 4G

c4R

+∞∑
`=2

1
c`−2`!

{
NL−2︸ ︷︷ ︸

Ni1 (Θ,Φ)...Ni`−2 (Θ,Φ)

UijL− 2︸︷︷︸
i1...i`

− 2`
c(2`+ 1)NaL−2 εab(i Vj)bL−2

}TT

(T −R/c)

Generalizes the quadrupole formula [Einstein (1918)]

hrad
ij (X, T ) = 2G

c4R
Uij

TT(T −R/c)

with Uij = Iij
(2) +O(G) = Qij

(2) +O
( 1
c2

)
Leading order contributions

hrad
ij (X, T ) = 4G

c4R

{
1
2!I

(2)
ij −

4
5cNaεab(iJ

(2)
j)b + 1

3!cNkI
(3)
ijk + ...

}TT
(T −R/c)

[Larrouturou et al., (2021) arXiv:2110.02240, 2110.02243] this talk @ 3PN



MPM formalism

Near zone: post-Newtonian (PN) expansion ε =
(
v
c

)2 � 1

V = G

∫ d3x′

|x− x′|
σ

(
x′, t− |x− x′|

c

)
⇒ V = G

{∫ d3x′

|x− x′|
σ(x′, t)− 1

c

d
dt

∫
d3x′σ(x′, t) + ...

}
r′

c
� T ⇒ L

λ
� 1

L
r ≤ 1

Exterior zone: multipole expansion + weak field L
r ≤ 1 ε = GM

Lc2 � 1

M(V ) = G

∫
d3x′

{
1
r
σ

(
x′, t− r

c

)
− x′i ∂

∂xi

[
1
r
σ

(
x′, t− r

c

)]
+ ...

}
= G

+∞∑
`=0

(−1)`

`! ∂i1∂i2 ...∂i`︸ ︷︷ ︸
∂L

{
1
r

∫
d3x′x′i1x′i2 ...x′i`σ(x′, t− r/c)︸ ︷︷ ︸
Mi1i2...i`

≡ML at time t−r/c

}



Multipolar expansion of the gravitational field

Harmonic gauge equations (arbitrary dimension
∂νh

µν = 0 (gauge condition on shell)

2hµν = 16πG
c4 τµν ≡ 16πG

c4 |g|Tµν + Λµν(∂h, ∂h)

hµν = 2−1
R

16πGτµν

c4

= Reg16πG
c4

∫
ddx′dt′GR(t− t′,x− x′)

[
(τµν −M(τµν))︸ ︷︷ ︸
0 outside near zone

+M(τµν)
]
(x′, t)

= Reg16πG
c4 2−1

R M(τµν) +
+∞∑
`=0

(−1)`

`!

∫
dt′Reg

∫
ddx′GR(t− t′,x)x′L

[
τµν −M(τµν)

]
(x′, t)

vanishes if Reg
∫

ddx′r′α = 0

homogeneous solution Hµν = − 4
c4

+∞∑
`=0

∂LF̃µνL

convolution with a time kernel

STF



Decomposition into irreducible elements

What we want: λK1
1 TL1 + λK2

2 TL2 = 0 ⇒ λK1 & λK2 = 0
What we don’t want: T ij + δijT = 0 with T ij = −δijT

⇒

work with irreducible elements
i1 i2 i3 . . . . . . . . .in1

j1 j2 . . . . . .jn2...
...

...
p1

... pni

+ traceless

F0i
L = i

⊗
k1 ... ... k` = ... ...

⊕ ... ...

F ijL = i j
⊗

k1 ... ... k` = ... ...
⊕ ... ...

⊕ ... ...



Source moments in d dimensions

Einstein’s equation in vacuum [hµν =
√
−ggµν − ηµν ]

2hµν = Λµν (REE) ∂νh
µν = 0 (Gauge)

Most general retarded solution at linear order (with Λµν → 0) in d dim

hµν1 = hµν1 can+ (gauge transformation)µν

h00
1 can = − 4

c2

+∞∑
`=0

(−)`

`! ∂LĨL

h0i
1 can = 4

c3

+∞∑
`=0

(−)`

`!

[
∂L−1

˙̃
IiL−1 + `

`+ 1∂LJ̃i|L
]

hij1 can = − 4
c4

+∞∑
`=0

(−)`

`!

[
∂L−2

¨̃
IijL−2 + 2`

`+ 1∂L−1
˙̃
J (i|L−1j) + `− 1

`+ 1∂LK̃ij|L

]

i` ... i1

i` i`−1 ... i1

i

i` i`−1i`−2 ... i1

j i



Principle of the method

Expression of Ji|L

Ji|L = Sym
i|L

FP
B=0

∫
ddx r̃B

{
−2x̂L

τ i[`]

c
+ 2(2`+ d− 2)
c2(`+ d− 1)(2`+ d) x̂

aL τ̇
ia
[`+1]

}
Symi|L = Aii` TFiL STFL

In 3 dimension: JL = ε ... ...

Link between radiative moments and source moments

IL,JL, ... ML,SL UL,VL

source

∫
(STF

L
xL) τ

waveform

link S→Can link Can→R



Source modeling
Modeling of binary systems

uµ

yµ(τ)

Tµν = mδcovuµuν

yµ(τ): position

uµ = dyµ

c dτ

point particle divergences cured by dimensional regularization

Expression of a given integral in FP and dim reg

IHR
R = FP

α=0
FP
β=0

∫
r<R

d3x
(
r1

s1

)α( r2

s2

)β
F (x) IDR

R =
∫
r<R

ddx
`d−3
0

F (d)(x)

Difference between the two regularizations [Blanchet et al. (2004)]

DI =
∑
q

[
1

(q + 1)ε︸ ︷︷ ︸
IR pole

+ ln
(
s1

`0

)]∫
dΩ2+ε f

1

(ε)
3,q(n) + 1↔ 2 +O(ε)



Calculation of Jij

3 types of terms (of 210)

compact support: 50 terms

STF
ij

εiab

∫
d3xxaxjσb

non-compact support: 131 terms

−STF
ij

4εiab
Gπc6

∫
d3x

(
r

r0

)B
xaxjẐkl∂klVb

surface: 29 terms

−STF
ij

εiab
2Gπc2

∫
d3x

(
r

r0

)B
xaxj∆

[
V Vb

]
↪→ distributional parts of derivatives taken into account

∂ij

(
1
r1

)
= −4π

3 δijδ
3(x− y1)

distr



Expression of the gravitational-wave mode (2,1)
(Gmtotω

c3

)2/3

m1m2

m2
tot

h`m = 2Gmtot ν x

R c2

√
16π
5 Ĥ`m e−imψ with

Ĥ21 = i
3 ∆

[
x1/2 + x3/2

(
−17

28 + 5ν
7

)
+ x2

(
π + i

[
−1

2 − 2 ln 2
])

+ x5/2
(
− 43

126 −
509ν
126 + 79ν2

168

)
+ x3

(
π

[
−17

28 + 3ν
14

]
+ i
[

17
56 + ν

(
−353

28 −
3
7 ln 2

)
+ 17

14 ln 2
])

+ x7/2
(

15223771
1455300 + π2

6 −
214
105γE −

107
105 ln(4x)− ln 2− 2(ln 2)2

+ν
[
−102119

2376 + 205
128π

2
]
− 4211

8316ν
2 + 2263

8316ν
3 + iπ

[
109
210 − 2 ln 2

])]
+O

(
1
c8

)



Conclusion

Results
We investigated the multipole moments in d dimensions
We computed Jij at the 3PN order ← test of constant shift [Damour & Iyer (1991)]

We obtained h21 at the 3.5PN order ← test particle limit [Tagoshi & Sasaki (1992)]

Prospects
Computation of the 4PN flux
Consideration of effects beyond the point-particle model (spins)
Generalization of the expression for h21 to eccentric orbits


