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[Beisert et al 2012]
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[Correa et al 2012]
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[Bajnok et al 2014]
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[Bajnok, Janik 2015]



Finite volume form factor from hexagons

one cut:  
nonlocal 


form factor

two cuts:  
octagon 


form factor

Gluing and wrapping: insert a complete system of mirror basis, but kinematical singularities!
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S-matrix bootstrap
Description at infinite volume

ℒ =
1
2

(∂tφ)2 −
1
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(∂xφ)2 − V(φ) V(φ) =
m2

b2 (cosh bφ − 1)
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1+1dimensional scalar theory
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Relativistic invariance

p = m sinh θ

Perturbative results
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S(θ) =
sinh θ − i sin πa
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8π + b2

[Zamolochikovs1979]

[Arefyeva et al 1974]
for  𝒪 = 𝕀



Form factor bootstrap

Two point function
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[Smirnov 1992, Karowski et al 1979]

Form factors



Form factor solutions

minimal solutions f(θ1, θ2) = ⟨0 |𝒪 |θ1, θ2⟩ = e(D+D−1)−1log S Df(θ) = f(θ + iπ)

⟨0 |𝒪 |θ1, …, θn⟩ = Hn∏
i<j

f(θi − θj)

eθi + eθj
Q𝒪(eθ1, …, eθn)

Generic solution

⟨θ |𝒪 |θ1, …, θn⟩ = ∑
k

δ(θ − θk)
k

∏
i=1

S(θi − θk)⟩⟨0 |𝒪 |θ1, …, ̂θk, …, θn⟩

Diagonal limit

+⟨0 |𝒪 |θ + iπ − iϵ, θ1, …, θn⟩

⟨θ1 + ϵ1, …, θn + ϵn |𝒪 |θn, …, θ1⟩ = function of ϵi/ϵj + Fc(θ1, …, θn) + O(ϵ)

Connected form factor

[Fring et al 1992]
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Large volume spectrum
Bethe Yang equations

x ≡ x + L

eimL sinh θj∏
k

S(θj − θk) = 1

multiparticle state on the circle 
momentum quantization

p = m sinh θ

Φj = mL sinh θj − i ∑
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log S(θj − θk) = 2πnj
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Total energy
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m
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Bethe−YangLuscherCFT

Periodicity of wave function

Finite volume state |θ1, …, θN⟩L ≡ |n1, …, nN⟩L



Large volume form factors
Polynomial correction

⟨0 |𝒪 |θ1, …, θn⟩L =
⟨0 |𝒪 |θ1, …, θn⟩

ρ(θ1, …, θn)

⟨θ |𝒪 |θ1, …, θn⟩ = ∑
k

δ(θ − θk)⟩⟨0 |𝒪 |θ1, …, ̂θk, …, θn⟩ +⟨0 |𝒪 |θ + iπ − iϵ, θ1, …, θn⟩
Crossing for form factors

normalisation of infinite volume states

Normalization of finite volume states

⟨θ |θk⟩

⟨ni |nk⟩ = δi,k

Nondiagonal form factors

Diagonal form factors

ρ = det[∂Φi/∂θj]

⟨θn, …, θ1 |𝒪 |θ1, …, θn⟩L =
∑α∪ᾱ={1,…,n} ρ(ᾱ)F𝒪

c (α)

ρ(θ1, …, θn)

identity 1 + ∑
n

|n⟩⟨n | + … = 1 + ∫ dθ |θ⟩⟨θ | + …

[Pozsgay, Takács 2008]

[Saleur 2000] [Pozsgay, Takács 2008] [Bajnok, Wu 2017]
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Exponential volume corrections: spectrum

L

R → ∞
L

R

θ1 θn

Tr(e−H(L)R) → e−En(L)R
Lowest state survives 

Tr(e−H(R)LDn) = ∑
|n⟩∈ℋ

eE|n⟩(R)L⟨n |Dn |n⟩ = 1 + ∑
θ

e−m cosh θ(R)L
n

∏
i=1

S(θ − θi + iπ/2)

Bethe Yang reliable 

En(L) = ∑
k

m cosh θk − m∫
dθ
2π

cosh θ
n

∏
i=1

S(θ − θi + iπ/2)e−mL cosh θ

θ1 θn

Virtual particle’s contribution 

Φj = mL sinh θj − i ∑
k:k≠j

log S(θj − θk) − ∫
dθ
2π

K(θj + iπ/2 − θ)
n

∏
i=1

S(θ − θi + iπ/2)e−mL cosh θ = 2πnj
K(θ) = − i∂θ log S(θ)

[Bajnok, Janik 2008]

[Lüscher 1982]



Exponential corrections: diagonal form factors

L

R → ∞
L

R

⟨θ1, …, θn |𝒪 |θn, …, θ1⟩Le−En(L)R
Lowest state survives 

∑
|n⟩∈ℋ

eE|n⟩(R)L⟨n |𝒪n |n⟩R = 1 + ∑
θ

e−m cosh θ(R)L⟨θ |𝒪n |θ⟩R + …

Bethe Yang reliable 

𝒟𝒪
c (α) = F𝒪

c (α) − ∫ dθF𝒪
c (α + iπ/2,θ)

n

∏
i=1

S(θ − θi + iπ/2)e−mL cosh θ

Virtual particle’s contribution 

θ1 θN

𝒪

𝒪

⟨θn, …, θ1 |𝒪 |θ1, …, θn⟩L =
∑α∪ᾱ={1,…,n} ρ(ᾱ)𝒟𝒪

c (α)

ρ(θ1, …, θn)

θ1 θN

𝒪

[Pozsgay 2013]



Exponential corrections: non-diagonal case
Main problem

Finite volume LSZ
θ1 θN

𝒪
R

(y,x)

(0,0)

p
1

... p
n

(0,0)

(x,it)

p
2

1
L ∫

L/2

−L/2
dx∫

∞

−∞
dt ei(ωt+qx)⟨𝒪(x, t)𝒪⟩L =

∑
N

|⟨0 |𝒪 |θ1, …, θN⟩L |2 {
δq−PN(L)

EN(L) − iω
+

δq+PN(L)

EN(L) + iω }
lim

ω→iEN(L)
(EN(L) + iω)Γ(ω, PN(L)) = |⟨0 |𝒪 |θ1, …, θN⟩L |2

Two point 

function 

ZΓ(ω, q) =
2π
L ∑

μ,ν

|⟨ν |𝒪 |μ⟩ |2 e−EνLδ(Pμ − Pν + ω){ 1
Eμ − Eν − iq

+
1

Eμ − Eν + iq }
Temperature channel and continue ω → iEN(L)

Energy corrections are correctly obtained

Form factor 

corrections

θ1

𝒪
⟨0 |𝒪 |θ1⟩L = 2π / ρ(1)

1 (F1 + ∫
∞

−∞
dθ Freg

3 (θ + iπ, θ, θ1 − i
π
2

)e−mL cosh θ + …)
Freg

3 (θ, θ1, θ2) = ⟨0 |𝒪 |θ, θ1, θ2⟩ −
iF1

θ − θ1 − iπ [1 − S(θ1 − θ2)] + i
F1

2
S′￼(θ1 − θ2)

F1 = ⟨0 |𝒪 |θ⟩

[Bajnok et al 2018]
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Exact finite volume description: spectrum

L

R → ∞
L

R

θ1 θn

Tr(e−H(L)R) → e−En(L)R
Lowest state survives 

Tr(e−H(R)LDn) = ∑
|n⟩∈ℋ

eE|n⟩(R)L⟨n |Dn |n⟩

En(L) = ∑
k

m cosh θk − m∫
dθ
2π

cosh θ log(1 + e−ϵ(θ))

Saddle point equation

Bethe Yang reliable 

Sum up all terms

Calculate the dominant finite density state

ϵ(θ) = mL cosh θ + ∑
k

log S(θ − θk − iπ/2) − ∫
dθ
2π

K(θ − θ′￼)log(1 + e−ϵ(θ′￼))

−iϵ(θk + iπ/2) = Φk = π(2nk + 1)

[Zamolodchikov 1990]

[Dorey et al 1996]

[Kostov et al 2017]



Exact finite volume description: diagonal case

L

R → ∞

R

⟨θ1, …, θn |𝒪 |θn, …, θ1⟩Le−En(L)R

Lowest state survives 

∑
|n⟩∈ℋ

eE|n⟩(R)L⟨n |𝒪n |n⟩R = 1 + ∑
θ

e−m cosh θ(R)L⟨θ |𝒪n |θ⟩R + …

Bethe Yang reliable 

𝒟𝒪
c (α) = ∑

n

1
n!

n

∏
j=1

∫
dθi

2π
e−ϵ(θj)

1 + e−ϵ(θj)
F𝒪

c (α + iπ/2,θ1, …, θn)

LeClair-Mussardo and generalisation

L
𝒪

⟨θn, …, θ1 |𝒪 |θ1, …, θn⟩L =
∑α∪ᾱ={1,…,n} ρ(ᾱ)𝒟𝒪

c (α)

ρ(θ1, …, θn)

θ1 θN

𝒪

Sum up all terms

z

Expectation values in a 

highly excited Bethe state

θ1 θN

𝒪
[LeClair, Mussardo 1990] [Pozsgay 2013]



Exact finite volume description: non-diagonal case

Work in progress

⟨0 |𝒪 |θ⟩L = ∑
n

1
n!

n

∏
j=1

∫
dθi

2π
f(θj)F𝒪

c (θ + iπ/2,θ1, …, θn)

θ

𝒪

Expected answer 



Excited state LM for bilocal operators
R → ∞ ⟨θ1, …, θn |𝒪(x, t)𝒪(0,0) |θn, …, θ1⟩Le−En(L)R

Lowest state survives 

𝒟𝒪(x,t)𝒪
c (α) = ∑

n

1
n!

n

∏
j=1

∫
dθi

2π
e−ϵ(θj)

1 + e−ϵ(θj)
F𝒪(x,t)𝒪

c (α + iπ/2,θ1, …, θn)

⟨θn, …, θ1 |𝒪(x, t)𝒪(0,0) |θ1, …, θn⟩L =
∑α∪ᾱ={1,…,n} ρ(ᾱ)𝒟𝒪(x,t)𝒪

c (α)

ρ(θ1, …, θn)

z

[Pozsgay, Szécsényi 2018]L
θ1 θN

𝒪

θ1 θN

𝒪
⟨θ1, …, θn |𝒪(0,iτ) |0⟩⟨0 | )𝒪 |θn, …, θ1⟩Le−τ(En(L)−E0(L)) + …

θ1 θN

𝒪



Exact finite volume expectation values of special operators

Conserved charge

Conserved current

Dressing

∂x j(x, t) + ∂tq(x, t) = 0 Q = ∫
L

0
dxq(x, t) Q |θ⟩ = q(θ) |θ⟩

Fq
c (θ1, …, θn) = m cosh θ1K(θ1 − θ2)…K(θn−1 − θn)q(θn) + permutations

Fj
c(θ1, …, θn) = m sinh θ1K(θ1 − θ2)…K(θn−1 − θn)q(θn) + permutations

⟨θ1, …, θn |Lq(0,0) |θn, …, θn⟩L = ∑
k

q(θk) + ∫
dθ
2π

q(θ)log(1 + e−ϵ(θ))

⟨θ1, …, θn | j |θn, …, θn⟩L = ∑
m,k

(m cosh θm)dr(∂Φ)−1
mkq(θk)dr + m cosh θ ∘ q(θ)dr

f(θ)dr = f(θ) + K(θ − θ′￼) ∘ f(θ′￼)dr f(θ) ∘ g(θ) = ∫
dθ
2π

f(θ)g(θ)
1 + eϵ(θ))

[Bajnok, Vona 2019]
[Borsi et al 2019]



Exact finite volume expectation values in the sinh-Gordon theory

Conserved current with a new convolution

Fermionic structure

Exponential operators

⟨θ1, …, θn | j |θn, …, θn⟩L = (m cosh θ)dr ∙ q(θ)

f(θ) ∙ g(θ) = ∑
j

if(θj + iπ/2)g(θj + iπ/2)
ϵ′￼(θj + iπ/2)

+ ∫
dθ
2π

f(θ)g(θ)
1 + eϵ(θ)

𝒪α = eα(b+b−1)/2ϕ(0,0)

{βm, β*n } = {γ̄m, γ̄*n } = − δn,mtn(α)

⟨θ1, …, θn |β*1 γ̄*1 Φα |θn, …, θn⟩L

⟨θ1, …, θn |Φα |θn, …, θn⟩L
= ω1,1 − tn(α)

1/tn(α) = 2 sin(π(α − na))

ωn,m = en ∙ (1 + Kα + Kα ∙ Kα + …) ∙ em

β*1 γ̄*1 Φα ∝ Φα−2a

en(θ) = enθ Kα(θ) =
ieiα

sinh(θ + iπa)
−

ie−iα

sinh(θ − iπa)

Checked in the UV (Liouville 3pt functions) and IR (generalised LM) [Bajnok, Smirnov 2019]

[Negro, Smirnov 2013]



Summary
Overview of last 5 years work
• Motivation: why finite volume form factors, AdS/CFT 3pt functions


• Finite volume corrections 

Energy spectrum
Exact description, 

Thermodynamic Bethe 
Ansatz

Lüscher correction of 
multiparticle energies

Momentum quantisation, 
Bethe Yang equation Masses, scatterings

Diagonal Form 
Factors 

Linear integral equations 
based on the TBA

Leading exponential 
volume corrections 

Sum for partitions, partial 
densities Connected form factors

Non-diagonal 
form factors

Still missing Leading exponential 
volume corrections 

Change in the 
normalisation of states Form factors 

Small volume Large volume
x ≡ x + L


