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Motivation: Spin chain perspective

• Encodes the norm of a Bethe eigenstate via its determinant

• Encodes the overlap of a Bethe eigenstate with an integrable 

boundary state via its super determinant

• Encodes the representation theory of the  underlying (super) 

Lie algebra including certain duality relations

Motivation: AdS/CFT beyond the spectral problem

• Operators need normalization

• Correlation functions can be formulated as overlaps

• Duality relations might constrain correlation functions



Plan of the talk

I. The Gaudin matrix

II. One-point functions in a BCFT (in AdS/CFT)

III. Fermionic duality relations (simple examples) 

IV. Bosonic duality relations (simple examples)

V. Some technicalities (towards a proof, singular roots)

VI. Outlook
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The Gaudin matrix and the norm
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Gauge Theory
<latexit sha1_base64="JSnG7W63qo2ZXJMe6iN3L6gbwY4=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GjJDR9td0Y3Lin1BO5RMmmlDM5kxyRSG0u9w40IRt36MO//G9CGo6IELh3Pu5d57goQzpRH6sHJr6xubW/ntws7u3v5B8fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfD332xMqFYtFQ2cJ9SM8FCxkBGsj+XdaMjGEjRGNZdYvlpCN3IpXdiGyXQ9VnaohHnKqF2Xo2GiBElih3i++9wYxSSMqNOFYqa6DEu1PsdSMcDor9FJFE0zGeEi7hgocUeVPF0fP4JlRBjCMpSmh4UL9PjHFkVJZFJjOCOuR+u3Nxb+8bqrDij9lIkk1FWS5KEw51DGcJwAHTFKieWYIJpKZWyEZYYmJNjkVTAhfn8L/Scu1Hc9Gt26pdrWKIw9OwCk4Bw64BDVwA+qgCQi4Bw/gCTxbE+vRerFel605azVzDH7AevsEIdWSWA==</latexit>

String Theory

<latexit sha1_base64="bp377IGAQGXv/OWD+nGCXlub9Xk=">AAAB9HicdVDLSgMxFM3UV62vqks3wVZwNWTGjrYupCiIywq2FtqhZNJMG5p5mGSKZeh3uHGhiFs/xp1/Y/oQVPSsDufcyz33eDFnUiH0YWQWFpeWV7KrubX1jc2t/PZOQ0aJILROIh6Jpocl5SykdcUUp81YUBx4nN56g4uJfzukQrIovFGjmLoB7oXMZwQrLbnwMhKweN85OkPF006+gExkl52SDZFpO6hiVTRxkFU5LkHLRFMUwBy1Tv693Y1IEtBQEY6lbFkoVm6KhWKE03GunUgaYzLAPdrSNMQBlW46DT2GB1rpQl/f96NQwan6fSPFgZSjwNOTAVZ9+dubiH95rUT5ZTdlYZwoGpLZIT/hUEVw0gDsMkGJ4iNNMBFMZ4WkjwUmSveU0yV8fQr/Jw3btBwTXduF6vm8jizYA/vgEFjgBFTBFaiBOiDgDjyAJ/BsDI1H48V4nY1mjPnOLvgB4+0TiSaQpw==</latexit>

For x3 > 0:

<latexit sha1_base64="gzHCF1LZa7kkvElMNUIQAdC4TnU="></latexit>

Constable, Myers
& Tafjord ’99

1 N � 1

Aµ,�i, ↵ =

2

664

x y y y
y z z z
y z z z
y z z z

3

775

<latexit sha1_base64="TgJ+0ATnVR6PbZKkb3Ahy44FljU="></latexit>

Boundary conditions
(supersymmetric)

<latexit sha1_base64="MWnwFAh2clBbFfs56+6p4Ep8pUA="></latexit>

AdS/dCFT and overlaps in SU(2|1) spin chain
<latexit sha1_base64="S7/hBq8YrW2Zu/7n/BN9PY6dhvk="></latexit>

<latexit sha1_base64="VtSkwEl9Fp3/+0R8dndxkfENVQ0="></latexit>

The k = 1 case: Defect described by |VBSi

<latexit sha1_base64="6S+A6diyk2kpSdN7LXT7/2z1uYw="></latexit>

The k > 1 case: Fuzzy funnel solution, defect described by |MPSi
C.K, Müller &
Zarembo ‘20

De Leeuw
C.K, &
Zarembo ‘15



One-point functions

Propagators for complex scalars:  

D(x, y) =
1

4⇡2

✓
1

|x� y|2 +


|x̄� y|2

◆
,

<latexit sha1_base64="o138vXhwzGdw/oePraJyoFPzbus="></latexit>

 =

8
><

>:

1 Neumann

�1 Dirichlet

0 no BCs.
<latexit sha1_base64="mBBXmdtp7ov4gOpUaEadGjjL/8s="></latexit>

x̄ = (x0, x1, x2,�x3)
<latexit sha1_base64="JZMHBqtXOzdKI0Qb1M4d7YdMxO8=">AAACA3icdVBNS0JBFJ1nX2ZfVrvaDElgYDJPs3QRSG1aGuQHqDzmjaMOzvtgZl4oD6FNf6VNiyLa9ifa9W+apy+oqAMXDufcy7332D5nUiH0YSQWFpeWV5KrqbX1jc2t9PZOQ3qBILROPO6Jlo0l5cyldcUUpy1fUOzYnDbt0WXkN2+pkMxzb9TEp10HD1zWZwQrLVnpvY6NRTienmfHFsqNLVNXIXc8topHVjqD8mgGiPKFEqqUI1JCZuXUhGZsZUCMmpV+7/Q8EjjUVYRjKdsm8lU3xEIxwuk01Qkk9TEZ4QFta+pih8puOPthCg+10oN9T+hyFZyp3ydC7Eg5cWzd6WA1lL+9SPzLaweqX+6GzPUDRV0yX9QPOFQejAKBPSYoUXyiCSaC6VshGWKBidKxpXQIX5/C/0mjkDeL+cL1SaZ6EceRBPvgAGSBCc5AFVyBGqgDAu7AA3gCz8a98Wi8GK/z1oQRz+yCHzDePgGxf5ZD</latexit>

⌦
X1a(x)Xb1(y)

↵
=

g2YM�ab

2

⇣
D1(x, y)�D�1(x, y)

⌘
=

g2YM�ab

4⇡2|x̄� y|2 ,
<latexit sha1_base64="EalQI3bXUrjmc/XbdKOKBTBKEZc="></latexit>

h 1a
↵ (x) b1

� (y)i = g2YM

8⇡2
✏↵� �

ab · x̄3 � y3
|x̄� y|4 .

<latexit sha1_base64="53qtIHOQQ33xceuRr1gWEmjMP1o="></latexit>

Propagators for the fermions

X = �1 + i�4, etc.
<latexit sha1_base64="W2Ful4cOe5hWylo4LaAzDpaY3F8=">AAACB3icdVDLSgMxFM3UV62vqktBgkUQlGGmttouhKIblxXsAzpDyaRpG5rMDElGLEN3bvwVNy4UcesvuPNvTKcjqOiByz2ccy/JPV7IqFSW9WFk5uYXFpeyy7mV1bX1jfzmVlMGkcCkgQMWiLaHJGHUJw1FFSPtUBDEPUZa3uhi6rduiJA08K/VOCQuRwOf9ilGSkvd/G77zAmHtGsf0qSXjqDDveA2hkRhc9LNFyzTSgAts1i2qpUpKVt29cSGdmoVQIp6N//u9AIcceIrzJCUHdsKlRsjoShmZJJzIklChEdoQDqa+ogT6cbJHRO4r5Ue7AdCl69gon7fiBGXcsw9PcmRGsrf3lT8y+tEql9xY+qHkSI+nj3UjxhUAZyGAntUEKzYWBOEBdV/hXiIBMJKR5fTIXxdCv8nzaJpH5vFq1Khdp7GkQU7YA8cABucghq4BHXQABjcgQfwBJ6Ne+PReDFeZ6MZI93ZBj9gvH0CdheYbw==</latexit>

<latexit sha1_base64="7ZGwJJYhh/jZEQEE2KOAJk2LNps="></latexit>

hO�(x)i =
C

|x3|
�



Leading for large-N Sub-leading for large-N

Feynman diagrams

C.K., Müller,
Zarembo ‘20

<latexit sha1_base64="e6WCiW5rXc+6KabzRvjy6h+Lp+k=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgasgMHW13RTfurGAf0A4lk2ba2MyDJCMMpf6KGxeKuPVD3Pk3ZtoKKnogcDjnXnLP8RPOpELowyisrK6tbxQ3S1vbO7t75v5BW8apILRFYh6Lro8l5SyiLcUUp91EUBz6nHb8yUXud+6okCyOblSWUC/Eo4gFjGClpYFZvvJvKVFQxZBgTlKOFR2YFWQhp+ZWHYgsx0V1u66Ji+z6aRXaFpqjApZoDsz3/jAmaUgjRTiWsmejRHlTLBQjnM5K/VTSBJMJHtGephEOqfSm8+Nn8FgrQxjEQr9Iwbn6fWOKQymz0NeTIVZj+dvLxb+8XqqCmjdlUZIqGpHFR0HK86h5E3DIhE7OM00wEUzfCskYC0yU7qukS/hKCv8nbceyXQtdO5XG+bKOIjgER+AE2OAMNMAlaIIWICADD+AJPBv3xqPxYrwuRgvGcqcMfsB4+wTCNpTb</latexit>

Object to calculate Ck=1 =
hVBS|ui
hu|ui1/2

<latexit sha1_base64="2cKzj+UtkEfNJte4NdfjMj16+yg="></latexit>

One-point functions and VBS

hVBS| = (hXX|+ h 1 2|� h 2 1|)⌦L/2,
<latexit sha1_base64="H9mwIzTbz5diivQ1+3W2P1Er4SM="></latexit>

Ck=1 =
Q1(0)Q2(0)

Q1

�
i
2

� SDetG
<latexit sha1_base64="pTnveSW/FqF67wzsdXUhdOzTi08="></latexit>

<latexit sha1_base64="SGWvNfUY9/+lhNqCZAfS5Hw1j38="></latexit>

�——⌦
<latexit sha1_base64="1X96VS8ErRiVz3anRK0ueKFfYrU="></latexit>

1



<latexit sha1_base64="hi+7Xbs7dU1nJzrTU18U478Z/iY="></latexit>

�——⌦ <latexit sha1_base64="ABGGjl8Y3fLFaylwAt3j5tFh8y8="></latexit>�!
<latexit sha1_base64="RiOb5f+G+J+nhOO08EAqgOjDRmI="></latexit>⌦�� ⌦

<latexit sha1_base64="6qPknj+EN8iV5fbSnCaBvzZsAm0="></latexit>

Q;|; = uL, Q12|1 = 1

<latexit sha1_base64="Fb7SOFBiEQk2rWGdEficrl3Vvik="></latexit>

Q+
1|;Q

�
2|; �Q�

1|;Q
+
2|; = Q;|;Q12|;

<latexit sha1_base64="hi+7Xbs7dU1nJzrTU18U478Z/iY="></latexit>

�——⌦ <latexit sha1_base64="ABGGjl8Y3fLFaylwAt3j5tFh8y8="></latexit>�!

Tsuboi ‘98

Fermionic Duality
<latexit sha1_base64="sTPhHuGbwwsFg9vP1EDLF3MyciE="></latexit>

(Change of variables
in the Bethe equations)

<latexit sha1_base64="EF1S4uIV6vxonfmVJqCCvRqLD78="></latexit>

Bosonic duality
<latexit sha1_base64="b1s80+Ip5m7RNdWP5ymGrWlZyLg="></latexit>

Standard choice: Blue path
<latexit sha1_base64="EgtRFPELKOBAGGbCATMuv9OJ9nU="></latexit>

<latexit sha1_base64="hi+7Xbs7dU1nJzrTU18U478Z/iY="></latexit>

�——⌦

Q12|;Q1|1 = Q�
1|; �Q+

1|;
<latexit sha1_base64="zpLose+diEs5HXiDoTtzJp6w/ns="></latexit>



<latexit sha1_base64="G2qJo0AKVM7gAw0rkq985D/uM8Q="></latexit>

Ex: SU(2|1)
<latexit sha1_base64="4H/w0mVZ8awdelZTcdic7KQlfKg="></latexit>

Fermionic Duality:
<latexit sha1_base64="dVtYBD32NF/GY3Biu3IZUEL7TR0="></latexit>

q =


1
0

�
<latexit sha1_base64="0j5RJxsEHzGlezRTqtVPlWFEPno="></latexit>

M =


2 �1
�1 0

�
,

<latexit sha1_base64="1WpgXqu8IRE9l80c1KugNXohoSI="></latexit>�!

<latexit sha1_base64="1WpgXqu8IRE9l80c1KugNXohoSI="></latexit>�!

<latexit sha1_base64="SGWvNfUY9/+lhNqCZAfS5Hw1j38="></latexit>

�——⌦

<latexit sha1_base64="Rw5MYPtzua3wBj6Tn3vxtyiJTVY="></latexit>

1 =
Q�

1 (vk)

Q+
1 (vk)

<latexit sha1_base64="IymwfUn/KV5CJi7pIVUPMUXq9j8="></latexit>

�1 =
Q++

1 (uk)

Q��
1 (uk)

· Q
�
2 (uk)

Q+
2 (uk)

✓
Q�

✓ (uk)

Q+
✓ (uk)

◆L
<latexit sha1_base64="ryDtWsVRLI36JYtslNJlTs52Yt8="></latexit>

eQ+
2 (uk)

eQ�
2 (uk)

✓
Q�

✓ (uk)

Q+
✓ (uk)

◆L

= 1

<latexit sha1_base64="BlERv3Xyeu4rHIFscdDQYrY4etI="></latexit> �!

<latexit sha1_base64="ob2WtaIsnDTAnzrwutc79rqdjMk=">AAACIHicdVDLSgMxFM3UV62vqks3wVZw4zDTYlt3RTcuXFSwD+iUkknTNjSTDElGLMN8iht/xY0LRXSnX2P6EFTsCYHDOfdy7z1+yKjSjvNhpZaWV1bX0uuZjc2t7Z3s7l5DiUhiUseCCdnykSKMclLXVDPSCiVBgc9I0x9dTPzmLZGKCn6jxyHpBGjAaZ9ipI3UzZZjL/DFXexdITkgMO8JTQOi8klyAs1b6HazOcc+ddyzkgMd25liSipu0YXuXMmBOWrd7LvXEzgKCNeYIaXarhPqToykppiRJONFioQIj9CAtA3lyMzpxNMDE3hklB7sC2k+13Cq/uyIUaDUOPBNZYD0UP31JuJ/XjvS/UonpjyMNOF4NqgfMagFnKQFe1QSrNnYEIQlNbtCPEQSYW0yzZgQvi+Fi0mjYLslu3hdyFXP53GkwQE4BMfABWVQBZegBuoAg3vwCJ7Bi/VgPVmv1tusNGXNe/bBL1ifXypPovw=</latexit>⌦- - -⌦

Beisert, Kazakov, ,
Sakai, Zarembo ‘05

Change of variables (from vj to ṽj)
<latexit sha1_base64="aw4MPJQtp0qpx/CWZDt3wOwD7Qw="></latexit>

Q�
1 (v)�Q+

1 (v) = Q2(v) · eQ2(v)
<latexit sha1_base64="xkVqlnUiiKpGIZXIYmhbAcMDzTg="></latexit>

eK2 = K1 �K2 � 1 roots ṽj
<latexit sha1_base64="DS8Um/F0LOoyeOvqBk0JSlQopSo="></latexit>

K2 roots vj
<latexit sha1_base64="ktTZDaNqDKZmj+BdA2GjHntcopI=">AAAB+nicdVDLSgMxFM3UV62vqS7dBFvBVclM6WtXdCO4qWAf0JYhk6ZtbGYyJJlKqf0UNy4UceuXuPNvTB+Cih64cDjnXu69x484UxqhDyuxtr6xuZXcTu3s7u0f2OnDhhKxJLROBBey5WNFOQtpXTPNaSuSFAc+p01/dDH3m2MqFRPhjZ5EtBvgQcj6jGBtJM9OZ688NwulEFrB7Ni7zXp2BuVQsVDJI4hyBeSUKhVDECqW8y50DJkjA1aoefZ7pydIHNBQE46Vajso0t0plpoRTmepTqxohMkID2jb0BAHVHWni9Nn8NQoPdgX0lSo4UL9PjHFgVKTwDedAdZD9dubi3957Vj3y90pC6NY05AsF/VjDrWA8xxgj0lKNJ8Ygolk5lZIhlhiok1aKRPC16fwf9Jwc04+5167mer5Ko4kOAYn4Aw4oASq4BLUQB0QcAcewBN4tu6tR+vFel22JqzVzBH4AevtE1DbksI=</latexit> �!<latexit sha1_base64="RdX+SZCCUgIWoipE8cItkgFYykU="></latexit>



<latexit sha1_base64="ISzyRfnMr1roc1vtC4mgqNqBTxQ="></latexit>

Transformation formula: Ex: SU(2|1)

<latexit sha1_base64="mPtjWnAatYYPlIJt+L8WZqhz/XE="></latexit>

eD = K1
eQ2(0)Q2(0)

Q1( i
2 )

D
<latexit sha1_base64="Z2+rYZrJhPsw7uZQczEMkteW4Yk="></latexit>

Found numerically
<latexit sha1_base64="pCCZoU/XVFXye5R2wTvRHSnGMRo="></latexit>

Analytical proof in progress

C.K., Müller,
Zarembo ‘20

de Leeuw, Ipsen, C.K.,
Vardinghus, Wilhelm 17

Q+
1 (u)�Q�

1 (u) = iK1 uQ2(u) eQ2(u), with reduced Baxter polynomials
<latexit sha1_base64="iQPRYCuLonJdcS95xmXpoogKnOk="></latexit>

K1, K2 even =) fK2 = K1 �K2 � 1 odd, i.e. ṽ’s contain a single zero
<latexit sha1_base64="PDwPssTk09xvluOtBp2UAYe2Q+8="></latexit>

<latexit sha1_base64="SGWvNfUY9/+lhNqCZAfS5Hw1j38="></latexit>

�——⌦ <latexit sha1_base64="q/7z4CKoWbeHYmngOcWooIj2STE="></latexit>⌦- - -⌦
<latexit sha1_base64="+NoRyzabQFAJlKzLbNI0vxPjSGQ=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnpiEpNb0IvgJaJZIBlCT6cnadKz0N0jhCGf4MWDIl79Im/+jZ1FUNEHBY/3qqiq58WCK43xh5VZWV1b38hu5ra2d3b38vsHLRUlkrImjUQkOx5RTPCQNTXXgnViyUjgCdb2xpczv33PpOJReKcnMXMDMgy5zynRRrq97jv9fAHbuFgtl4oI28Uyrjk1Q8rYqVVKyLHxHAVYotHPv/cGEU0CFmoqiFJdB8faTYnUnAo2zfUSxWJCx2TIuoaGJGDKTeenTtGJUQbIj6SpUKO5+n0iJYFSk8AznQHRI/Xbm4l/ed1E+1U35WGcaBbSxSI/EUhHaPY3GnDJqBYTQwiV3NyK6IhIQrVJJ2dC+PoU/U9aRdup2Gc3pUL9YhlHFo7gGE7BgXOowxU0oAkUhvAAT/BsCevRerFeF60ZazlzCD9gvX0CMa2Nww==</latexit>

K1
<latexit sha1_base64="+NoRyzabQFAJlKzLbNI0vxPjSGQ=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnpiEpNb0IvgJaJZIBlCT6cnadKz0N0jhCGf4MWDIl79Im/+jZ1FUNEHBY/3qqiq58WCK43xh5VZWV1b38hu5ra2d3b38vsHLRUlkrImjUQkOx5RTPCQNTXXgnViyUjgCdb2xpczv33PpOJReKcnMXMDMgy5zynRRrq97jv9fAHbuFgtl4oI28Uyrjk1Q8rYqVVKyLHxHAVYotHPv/cGEU0CFmoqiFJdB8faTYnUnAo2zfUSxWJCx2TIuoaGJGDKTeenTtGJUQbIj6SpUKO5+n0iJYFSk8AznQHRI/Xbm4l/ed1E+1U35WGcaBbSxSI/EUhHaPY3GnDJqBYTQwiV3NyK6IhIQrVJJ2dC+PoU/U9aRdup2Gc3pUL9YhlHFo7gGE7BgXOowxU0oAkUhvAAT/BsCevRerFeF60ZazlzCD9gvX0CMa2Nww==</latexit>

K1
<latexit sha1_base64="OOVv3fuqjMkvIq110umeMXWerJE=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnrGJCa3oBfBS0SzQDKEnk4nadKz0N0jhCGf4MWDIl79Im/+jZ1FUNEHBY/3qqiq58eCK43xh5VZWV1b38hu5ra2d3b38vsHTRUlkrIGjUQk2z5RTPCQNTTXgrVjyUjgC9byx5czv3XPpOJReKcnMfMCMgz5gFOijXR73XN7+QK2sVspFV2EbbeEq07VkBJ2quUicmw8RwGWqPfy791+RJOAhZoKolTHwbH2UiI1p4JNc91EsZjQMRmyjqEhCZjy0vmpU3RilD4aRNJUqNFc/T6RkkCpSeCbzoDokfrtzcS/vE6iBxUv5WGcaBbSxaJBIpCO0Oxv1OeSUS0mhhAqubkV0RGRhGqTTs6E8PUp+p80Xdsp22c3xULtYhlHFo7gGE7BgXOowRXUoQEUhvAAT/BsCevRerFeF60ZazlzCD9gvX0CMzGNxA==</latexit>

K2

<latexit sha1_base64="54oJFy8qFUolbe0IRsmbR2Ef8lc=">AAAB+HicdVDJSgNBEO2JW4xb1KOXxiB4GnrGRJNb0IvgJYJZIAmhp6eSNOlZ6O5R4pAv8eJBEa9+ijf/xs4iqOiDgsd7VVTV82LBlSbkw8osLa+srmXXcxubW9s7+d29hooSyaDOIhHJlkcVCB5CXXMtoBVLoIEnoOmNLqZ+8xak4lF4o8cxdAM6CHmfM6qN1MvvdO64D5oLH9KrSc/t5QvEJm65VHQxsd0SqTgVQ0rEqZwWsWOTGQpogVov/97xI5YEEGomqFJth8S6m1KpORMwyXUSBTFlIzqAtqEhDUB109nhE3xkFB/3I2kq1Himfp9IaaDUOPBMZ0D1UP32puJfXjvR/XI35WGcaAjZfFE/EVhHeJoC9rkEpsXYEMokN7diNqSSMm2yypkQvj7F/5OGazun9sl1sVA9X8SRRQfoEB0jB52hKrpENVRHDCXoAT2hZ+veerRerNd5a8ZazOyjH7DePgE7q5N8</latexit>

eK2

Notice:

• Holds semi-on-shell (the {ui,�ui}’s can be chosen at random)

• Covariance of overlap formula which involves Q2(0)D

• Factor K1 signals that a hws is mapped to a descendent
<latexit sha1_base64="VxPD9a95Y00DkGjol0b8FBAF5QI="></latexit>

<latexit sha1_base64="VjSwot8HXg9kkuFN43L/XzX4UFA="></latexit>

Det eG still factorizes



<latexit sha1_base64="H/7n7/OAD/No5qYs0/TL05Qzv8s="></latexit>

Fermionic dualities in general

<latexit sha1_base64="czW9gd+6MH358sc8rOEOB9Unz/E="></latexit>2

4
0
V
0

3

5 �!

2

4
V ± 1
�V
V ⌥ 1

3

5 <latexit sha1_base64="5hwHWIzHm1WZyrQKfnuCkQiCMec="></latexit>

for

• Allow one to move between any two Dynkin diagrams of a super Lie alge-
bra (of type SU(N |M))

• Involve a fermionic node and its neighbours only

• Changes the nature of neighbouring nodes
N
 !�

and the connections ——  ! - - -

• Dualized node non-momentum carrying =) Dynkin labels unchanged

• Dualized node momentum carrying =) Dynkin labels change
<latexit sha1_base64="h8fX6NjM9YSMaxAvtWf1aCjIrs4="></latexit>

<latexit sha1_base64="SO8PsFzUPzleMTXt+oBriz+ZyaI=">AAACBXicdVBNSwMxFMz6bf2qetRDsAh6WbJLW9tbUQ8eK1grtKVk07cams2uSVaoxYsX/4oXD4p49T9489+YrhVUdCAwzLzHy0yQCK4NIe/OxOTU9Mzs3HxuYXFpeSW/unaq41QxaLBYxOosoBoEl9Aw3Ag4SxTQKBDQDPoHI795BUrzWJ6YQQKdiJ5LHnJGjZW6+c2dw4Hsc4kFDUBguEypwCbG16Di3W6+QFziV0pFHxPXL5GqV7WkRLxquYg9l2QooDHq3fxbuxezNAJpmKBatzySmM6QKsOZgJtcO9WQUNan59CyVNIIdGeYpbjB21bp4TBW9kmDM/X7xpBGWg+iwE5G1Fzo395I/MtrpSasdIZcJqkByT4PhWkWc1QJ7nEFzIiBJZQpbv+K2QVVlBlbXM6W8JUU/09Ofdcru8Vjv1DbH9cxhzbQFtpBHtpDNXSE6qiBGLpF9+gRPTl3zoPz7Lx8jk4445119APO6wefOJgL</latexit>

(Dynkin label equal to zero)



<latexit sha1_base64="MVr9tFdTXGhUSi6riRzbBP/y9SI="></latexit>

Kl

<latexit sha1_base64="7AtTEuEZ19zjLB5RTG2yvu1agPE="></latexit>

Km
<latexit sha1_base64="B4KRbCjKZCF9FStoOHKRgi93IZc="></latexit>

Kr
<latexit sha1_base64="iZqE+X0w3xbDw4xKGpGpiXk4ozM="></latexit>

M =

2

4
⌘2 ⌘1 0
⌘1 0 �⌘1
0 �⌘1 ⌘3

3

5 , q =

2

4
Vl

0
Vr

3

5 ,
⌘1 2 {�1,+1}
⌘2 2 {0,�2⌘1}
⌘3 2 {0, 2⌘1}

,

<latexit sha1_base64="T9RQuBcUqzxdPIO8mkw7z0E1p84="></latexit>

Kl,Kr,Km all even =) eKm = Kl +Kr �Km � 1 odd
<latexit sha1_base64="WDvTiiH5VZ6ZUCcYLmiS/lQ2PBg="></latexit>

Q�
l Q

+
r �Q+

l Q
�
r = i⌘1(Kr �Kl)uQm

eQm ,
C.K., Müller,
Zarembo ‘20

<latexit sha1_base64="xplgwNFujzZ5uu74BjAbKf7UjJI=">AAASXHicpVjtb9vGGVe7b </latexit>

Dualizing a non-momentum-carrying node

<latexit sha1_base64="HJIQnvNcLbmylqVAW9+Hw+dIyXs="></latexit>

eD = JD = (�⌘1)
Kl⌘Kr

1 (⌘1Kr � ⌘1Kl)
Qm(0) eQm(0)

Ql

�
i
2

�
Qr

�
i
2

� D
<latexit sha1_base64="VvYEtxw/iq36oPoz10OOjFx1LfE="></latexit>

Found numerically
Analytical proof
in progress

<latexit sha1_base64="teDEz+bgcUPaKN0hCAvn658LIwg="></latexit>

Kl,Kr even, Km odd
<latexit sha1_base64="pxRVRaO1PUZUdFZGtJZVrr9AqIk="></latexit>

eD = (�J)�1 D ,



<latexit sha1_base64="9JYTV8nXisnssRcEZWc5fBFcMG8="></latexit>

Dualizing a momentum-carrying node

<latexit sha1_base64="MVr9tFdTXGhUSi6riRzbBP/y9SI="></latexit>

Kl

<latexit sha1_base64="7AtTEuEZ19zjLB5RTG2yvu1agPE="></latexit>

Km
<latexit sha1_base64="B4KRbCjKZCF9FStoOHKRgi93IZc="></latexit>

Kr
<latexit sha1_base64="a3kpkkOYP2ZEyd2/tfTeztJ74pY="></latexit>

M =

2

4
⌘2 ⌘1 0
⌘1 0 �⌘1
0 �⌘1 ⌘3

3

5 , q =

2

4
0
V
0

3

5 ,
⌘1 2 {�1,+1}
⌘2 2 {0,�2⌘1}
⌘3 2 {0, 2⌘1}

<latexit sha1_base64="jPwQRGRvK5dDe5a4nls1xc5fmoE="></latexit>�
u+ V i

2

�L
Q�

l Q
+
r �

�
u� V i

2

�L
Q+

l Q
�
r = i(V L� ⌘1Kl + ⌘1Kr)uQm

eQm,

<latexit sha1_base64="P+LlMdz37XMwFSafuYZv6R/lrAs="></latexit>

eD =

✓
2i

V

◆L

(V L� ⌘1Kl + ⌘1Kr)
Qm(0) eQm(0)

Ql

�
i
2

�
Qr

�
i
2

� D ,

<latexit sha1_base64="ju2W7+oAMDT465RgM9QThtiFS64="></latexit>

Kl,Kr,Km, L all even =) eKm = L+Kl +Kr �Km � 1 odd

<latexit sha1_base64="VvYEtxw/iq36oPoz10OOjFx1LfE="></latexit>

Found numerically
Analytical proof
in progress

<latexit sha1_base64="FufVa9JaCllaOJL6Oo5I3aRhT2M="></latexit>

NB: Kr odd or Kl odd requires regularization



<latexit sha1_base64="FQxnN3WWuPT79+03G9mT1fWpbG8="></latexit>

Bosonic Dualities: A warm-up example: SU(2)

<latexit sha1_base64="hCAS48f9e021KNjSyZA9bDnt7H0="></latexit>

Q; = uL

<latexit sha1_base64="m6XubybfcCCe8DDF1ocdyTmsu40="></latexit>

Q12 = 1

<latexit sha1_base64="vgBp/zuleKz5/7ZHA7QD/HqIO5o="></latexit>

Q1
<latexit sha1_base64="GfLFZM3dJWJHnQyTMo/lkLuWTe4="></latexit>

Q2 = eQ1

<latexit sha1_base64="EEldtoZ3SY1v2oU3vl9ElbThY5M="></latexit>

Q+
1
eQ�
1 �Q�

1
eQ+
1 = uL

<latexit sha1_base64="Ol8uTF11Nka2dGH5tAQa7EL5foU="></latexit>

Bosonic duality eqn.

<latexit sha1_base64="yIlaqFf0mhVmrIQxrycKUjp55GQ="></latexit>

After regularization:
<latexit sha1_base64="iTGm7vB/N/kk5tnw+72AxTPeXT0="></latexit>

Roots at 0,± i
2 left out in eQ

<latexit sha1_base64="I15lDi0dhFg28bkgjqalGaSQq0M=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBAEcZmNiSYHQfQi6EHBxECyhNnZTjI4+2BmVlmW+CtePCji1Q/x5t84iRFUtKChqOqmu8uLBVeakHdrYnJqemY2N5efX1hcWi6srDZUlEgGdRaJSDY9qkDwEOqaawHNWAINPAFX3vXx0L+6Aal4FF7qNAY3oL2Qdzmj2kidwlr7lvugufAhOx0cnO2cbjudQpHYpFStlEuY2KUKqTk1QyrEqe2VsWOTEYpojPNO4a3tRywJINRMUKVaDom1m1GpORMwyLcTBTFl17QHLUNDGoBys9HxA7xpFB93I2kq1Hikfp/IaKBUGnimM6C6r357Q/Evr5XobtXNeBgnGkL2uaibCKwjPEwC+1wC0yI1hDLJza2Y9amkTJu88iaEr0/x/6RRsp09e/eiXDw8GseRQ+toA20hB+2jQ3SCzlEdMZSie/SInqw768F6tl4+Wyes8cwa+gHr9QMeM5Rw</latexit>

eK = L�K + 1

<latexit sha1_base64="6tIATdGyg4i8NjtpS3wYhMEEv/4="></latexit>

Dual roots at 0,± i
2 call for regularization of detG

<latexit sha1_base64="6nlJCo0Hh1lv6/Tui7v5wkhV5Pg="></latexit>

eD = AL/2�K
Q(0) eQ(i/2)

Q(i/2) eQ(0)
D, An =

(2nn!)4

2 (2n)! (2n+ 1)!

<latexit sha1_base64="trrUtGMQCJElxjvX2jqyk6pGU+8="></latexit>

Overlaps with VBS Duality invariant

(States beyond the equator)
<latexit sha1_base64="C2TJPbUQFZ+pTsOlSzRXQTUM3IA="></latexit>



<latexit sha1_base64="kPHziEcv80yyfNwjDp16hdhj7e4="></latexit>

Bosonic dualities in general

<latexit sha1_base64="C9ZKiF5jR5kesQHEyiHIOfmAKBQ="> </latexit>

• Momentum carrying bosonic node

<latexit sha1_base64="T9M0zBhZXc1sobcECyeei0YDzOo="></latexit>

• Non-momentum carrying bosonic node

<latexit sha1_base64="UN1h41/NEjgBCLzqOAWne7ixLbw="></latexit>

eD = A(L+Kr+Kl)/2�Km

Qm(0) eQm(i/2)

Qm

�
i
2

� eQm (0)
D

<latexit sha1_base64="eqzss3g//MrJ7w03SuPfdSvSCJ4="></latexit>

eD = A(Kr+Kl)/2�Km

Qm(0) eQm(i/2)

Qm

�
i
2

� eQm (0)
D

<latexit sha1_base64="aKSEmwfdFaYK1lXU9fjD2U7cois="></latexit>m
<latexit sha1_base64="Fp3CdCriVBBaxdtxvDAvGxYyOG8="></latexit>

l
<latexit sha1_base64="JaiVkYbDobv/+mtGlqK6YQlLeJk="></latexit>r

<latexit sha1_base64="XHPnPhFzvazTlDmxdRgUEm/0dq0="></latexit>

• Involve a bosonic node and its neighbours only

• Do not change the Dynkin diagram or the Dynkin labels

<latexit sha1_base64="KJNNmOm727rxJyO/FLqVdSCBOss="></latexit>

• Overlaps in the scalar SO(6) sector invariant (up to pre-factor)



A note on singular roots
<latexit sha1_base64="RwKaLi2EaBRlklbVXxMkMgGQM+8=">AAACAXicdVBNSwMxEM36WetX1YvgJVgET0t2tWpvVS8eK1gV6lKyaVpDs8mSzAplqRf/ihcPinj1X3jz35jWCir6YODx3gwz8+JUCguEvHsTk1PTM7OFueL8wuLScmll9dzqzDDeYFpqcxlTy6VQvAECJL9MDadJLPlF3Dse+hc33Fih1Rn0Ux4ltKtERzAKTmqV1g+x0sCxVtgK1c0kNdhoDbZVKhOfhAeV3RATP6yQalB1pEKC6t4uDnwyQhmNUW+V3q7ammUJV8AktbYZkBSinBoQTPJB8SqzPKWsR7u86aiiCbdRPvpggLec0sYdbVwpwCP1+0ROE2v7Sew6EwrX9rc3FP/ymhl0DqJcqDQDrtjnok4mMWg8jAO3heEMZN8Ryoxwt2J2TQ1l4EIruhC+PsX/k/PQD3b88DQs147GcRTQBtpE2yhA+6iGTlAdNRBDt+gePaIn78578J69l8/WCW88s4Z+wHv9AFGhltU=</latexit>

<latexit sha1_base64="mpVgfE1rwTbVL9E1hKB8whzpMCk="> OkWskDaVQEpajnnYryQG0kT9AEP0ASc4GTej9yZfTasnL9QY6JLmrLvbdw7TAsHtLrkOadqfq1+VtfP1utnWC8VvD9M0qoEYkPiUK5rq90YACXlimX/N6aUWvMkn0OZV7pOrHsON7fCXhg/PNiPIezFB+FhdIiXgzA6fLAPUS9szpa3PM+Hm3+QTKZVrVKaU61PorA0p7a2Tpoz1yGVZqjElI7ZCV4FLZg+tc0vw0EXkQxGuPBICgMNer3C0kLreZFgJnp3om/GavBdsZPKjB6eWi7KyjCRLgaNqhyMXLySDMVJDe6ecZoqjlwhnVB8Cugt3UERVpvC+y/HcS960Nt/EW89HizluON95X3nbXuR94P32PvZe+4deenGX637ra9b37T+bn/Z/ra91O72rWXNPW/ttIN/AJ4iygE=</latexit>

hVBS|ui 6= 0:
<latexit sha1_base64="w4HGBSBGPb3mNbQThrQ1sumaAaE="></latexit>

momentum carrying roots: {ui,�ui}Ku
i=1

<latexit sha1_base64="cekwJvFOr+F9BWlM9PBqmfbCigw="></latexit>

auxiliary roots: {vi,�vi}Kv
i=1, possibly [{0}

<latexit sha1_base64="AfQClotSfZGoA55CGJqm23rZBeQ="></latexit>

Duality transformations introduce dual roots at 0,± i
2

<latexit sha1_base64="ZXKfpbZcdkZYj0OAHY+P6Y6WbSs="></latexit>

Need to know the Gaudin matrix, i.e. G± for these cases
<latexit sha1_base64="RPLp/pbE0+hkdAScFAS3OYiIoFw="></latexit>

Root at zero: Naturally included in G+

<latexit sha1_base64="s9otTgEhivU6r91wkiHrUSlqhaE="></latexit>

Special challenge for bosonic dualities:
<latexit sha1_base64="BLvNI+EYC3rBV02QAWUBK6FhmZQ="></latexit>

det eG+ = 0
<latexit sha1_base64="Kzh/tu+5SMCJKQp48P+1EGV4GsU="></latexit>

Regulated by removing the entries of the zero root

<latexit sha1_base64="ExQ/vAq1E1t0e/JSfu5sargtXpk="></latexit>

Roots at ± i
2 : Lead to divergencies in G+, G�

<latexit sha1_base64="D3bixDvrFj2eoQlj0QNiVQLTbbg="></latexit>

Can be regulated by impurities and
removing row and column of singular root from G�

C.K., Müller,
Zarembo ‘21



Summary

• We have determined the transformation properties of the Gaudin
super determinants under all fermionic and bosonic dualities
encoded in the QQ-system.

• We can translate overlap formulas between any two Dynkin
diagrams (Kostya’s talk).



Open Problems

• Analytical proof of the duality transformation formulas

Easy to state --- difficult to prove

• Understand the pre-factors in the transformation formulas

• Understanding the rationale for the regularization

in the bosonic case

• Express the overlaps entirely in terms of Q-functions 

and treat the overlaps by means of the Quantum Spectral Curve



Thank you


