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identified at null infinity) in the quantum theory, where physical
states are usually defined on spacelike (Cauchy) hypersurfaces,
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hypersurfaces, and thus, at spatial infinity.
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Introduction

This has been done recently in four spacetime dimensions,
through a reconsideration of the boundary conditions at spatial
infinity.

New, consistent boundary conditions have been proposed, which
are invariant under the full infinite-dimensional BMS group,

providing a standard, non-trivial, canonical realization of the
BMS symmetry.

This establishes also the important fact that the BMS symmetry is
a symmetry of the theory and not just a symmetry at null infinity.

4/20



Introduction

The BMS algebra
at spatial infinity
(D=4and
D>4)

Second reason

Marc Henneaux

Introduction

5/20



Introduction

The BMS algebra
at spatial infinity
(D=4and . . . :
D> 4) Another reason for investigating the asymptotic structure at

Vare Henneaux spatial infinity is the need to understand the “matching”
Introduction conditions of the fields and charges between .#* and .%~

Second reason

5/20



Introduction

The BMS algeb
Ty Second reason
(D=4and i . . )
D>4) Another reason for investigating the asymptotic structure at

spatial infinity is the need to understand the “matching”
conditions of the fields and charges between .#* and .%~

which clearly involves “going through” spatial infinity .

Marc Henneaux

Introduction

5/20



Introduction

The BMS algebra
at spatial infinity SeCOnd reason

(D=4and

D> 4 Another reason for investigating the asymptotic structure at
Mare Henneaux spatial infinity is the need to understand the “matching”
Introduction conditions of the fields and charges between .#* and .%~

which clearly involves “going through” spatial infinity .

For instance, one knows that under very general initial
conditions, the past limit of the Bondi mp mass along future null
infinity is equal to the ADM mass m.

5/20



Introduction

The BMS algebra
at spatial infinity SeCOnd reason

(D=4and

D> 4 Another reason for investigating the asymptotic structure at
Mare Henneaux spatial infinity is the need to understand the “matching”
Introduction conditions of the fields and charges between .#* and .%~

which clearly involves “going through” spatial infinity .

For instance, one knows that under very general initial
conditions, the past limit of the Bondi mp mass along future null
infinity is equal to the ADM mass m.

Similarly, the future limit of the Bondi mass mp along past null
infinity is also equal to the ADM mass m,

5/20



Introduction

The BMS algebra
at spatial infinity SeCOnd reason

(D=4and

D> 4 Another reason for investigating the asymptotic structure at
Mare Henneaux spatial infinity is the need to understand the “matching”
Introduction conditions of the fields and charges between .#* and .%~

which clearly involves “going through” spatial infinity .

For instance, one knows that under very general initial
conditions, the past limit of the Bondi mp mass along future null
infinity is equal to the ADM mass m.

Similarly, the future limit of the Bondi mass mp along past null
infinity is also equal to the ADM mass m,

implying the matching mp(.#) = m= mg(.9).

5/20



Introduction

Ihe DS Slgchra Second reason

“Detmi L :
D>4) Another reason for investigating the asymptotic structure at
Mare Henneaux spatial infinity is the need to understand the “matching”

Introduction conditions of the fields and charges between .#* and .%~
which clearly involves “going through” spatial infinity .

For instance, one knows that under very general initial
conditions, the past limit of the Bondi mp mass along future null
infinity is equal to the ADM mass m.

Similarly, the future limit of the Bondi mass mp along past null
infinity is also equal to the ADM mass m,

implying the matching mp(.#) = m= mg(.9).
But the generator of time translations is only one of the
Bondi-Metzner-Sachs (BMS) supertranslation generators.

5/20



Introduction

The BMS algebra
at spatial infinity
(D=4and . . . :
D> 4) Another reason for investigating the asymptotic structure at

Vare Henneaux spatial infinity is the need to understand the “matching”
Introduction conditions of the fields and charges between .#* and .%~

Second reason

which clearly involves “going through” spatial infinity .

For instance, one knows that under very general initial
conditions, the past limit of the Bondi mp mass along future null
infinity is equal to the ADM mass m.

Similarly, the future limit of the Bondi mass mp along past null
infinity is also equal to the ADM mass m,

implying the matching mp(.#) = m= mg(.9).
But the generator of time translations is only one of the
Bondi-Metzner-Sachs (BMS) supertranslation generators.

Can one say more ?

5/20



Introduction

The BMS algebra
at spatial infinity
(D=4and . . . :
D> 4) Another reason for investigating the asymptotic structure at

Vare Henneaux spatial infinity is the need to understand the “matching”
Introduction conditions of the fields and charges between .#* and .%~

Second reason

which clearly involves “going through” spatial infinity .

For instance, one knows that under very general initial
conditions, the past limit of the Bondi mp mass along future null
infinity is equal to the ADM mass m.

Similarly, the future limit of the Bondi mass mp along past null
infinity is also equal to the ADM mass m,

implying the matching mp(.#) = m= mg(.9).

But the generator of time translations is only one of the
Bondi-Metzner-Sachs (BMS) supertranslation generators.
Can one say more ?

This requires understanding the action of all the BMS
supertranslations at spatial infinity.
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But there exist soft theorems!!
Of which symmetries are these the Ward identities ?

It turns out that while the answer to this question is not
immediate at null infinity, the analysis at spatial infinity raises no
conceptual problem

and directly leads to the infinite dimensional symmetry “BMSs
group”,

the realization of which exhibits (somewhat unexpectedly) a very
interesting nonlinear structure.
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Introduction

The purpose of this talk is to provide the general ideas of the
asymptotic analysis at spatial infinityin D=4and D=5
spacetime dimensions.

The study will be carried on spacelike hypersurfaces that are
asymptotically flat hyperplanes, using Hamiltonian methods.

(Work done in collaboration with Cédric Troessaert, with also
Oscar Fuentealba, Sucheta Majumdar, Javier Matulich and
Turmoli Neogi who joined more recently)
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The BMS algebra
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(D=4and .
D> 4 action

e which reads, in Hamiltonian form (Dirac, ADM),

Einstein theory in
4 spacetime

dimensions P . . .
Slgyj, 7", N,N'] = f dt{ / ddx(n’fa,g,-j - N'75 — NJﬁgm") - Boo}
where By, is a boundary term at infinity and where

1 . 1 ;
A8 = —\/gR+ —g(nlfn,-j - E7:2) ~0, A5 =-2V;n ~0.

77

The definition of the theory is completed by providing boundary
conditions on the dynamical variables (definition of phase
space), which are assumed to make the off-shell action finite.
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Ujjand V¥ are the parity-twisted contributions that take the form
of a gauge transformation (rewritten in Hamiltonian form).

They are of the same order as the leading terms in h;j and ¥
(0(1/1r) and O(1/7?) respectively but have the opposite parity.

For a canonical action of the Lorentz boosts, one imposes
moreover that Uj; be parametrized by an O(1) odd function of the
angles U(n*) = 0(1) = — U(-n%). Furthermore, V¥ is parametrized
by an O(1) even function of the angles V(nk) = V(—nk).
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&=bix'+ Tm) + O(r ™)
E=bd + Wim) +0(rY), by=-bj, Wim)=0;,(rWm)).

where T is even and W is odd.

The terms b;x’ and b’ jxj describe respectively boosts and spatial
rotations.

The zero mode of T and the first spherical harmonic component

of W describe translations.
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The algebra of the generators can be easily verified to be the BMS
algebra.
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improper gauge transformations,

which one cannot use in gauge fixing.

Only “parity up to a gauge transformation” conditions are
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(and these are necessary to avoid log singularities at null infinity).
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spacetime dimensions.

The computations are cumbersome but the ideas are identical.

Einstein theory in

Sl As in 4 dimensions, one must include explicitly the improper
gauge symmetries in the asymptotic form of the fields.

A new feature is that improper gauge terms are not at the same
order in lr as the Coulomb part,

while in 4 dimensions, they are at the same order but
distinguished by parity conditions.
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(1), whereas “the rest” is at order 72 (cf Schwarschild in 5D)
One has schematically :

—5.. .. core
Einstein theory in gl] - 61] + gl] + hlj
5 spacetime
dimensions

where %;; = 0(%) has the form of a diffeomorphism with vector
field of order &'(1) and where " = o 2).

Similarly,
i =4 + ”gore

where 22U = @(%) has the form of a diffeomorphism with vector
field of order @ (1) and where 7., = 6(r%).
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features in 5 dimensions :
o The size of BMSs is bigger than expected. More precisely, the
e : supertranslations depend on four functions of the angles.

?sr:::i:::ow . o Supertranslation charges (including the energy) acquire non-linear

dimensions contributions.

e The asymptotic symmetry generators form a non-linear algebra. In
particular, the brackets of the boosts acquire cubic contributions.

o There are central charges among the different types of
supertranslation generators.

See O. Fuentealba, M. Henneaux, J. Matulich and C. Troessaert,
e-Print : 2111.09664 [hep-th]
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as it follows by applying standard canonical methods.
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(2013 lecture notes on energy by Piotr T. Chrusciel, a = 1)
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(first term : ADM contribution ; second term : nonlinear
contribution)
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Preliminary analysis indicates that the size of the BMS group
does not increase because the new terms in the diffeomorphism
generators define proper gauge transformations.
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