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Motivation

Gaugino condensates in supergravity theories [Dine,Rohm,Seiberg,Witten] .
Action structure because of SUSY: (Heterotic, Type I, (4D) EFTs...)

S ⊃
∫

(F − λλ)2

What if gaugino lives in hypersurface of codim 6= 0? [Horava,Witten] and
brought to KKLT context in [Hamada,Hebecker,Shiu,Soler]

S ⊃
∫

(F 2 − 2(λλ F )δ + ???)

where (λλ F ) is a coupling on brane worldvolume

Lead to speculation about O(λ4) terms on brane actions

Today: approach to obtain fermion couplings on branes from first principles
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Branes and fermions in superspace formulation I

[Bergshoeff,Sezgin,Townsend] In superspace formulation of supergravity:
M2-brane action obtained by considering it is a 3D hypersurface in
(11|32) superspace (Z M = (xm, θµ) m = 0, 1, ..., 10 & µ = 1, ..., 32)

SM2 = −TM2

∫
d3ζ

√
− det (P[G(Z )]) + µM2

∫
P[A3(Z )]

Same for any other brane, it lives in (10|32) superspace

SDp = −TDp

∫
dp+1ζ

√
− det (P[G + B] + F ) + µDp

∫
P

[∑
q

Cqe−B

]
e−F
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Branes and fermions in superspace formulation II

Consider a brane-only solution for simplicity
Bulk: 1/2 supercharges (Qα α = 1, .., 32) spontaneoulsy broken
Brane worldvolume: S(Z ) built as product of off-shell superfields: it is a
superfield and it has a θ expansion up to order (θ)32

Bulk on-shell: 1/2 of θ ⇒ Goldstinos = fermions on brane
Fermions on brane action ⇔ superfield θ expansions

The other half are redundancies: κ-symmetry
[Bergshoeff,Sezgin,Townsend] (for M2-case, but it’s general)

δκZ M ( at θ = 0 ) =

δκx = 0

δκθ =
1
2

(1 + ΓM2(Dp))κ
, δκS = 0

Extends to all Dp-brane only backgrounds

And also to all general backgrounds including branes

To compute brane fermion couplings: θ expansions of superfields
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θ expansion of superfields & superspace dualities

We want superfield θ-expansions in M-theory, and Type II supergravities, but
getting them is not easy...
Strategy: obtain superfields in 11D SUGRA (less fields, less computations,
more clean, and easier to capture any structure),

then use

Superspace Generalization of Duality web

M

type IIA

type IIB

type I

het-SO(32)

het-E8×E8

11d SUGRA

compactify
on S1

compactify
on IT-duality

T-duality

S-duality

S-duality

orientifold
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Superfields in 11D SUGRA

Goal: θ expansion of SM2(Z ) : GMN(Z ) and AMNP(Z )
We use normal coordinate method (bosonic background & δεψm = Dmε)
[Alvarez-Gaume,Freedmann,Mukhi; McArthur; Atick,Dhar; Grisaru,Knutt; Tsimpis; . . . ]

Gmn(Z ) = gmn − i(θ̄Γ(mDn)θ)

− 1
4

(θ̄ΓaD(mθ)(θ̄ΓaDn)θ)

+
1

12
(θ̄Γ(m|T dfgh

b θ)(θ̄Hb
|n)dfghθ) +

1
12

(θ̄Γ(mΓbcθ)(θ̄W|n)bcθ) + . . .

Amnp(Z ) = Amnp −
3i
2

(θ̄Γ[mnDp]θ)

− 3
4

(θ̄Γa[mDnθ)(θ̄ΓaDp]θ)

+
1
8

(θ̄Γ[mn|T dfgh
b θ)(θ̄Hb

|p]dfghθ) +
1
8

(θ̄Γ[mnΓbcθ)(θ̄Wp]bcθ) + . . .

where Hb
mdfgh = ΓbHdfghDm − 6eb

mΓdf e
p
geq

h [Dp,Dq]

Wmbc = Σdfgh
bc HdfghDm +

1
8

Γf e
f
mep

beq
c [Dp,Dq] +

1
4

Γbeq
c [Dm,Dq]

Σdfgh
bc =

1
576

(
ΓbcΓdfgh − 8δ[d

[c Γb]Γ
fgh] − 12δ[d

[c δ
f
b]Γ

gh]
)

T dfgh
c =

1
288

(
ΓcΓdfgh − 12δ[d

c Γfgh])
Complications appear at order (θ)4...

Ander Retolaza Branes, Fermions, & Superspace Dualities



Superfields in 11D SUGRA

Goal: θ expansion of SM2(Z ) : GMN(Z ) and AMNP(Z )
We use normal coordinate method (bosonic background & δεψm = Dmε)
[Alvarez-Gaume,Freedmann,Mukhi; McArthur; Atick,Dhar; Grisaru,Knutt; Tsimpis; . . . ]

Gmn(Z ) = gmn − i(θ̄Γ(mDn)θ)− 1
4

(θ̄ΓaD(mθ)(θ̄ΓaDn)θ)

+
1

12
(θ̄Γ(m|T dfgh

b θ)(θ̄Hb
|n)dfghθ) +

1
12

(θ̄Γ(mΓbcθ)(θ̄W|n)bcθ) + . . .

Amnp(Z ) = Amnp −
3i
2

(θ̄Γ[mnDp]θ)− 3
4

(θ̄Γa[mDnθ)(θ̄ΓaDp]θ)

+
1
8

(θ̄Γ[mn|T dfgh
b θ)(θ̄Hb

|p]dfghθ) +
1
8

(θ̄Γ[mnΓbcθ)(θ̄Wp]bcθ) + . . .

where Hb
mdfgh = ΓbHdfghDm − 6eb

mΓdf e
p
geq

h [Dp,Dq]

Wmbc = Σdfgh
bc HdfghDm +

1
8

Γf e
f
mep

beq
c [Dp,Dq] +

1
4

Γbeq
c [Dm,Dq]

Σdfgh
bc =

1
576

(
ΓbcΓdfgh − 8δ[d

[c Γb]Γ
fgh] − 12δ[d

[c δ
f
b]Γ

gh]
)

T dfgh
c =

1
288

(
ΓcΓdfgh − 12δ[d

c Γfgh])
Complications appear at order (θ)4...

Ander Retolaza Branes, Fermions, & Superspace Dualities



Superspace dimensional reduction: idea

M2-brane lives in (11|32) superspace, D2 brane in (10|32) superspace

Superspace compactification relates them

S1 (bosonic) compactification Ansatz in superspace

Ĝm̂n̂ =

(
e−2Φ/3(Gmn + e2ΦCmCn) e4Φ/3Cm

e4Φ/3Cn e4Φ/3

)
, Âmnp = Cmnp , Âmn 10 = Bmn

To obtain fermion couplings on D2-brane we need dimensional reduction
Ansatz of fermions & SUSY operators
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Superspace dimensional reduction: an example

The dilaton superfield using the previous approach

Ĝ10 10 = e4Φ/3 = e4(φ+ρ(2)+...)/3

Ĝ10 10 − i ˆ̄θΓ̂10D̂10θ̂ + ... = e4φ/3
(

1 +
4ρ(2)

3
+ ...

)
Dimensional reduction of 11D supercovariant derivative requires dim
reduction of 11D gravitino ( δελ = ∆ε )

D̂10 =
eφ

3
Γ∗∆ , Γ̂10 = e2φ/3Γ∗ , θ̂ = e−φ/6θ = e−φ/6(θ+ + θ−)

So
ρ(2) =

−i
4
θ̄∆θ ⇒ Φ = φ− i

4
θ̄∆θ + ...
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Fermion couplings on the D2-brane

So the D2-brane action is

SD2 = −
∫

d3ζ e−Φ
√
− det(gij + Bij + fij ) +

∫
(C3 − C1 ∧ (B2 + f2))

where

Φ = φ− i
4
θ̄∆θ + ...

gij = gij − i θ̄Γ(iDj)θ + ...

Bij = Bij − i θ̄Γ∗Γ[iDj]θ + ...

Ci = Ci −
i
2

e−φ θ̄Γ∗
(

Di −
1
2

Γi ∆
)
θ + ...

Cijk = Cijk −
3i
2

e−φ θ̄
(

Γ[ijDk ] −
1
6

Γijk ∆
)
θ − 3iC[i θ̄Γ∗ΓjDk ]θ + ...

Full agreement with [Marolf,Martucci,Silva] at order (θ)2

Approach works at all orders and we computed (θ)4 terms (huge
formulae)
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Superspace T-duality: idea

Dp-brane lives in certain (10|32) superspace, D(p ± 1) brane in a related
(10|32) superspace

Superspace T-duality relates these superspaces

Approach is like in dim reduction:

Promote (bosonic) T-duality relations to superfield level

Taylor expand and identify terms order by order

Use T-duality rules for fermions & SUSY operators [Hassan]

G̃99 =
1

G99
, Φ̃ = Φ− 1

2
log(G99) , G̃9m = −B9m

G99
, B̃9m = −G9m

G99

G̃mn = Gmn −
G9mG9n − B9mB9n

G99
, B̃mn = Bmn −

G9mB9n − BBmG9n

G99((∑
q

C̃q

)
e−B̃

)
9m1...mp

=

((∑
q

Cq

)
e−B

)
m1...mp
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Superspace T-duality: an example

An example in some detail (order (θ)2)

(G99)A =

(
1

G99

)B

(
G99 − i θ̄Γ9D9θ + ...

)A
=

(
1

G99 + γ
(2)
mn + ...

)B

=

(
1

G99
− γ

(2)
mn

(G99)2 + ...

)B

At order (θ)2:

(
−i θ̄Γ9D9θ

)A
= {[Hassan] rules} = −

(
−i θ̄Γ9D9θ

(G99)2

)B

= −

(
γ

(2)
mn

(G99)2

)B

Ander Retolaza Branes, Fermions, & Superspace Dualities



Fermion couplings on the Dp-brane

With this we can compute the θ expansion for any Dp-brane

SDp = −
∫

dp+1ζ e−Φ
√
− det(gij + Bij + fij ) +

∫ (∑
n

C(n)e−(B2+f2)

)

where

Φ = φ− i
4
θ̄∆θ + ...

gij = gij − i θ̄Γ(iDj)θ + ...

Bij = Bij − i θ̄Γ∗Γ[iDj]θ + ...

C(n)
i1...in

= C(n)
i1...in

− i
2

e−φ θ̄Pn

(
nΓ[i1...in−1 Din ] −

1
2

Γi1...in ∆
)
θ + ...

Full agreement with [Marolf,Martucci,Silva] at order (θ)2
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Summary

Superspace formulation of supergravity for brane fermion couplings

Goal: obtain superfield θ expansions

Best approach: obtain 11D superfields, then use superspace duality web

Brane actions at order (θ)2 X
For order (θ)4 limitations from 11D approach to write expansion nicely
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NORCOR idea

Z M (t) is a particular geodesic in
curved superspace satisfying:

vB∇BvA = 0 , vA(t = 0) = (0, yα)

vA(t) =
dZ M

dt
(Z (t))E A

M (Z (t))

S(Z (t)) =
∑

n

tn

n!

(
δnS
δtn

)
t=0

&
δS
δt

=
δZ M

δt
δS
δZ M = LvS

So S(Z (t = 1)) =
∑

n

1
n!

((Ly )nS)t=0 =
(

eLyS
)

t=0
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NORCOR in practice: supervielbein

S(Z (t = 1)) =
(
eLyS

)
t=0: what do we do with it?

1 Apply derivatives: Ly E A
M = ∇MyA + yCE B

M T A
BC

2 Evaluate at θ = 0: use tangent space props (e.g. ω β
Ma = 0),

WZ gauge E A
M (θ = 0) =

(
e a

m (x) ψαm(x)
0 δαµ

)
, yA = (0, yα)

3 Use superspace Bianchi IDs dH4 = 0, ∇T A = EBR A
B , ∇R A

B = 0 to
write superspace objects into familiar spacetime fields

Ly E a
m = −iyα(Γa)αβψ

β
m , Ly E α

m = ∇myα + e b
m (Tb)αβyβ

4 Replace tangent vector yA for θ and write superfield expansion:

E a
m (Z ) = e a

m (x)− i θ̄Γaψm(x) + ... , E α
m (Z ) = ψ α

m (x) + (Dm(x)θ)α + ...

5 In bosonic backgrounds take ψm → 0
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