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QFT
Conformal bootstrap

S-matrix bootstrap

Form factor bootstrap

Bootstrap = a model independent way to put bounds on the space of theories 
                     using first principles and symmetries only 

Most general QFT observables = correlation functions of local operators

In QFTs with a mass gap one can define asymptotic states (particles). 
Other observables: scattering amplitudes and form factors



out⟨m, ⃗p 1; m, ⃗p 2 |Tμν(x = 0) |0⟩ =

−ℱ(0)(s) × (ημν −
(p1 + p2)μ(p1 + p2)ν

(p1 + p2)2 ) + ℱ(2)(s) ×
(p1 − p2)μ(p1 − p2)ν

(p1 − p2)2
.

Stress tensor form factor

Spin 0 form factor component Spin 2 form factor component

Θ(x) ≡ ημνTμν(x)

out⟨m, ⃗p 1; m, ⃗p 2 |Θ(x = 0) |0⟩ ≡ ℱΘ(s) Trace of the stress tensor form factor

ℱΘ(s) = ℱ(2)(s) − (d − 1) ℱ(0)(s)

s ≡ − (p1 + p2)2

lim
s→0

s−1ℱ(0)(s) = const, lim
s→0

ℱ(2)(s) = − 2m2, lim
s→0

ℱΘ(s) = − 2m2 .

Normalisation conditions

Lorentz group: SO(1,d − 1)
Little group: SO(d − 1)



⟨0 |Tμν(x)Tρσ(0) |0⟩T =

−
i

(d − 1)2 ∫
∞

0
dsρΘ(s)Δμν; ρσ

F,Θ (x; s) − i∫
∞

0
dsρ2(s)Δμν; ρσ

F, 2 (x; s)

Δμν;ρσ
F,Θ (x; s) = (s ημν − ∂μ∂ν)(s ηρσ − ∂ρ∂σ)ΔF(x; s)

Δμν; ρσ
F, 2 (x; s) = s2Πμν; ρσ

2 (pα → i∂α, p2 → − s)ΔF(x; s)

Spin 0 spectral density component

Spin 2 spectral density component

Feynman propagators

ΔF(x; s) = lim
ϵ→0+ ∫

ddp
(2π)d

eip⋅x 1
p2 + s − iϵ

2πρΘ(s) = ω2 |ℱΘ(s) |2 + …

2πs2ρ2(s) =
2 ω2

d2 − 1
|ℱ(2)(s) |2 + …

Relation with form factors
ω2 =

1
𝒩d

Ωd−1

2(2π)d−2

𝒩d ≡ 2d−1 s (s − 4m2)(3−d)/2



𝒮j(s) = #∫
+1

−1
d cos θ (1 − cos2 θ)d − 4

2 C
d − 3

2
j (cos θ) S(s, t(s, cos θ), u(s, cos θ))

𝒮(s, t, u) × (2π)2δd(p1 + p2 − p3 − p4) ≡ out⟨m, ⃗p 3; m, ⃗p 4 |m, ⃗p 1; m, ⃗p 2⟩in

Scattering amplitude

Spin j=0,2,4,.. partial amplitude

s ≡ − (p1 + p2)2

t ≡ − (p1 − p3)2

u ≡ − (p1 − p4)2

s + t + u = 4m2

Mandelstam variables

Gegenbauer polynomial



1 𝒮*0 (s) ω ℱ*Θ(s)
𝒮0(s) 1 ω ℱΘ(s)

ω ℱΘ(s) ω ℱ*Θ(s) 2π ρΘ(s)
⪰ 0

1 𝒮*2 (s) ε ℱ*(2)(s)
𝒮2(s) 1 ε ℱ(2)(s)

ε ℱ(2)(s) ε ℱ*(2)(s) 2π s2 ρ2(s)
⪰ 0

Unitarity

ε ≡ ω
2

d2 − 1
.

(
1 𝒮*j (s)

𝒮j(s) 1 ) ⪰ 0, ∀j = 0,2,4…

s ≥ 4m2 Numerical S-matrix bootstrap:  
- Construct an ansatz for the S-matrix amplitud [using crossing and analyticity] 
- Compute partial amplitudes 
- Plug the partial amplitudes into the unitarity constraint 
- Bound parameters of the ansatz by solving SDP optimisation problem

Numerical form factor bootstrap:

[DK, Simon Kuhn, Joao Penedones; 2019] 
[DK; 2020]

Miguel Paulos, Joao Penedones, Jonathan Toledo, Balt van Rees, Pedro Vieira; 16,17

Hongbin Chen, Liam Fitzpatrick, DK; to appear



0 1 2 3 4 5
g0.0

0.2

0.4

0.6

0.8

1.0

c

0.5 1.0 1.5 2.0 2.5 3.0
�

-1.0

-0.5

0.0

0.5

1.0

Re

Im

Abs

0.5 1.0 1.5 2.0 2.5 3.0
�

-1.2

-1.0

-0.8

-0.6

-0.4

-0.2

Re

Im

sine-Gordon model

Scattering amplitude

Form factor

m2 = 3𝒮m1m1→m1m1
(s) = −

g2

s − m2
2

+ …

c = 12π∫
∞

0
ds

ρΘ(s)
s2

[DK, Simon Kuhn, Joao Penedones; 2019]
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Preliminary results in the      model in 2dϕ4 Hongbin Chen, Liam Fitzpatrick, DK; to appear



Thank you!


