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Theoretical tools
L = − 1

4 F 2 +
∑

f ψ̄
(
i /D − mf

)
ψ ; F a

µν = ∂µAa
ν − ∂νAa

µ − g f abcAb
µAc

ν

perturbation theory
weak-coupling expansion:

production rates

ω
dΓ
d3k =

∫
dΦ

2

...
...

γ∗

× (thermal weight)

lattice QCD

Gµν(τ, k) =
∫

x
e i kx ⟨jµ(τ, x)jν(0)⟩

τ ≡ it ‘imaginary time’

… photons are ‘clean’ probes b/c they do not re-interact!
(& closely related dileptons pairs, e.g. from qq̄ → γ∗ → e+e−)
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Basic relations from pert. theory [Weldon (1990)]

[Gale, Kapusta (1991)]

Dilepton rate:

dΓe−e+

dω d 3k ≃ α2
emnB(ω)

3π2M2 Cem ρV(ω, k)

Photon rate:

dΓγ

d 3k ≃ αemnB(k)
2π2k Cem ρV(k, k)

e+

e−
K = (ω, k)

γ

q̄

q

g

QGP in eq.

M 2 ≡ K 2 = ω2 − k 2 invariant mass, nB is the Bose distribution

ρµν(ω, k) = Im
[
Πµν(ω + i 0+, k)

]
Vector channel spectral function ρV ≡ ρ µ

µ = 2ρT + ρL
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https://doi.org/10.1103/PhysRevD.42.2384
https://???


Lattice CHALLENGES

Nt × N 3
s grid

continuum limit: a → 0
thermodynamic : V → ∞

Can ρ(ω, k) be extracted, for real frequencies?

simple inversion is ill-posed : sensitive to input (overdetermined)

G(τ, k) =

∞∫
0

dω
2π ρ

(
ω, k

) cosh[( 1
2β − τ)ω]

sinh[ 1
2βω]

But: by hook or by crook ... [ Aarts, Allton, Foley, Hand, Kim (2007) ]
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https://arxiv.org/abs/hep-lat/0703008


Lattice

UV-finite correlator GH = 2(GT − GL) [Brandt, et al (2018)]

Properties:

• no vacuum part, lim
T→0

ρH = 0

• expansion, ρH = αs 64π k2
∫

p

p
π

4(4nF − nB)

9M4 + O
(

T6

M4

)
• sum rule,

∫ ∞

0
dω ω ρH(ω, k) = 0 [Caron-Huot (2009)]

⇒ Improved control over systematic uncertainties!
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https://arxiv.org/abs/1710.07050
https://arxiv.org/abs/0903.3958


perturbation theory

ca
lib

ra
te

scrutinise

lattice data

reconstructed

spectral function
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What we do

G(τ, k) =

∫ dω
2π ρ(ω, k)

cosh[( 1
2β − τ)ω]

sinh[ 1
2β]

ω

√
αT

T

k
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What we do

ρ(ω, k) ≃ ρ
∣∣NLO
fixed−order + ρ

∣∣LPM
resummed − ρ

∣∣
overcounting

ω

√
αT

T

k

away from LC :
fixed-order

LPM

matching

Main idea:
[Ghisoiu, Laine (2014)]
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https://arxiv.org/abs/1407.7955


ω

√
αT

T

k

real photons

Thermal Screening

dσ
dt =

−π αemαs
3s2

t2 + s2

t s

+ . . . ∼ αsT
2

[ Kapusta, Lichard, Seibert (1991) ]

Landau-Pomeranchuk-Migdal (LPM)∫ d cos θ

E(1 − cos θ)
= ∞

θ

LO: [ Arnold, Moore, Yaffe (2001) ] , NLO: [ Ghiglieri, et al (2013) ]
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https://doi.org/10.1103/PhysRevD.47.4171
https://arxiv.org/abs/hep-ph/0111107
https://arxiv.org/abs/1302.5970


ω

√
αT

T

k

soft dileptons
LO: [ Aurenche, et al (2002) ]

NLO: [ Ghiglieri, Moore (2014) ]

light-like correlator

⇓ [Caron-Huot (2009)]

Effective
Field Theory

‘ladder diagrams’ for M 2 ≪ T 2 → LPM effect + Hard Thermal Loops

ρµν(ω, k) = Im
[
µ + . . . ν

]
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https://arxiv.org/abs/hep-ph/0211036
https://arxiv.org/abs/1410.4203
https://arxiv.org/abs/0903.3958


ω

√
αT

T

k

For M ∼> T, no resummation.

fixed-order NLO...

ω > k : Laine (2013) [1310.0164]
ω < k : GJ (2019) [1910.07552]

explicit singularity for M 2 → 0

ρV ≃ αs T 2 Nc CF
4 log

T 2

M 2

Πµν = e2 [ ∑∞
l=0 g2l Πµν

(l)
]
+ O(e4)

= + + + . . .
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https://arxiv.org/abs/1310.0164
https://arxiv.org/abs/1910.07552


What we find

G(τ) requires knowing ρ(ω, k), for ALL frequencies:
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nf = 0

T = 1.1Tc µ = µopt(×2)

LPMNLO

free result

ω/T

k
=
2.
09
4T

k
=
4.
18
9T

k
=
6.
28
3T

Spectral functions, Left: ρV/(ωT ) = (2ρT + ρL)/(ωT )

Right: ρH/(ωT ) = 2(ρT − ρL)/(ωT )
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What we find

Comparing with the lattice [ GJ, Laine (2019) ] (also nf = 2!)
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(
Gfree includes no QCD corrections, αs → 0

)
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https://arxiv.org/abs/1910.09567


What we find

Comparing with the lattice Bala, Kaczmarek, Jackson (work in progress)
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)
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Summary
Arxiv: 1910.09567

1910.07552

• spacelike virtualities complete the pQCD calculation

• considered UV-finite difference ρT(ω)− ρL(ω)

• provide cross-check for reconstructed spectral fncs.
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https://arxiv.org/abs/1910.09567
https://arxiv.org/abs/1910.07552


Overfull \hbox, (badness 10000)
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Fixed-order calculation
Πµν = e2 [ ∑∞

l=0 g2l Πµν
(l)

]
+ O(e4)

= + + + . . .

The leading-order (‘free’) part is simple:
(
Here no HTL approx!

)
Im

[
gµνΠµν

(0) ] = −K2 N
4π

{
Θ(k−) + 2T

k log
1 + e−k+

1 + e−|k−|

}
,

Im
[
Π00

(0) ] = k2 N
4π

{ 1
3Θ(k−)

+ 4T2

k2

(
Li2

(
− e−βk+

)
+ sgn(k−)Li2

(
− e−β|k−|) )

+ 8T3

k3

(
Li3(−e−βk+)− Li3(−e−β|k−|)

) }
.

To finally give ... ΠL =
K2

k2 Π00 , ΠT = − 1
2

(
Π µ

µ +
K2

k2 Π00
)
.
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ρ
(m,n)
abcde(K) ≡ Im

∑∫
P,Q

pm
0 qn

0
P2aQ2b(K − P − Q)2c(K − P)2d(K − Q)2e

Im
[

gµνΠµν
(1) ] = 8(1 − ϵ)NcF

{
2(1 − ϵ)K2(ρ(0,0)11020 − ρ

(0,0)
10120

)
+ 2ρ(0,0)11010 + 2ϵ ρ(0,0)11100 − 1

2 (3 + 2ϵ)K2ρ
(0,0)
11011

− 2(1 − ϵ)ρ
(0,0)
1111(−1) + 4K2ρ

(0,0)
11110 − K4ρ

(0,0)
11111

}
,

Im
[
Π00

(1)
]
= 4NcF

{
2(1 − ϵ)ρ

(0,0)
10110 + 2ϵρ(0,0)11100 + (1 + ϵ)k2 ρ

(0,0)
11011

− 2(1 − ϵ)ρ
(0,0)
1111(−1) + 4

[
(1 − 2ϵ)k2

0 − k2 ] ρ(0,0)11110

+ 8ϵ k0 ρ
(1,0)
11110 − 8(1 − ϵ)k0 ρ

(0,1)
11110 +

[
(1 − 2ϵ)k2

0

+ k2 ]K2ρ
(0,0)
11111 + 4ϵK2 ρ

(1,1)
11111 − 4(1 − ϵ)K2 ρ

(2,0)
11111

}
.

Apply general ‘cutting’ rules to each master diagram ... [Jeon (1993)]
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https://arxiv.org/abs/hep-ph/9210227


What we do

G(τ) requires knowing ρ(ω, k), for ALL frequencies:

5-loop αs(µ) at ‘optimal’ scale

µopt =
√

|M2|+ (ξ · πT)2

where ξ = 1 (2) for nf = 0 (2)
Near the light cone, µopt ∼ T

values of k
T @ T = 1.1Tc :

2π/3, 4π/3, 2π
(2.09440) (4.18879) (6.28319)
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k = 6.283T
= 4.189T
= 2.094T

vary scale µ = [1, 2]× µopt

nf = 0
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What we find

UV-finite correlator GH = 2(GT − GL)
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Spectral function depicted for 2-flavour QCD (nf = 2)
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What we find
Comparing with the lattice [Cè, et al (2020)]
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https://arxiv.org/abs/2001.03368


Comparing with the lattice, ρH for nf = 2 [Cè, et al (2020)]

perturbation theory lattice reconstruction
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H
(ω
)
co
th

(ω
/(
2T

))
/χ

0.0 0.5 1.0 1.5 2.0 2.5 3.0
ω/k

µ = µopt(×2)

with LPMLO

µ = µopt

with LPMNLO

k = 5.877T
T = 1.2Tc
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https://arxiv.org/abs/2001.03368


Should ρV be negative in the very IR?

For ω, k ≪ T , the hydrodynamic prediction gives:

ρT

ω
= −χqD

ρL

ω
= −χqD K 2

ω2 + D 2k4

[Hong, Teaney (2010)]

D = diffusion coefficient

χq = charge susceptibility

Therefore limω→0 ρV/ω crosses zero at k = 1/(
√

2D)
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https://??

