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Motivation: experimental observation of Λ polarization
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I Weak decay of Λ hyperons: daughter particles emitted preferably along polarization
direction P.

I Angular distribution of emitted momenta in hyperon rest frame
B.I. Abelev, I. Selyuzhenkov. et al. (STAR), PRC76, 024915 (2007)
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L. Adamczyk et al. (STAR), Nature 548 62-65 (2017)

=⇒ Polarization of Λ hyperons along global angular momentum!
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How do particles get polarized?
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I Non-central heavy-ion collisions: large orbital angular momentum
I Conversion of orbital angular momentum into spin

=⇒ Global rotation leads to polarization

Figure from W. Florkowski, R. Ryblewski, and A. Kumar, Prog. Part. Nucl. Phys. 108, 103709 (2019)

I Estimate vorticity from thermal approach in global equilibrium
F. Becattini, I. Karpenko, M. Lisa, I. Upsal, S. Voloshin, PRC 95 (2017) 5, 054902

ω ≈ T (PΛ + PΛ̄)

Quark-gluon plasma is the "most vortical �uid ever observed"
L. Adamczyk et al. (STAR), Nature 548 62-65 (2017)

ω ≈ (9± 1)× 1021s−1

Great Red Spot of Jupiter 10−4 s−1
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From quantum �eld theory to hydrodynamics
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I Want: polarization dynamics from microscopic theory =⇒ spin hydrodynamics

I Spin is quantum property
=⇒ starting point: quantum �eld theory

I Derived kinetic theory for massive spin-1/2 particles from quantum �eld theory using
Wigner-function formalism
NW, X.-L. Sheng, E. Speranza, Q. Wang, and D. H. Rischke, PRD100, 056018 (2019)
J.-H. Gao and Z.-T. Liang, PRD100, 056021(2019)
K. Hattori, Y. Hidaka, and D.-L. Yang, PRD100, 096011 (2019)
Y.-C. Liu, K. Mameda, and X.-G. Huang, Chin.Phys.C 44 (2020) 9, 094101
NW, E. Speranza, X.-l. Sheng, Q. Wang, and D.H. Rischke, PRL, 2005.01506, PRD ,2103.04896

I Now: Derive hydrodynamic equations of motion from kinetic theory,

use method of moments
G.S. Denicol, H. Niemi, E. Molnar, D.H. Rischke, PRD 85 (2012) 114047
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Spin kinetic theory
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NW, E. Speranza, X.-l. Sheng, Q. Wang, and D.H. Rischke, PRL, 2005.01506, PRD, 2103.04896

I Phase-space distribution function f(x, p, s), depends on spin variable sµ

I Boltzmann equation

p · ∂f(x, p, s) = C[f ]

I Nonlocal collision term

C[f ] =

∫
dΓ1dΓ2dΓ′W [f(x+ ∆1, p1, s1)

× f(x+ ∆2, p2, s2)− f(x+ ∆, p, s)f(x+ ∆′, p′, s′)]

Particle positions displaced by ∆µ

I Nonlocal collision term: conversion of orbital angular momentum into spin
=⇒ spin alignment with vorticity
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Spin hydrodynamic equations of motion
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I Spin hydrodynamics is based on conserved quantities:

W. Florkowski, B. Friman, A. Jaiswal, and E. Speranza, PRC 97, no. 4, 041901 (2018)
W. Florkowski, B. Friman, A. Jaiswal, R. Ryblewski, and E. Speranza, PRD 97, no. 11, 116017 (2018)
W. Florkowski, F. Becattini, and E. Speranza, APB 49, 1409 (2018)

charge current
∂ ·N = 0

energy-momentum tensor
∂µT

µν = 0

+ total angular-momentum tensor

Jλ,µν = xµTλν − xνTλµ + ~Sλ,µν

orbital part spin tensor

∂λJ
λ,µν = 0 =⇒ ~∂λSλ,µν = T [νµ]

a[µbν] ≡ aµbν − aνbµ

I Nonlocal collision term ⇐⇒ T [νµ] 6= 0
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Decomposition of currents
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I Decompose currents with respect to �uid velocity uµ

Nµ =nuµ + nµ ,

Tµνsym =εuµuν −∆µν(P0 + Π) + u(µhν) + πµν ,

Sλ,µν =uλÑµν + ∆λ
αP̃

αµν + 2u(αH̃
λ)µνα + Q̃λµν

+
~

2m
∂[ν
[
ε0u

µ]uλ −∆µ]λ(P0 + Π) + πµ]λ
]

∆µν ≡ gµν − uµuν , Ãµν ≡ εµναβAαβ

I 4+10+24 degrees of freedom ↔ 1+4+6 equations of motion
=⇒ need additional equations of motion to close system of equations

I All components can be related to moments of distribution function,
e.g., spin-energy tensor

Ñµν ≡ − 1

2m
εµναβuα〈E2

p sβ〉

=⇒ derive additional equations of motion from kinetic theory
use method of moments
G.S. Denicol, H. Niemi, E. Molnar, D.H. Rischke, PRD 85 (2012) 114047
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Moment expansion
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I Expand distribution function around equilibrium up to �rst order in gradients

f = feq + δf = f0p

[
1 +

~
4

ΩµνΣµνs + φp + s · ζp
]
,

equilibrium, deviations from equilibrium
Zeroth-order distribution function

f0p ≡
1

(2π~)2
e−β0u·p+α0

inverse temperature β0, chemical potential α0,
spin potential: thermal vorticity + dissipative corrections

Ωµν = $µν +O(∂)

I De�ne dissipative moments

ρµ1...µl
n ≡ 〈Enp p〈µ1 ...pµl〉〉δ

τµ,µ1...µl
n ≡ 〈Enp sµp〈µ1 ...pµl〉〉δ

A〈µ1···µn〉: traceless, symmetric projection orthogonal to uµ

I δf can be expressed in basis of dissipative moments
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General equations of motion
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I Conservation laws
=⇒ equations of motion for thermodynamic potentials α0, β0, u

µ, Ωµν

I Boltzmann equation =⇒ exact equations of motion for spin moments τµ,µ1...µl
n ,

e.g.,

τ̇ 〈µ〉r − C
〈µ〉
r−1 =[

ξ(0)
r θ +

G2(r+1)

D20
Πθ −

G2(r+1)

D20
πλνσλν −

G3r

D20
∂ · n

]
ωµ0 −

~
2m

I(r+1)1∆µ
λ∇νΩ̃λν

− ~
2m

Ω̃〈µ〉ν
[
I(r+1)1Iν − I(r+2)1

β0

ε0 + P0

(
−Πu̇ν +∇νΠ−∆νλ∂ρπ

λρ
)]

+ r u̇ντ
〈µ〉,ν
r−1 + (r − 1)σαβτ

〈µ〉,αβ
r−2 −∆µ

λ∇ντ
λ,ν
r−1 −

1

3

[
(r + 2)τ 〈µ〉r − (r − 1)m2τ

〈µ〉
r−2

]
θ

− ~
2m

I(r+1)0ε
µναβuνΩ̇αβ

∇µ ≡ ∆µ
ν∂

ν , θ ≡ ∇ · u, σµν ≡ ∇〈µuν〉, ωµ0 ≡ −(1/2)εµναβuνΩαβ , I
µ ≡ ∇µα0

I Collision term

C
µ,〈µ1···µn〉
r−1 ≡

∫
dΓEr−1

p sµp〈µ1 · · · pµn〉C[f ]

Nora Weickgenannt Dissipative spin hydrodynamics 8 / 14



Truncation procedure and dynamical moments
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I In�nite number of coupled equations =⇒ need truncation procedure

I Idea: Approximate moments which do not appear in conservation laws by those
which do appear

I Conventional hydrodynamics:

nµ ≡ ρµ0 , hµ ≡ ρµ1 , Π ≡ −m
2

3
ρ0, πµν ≡ ρµν0

particle di�usion heat �ux bulk viscous pressure shear stress

=⇒ 14-moment approximation

I Spin hydrodynamics: additional dynamical moments from spin tensor

nν ≡ τν2 , pµ ≡ τµ0 , zλµ ≡ τ (〈µ〉,λ)
1 , qλµν ≡ τν,µλ0

spin energy spin pressure spin di�usion spin stress

=⇒ 14+24-moment approximation

I Matching conditions remove certain dynamical degrees of freedom
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Collision terms
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I General form of collision terms

C
µ,〈µ1···µl〉
r−1 =

Nl∑
n=0

B(l)
rnτ

µ,〈µ1···νl〉
n +

∫
[dΓ]W Er−1

p p〈µ1 · · · pµl〉sµf0pf0p′

×
[
−~

4
(Ωαβ −$αβ)Σαβs +

1

2
∂(ββα)∆

βpα
]

dissipative spin moments
di�erence between spin potential and thermal vorticity
from nonlocal collision term, thermal shear

I Invert matrix B
(l)
rn to obtain �nal form of equations of motion
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Closed second-order equations of motion
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Obtain equations of motion of all dynamical spin moments, e.g.,

τp0ṗ
〈µ〉 − 6τn0q̇

νµ
ν − p〈µ〉 =

e(0)
(

Ω̃µν − $̃µν
)
uν +

(
K

(0)
θω θ + K

(0)
θωΠΠθ + K(0)

πσωπ
λνσλν + K(0)

nω∂ · n
)
ωµ0

+

[
K

(0)
IΩIν + K

(0)
ΠΩ

(
−Πu̇ν +∇νΠ−∆νλ∂ρπ

λρ
)]

Ω̃〈µ〉ν + K
(0)
∇Ω∆µ

λ∇νΩ̃λν

+ g
(0)
1 zµνFν + g

(0)
2 σαβq

〈µ〉αβ − g
(0)
3 ∆µ

λ∇νz
λν + g

(0)
4 θp〈µ〉

− g
(0)
5 θqνµν + g

(0)
6 zµνIν +

(
g

(0)
7 pν + g

(0)
8 qλνλ

) (
σνµ + ωνµ

)
+ K

(0)

Ω̇

(
ω̇
〈µ〉
0 − Ω̃〈µ〉ν u̇ν

)
relaxation times
transport coe�cients

and similar equations for zλµ and qλµν

=⇒ closed set of relaxation equations
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Pauli-Lubanski vector
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I Observable in heavy-ion collisions: Pauli-Lubanski vector
F. Becattini, V. Chandra, L. Del Zanna, E. Grossi, AP338, 32 (2013)
F. Becattini, arXiv:2004.04050
E. Speranza, NW, EPJA 57 (2021) 5, 155
L. Tinti, W. Florkowski, arXiv:2007.04029

Πµ(p) =
1

2N

∫
dΣλp

λdS sµf(x, p, s)

I Equilibrium:

Πµ
eq(p) = − ~

4mN

∫
dΣλp

λΩ̃µν(Epuν + p〈ν〉)

I Express dissipative corrections through dynamical spin moments:

δΠµ(p) =
1

2N

(
gµν −

pµpν
p2

)∫
dΣλp

λ
{
χpp
〈ν〉 − 6χnq

ρν
ρ + xpu

νzλλ

+

[
χzz

να +
(
xqq

λα
λ + xpp

〈α〉
)
uν
]
p〈α〉 +

(
χqq
〈ν〉αβ + xzu

νz〈αβ〉
)
p〈αpβ〉

}
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Navier-Stokes limit
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I So far: kept terms up to second order in equations of motion
=⇒ transient hydrodynamics

I Now: keep only �rst-order terms =⇒ Navier-Stokes limit

I No additional dynamical quantities,
everything can be expressed in terms of α0, β0, u

µ, Ωµν and their derivatives

I Full expression of Pauli-Lubanski vector lengthy

I From nonlocal collision term: contributions independent of spin potential

δΠµ(p) ' 1

2N

(
gµν −

pµpν
p2

)∫
dΣλp

λχσσ
〈α
ρ εβ〉ντρuτp〈αpβ〉 + . . .

=⇒ contribution from shear to local polarization, vanishes after momentum
integration
E�ects of shear important for description of local Λ polarization
B. Fu, S. Y.F. Liu, L. Pang, H- Song, Y. Yin, arXiv:2103.10403
F. Becattini, M. Buzzegoli, A. Palermo, arXiv:2103.10917
F. Becattini, M. Buzzegoli, A. Palermo, G. Inghirami, I. Karpenko, arXiv:2103.14621
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Conclusions and outlook
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I Derived second-order spin hydrodynamics from kinetic theory using method of
moments

I Dissipative corrections to Pauli-Lubanski vector
=⇒ depend on all dynamical spin moments
=⇒ Navier-Stokes limit: contributions from spin potential and shear

Outlook:

I Stability analysis of equations of motion, numerical implementation
=⇒ dissipative e�ects of polarization in heavy-ion collisions

I Kinetic theory and hydrodynamics for spin-1 particles
Huang, Mitkin, Sadofyev, Speranza, JHEP 10 (2020) 117
Hattori, Hidaka, Yamamoto, Yang, JHEP 02 (2021) 001
D. Wagner, NW, E. Speranza, D. H. Rischke, to appear

I Include electromagnetic �elds
=⇒ dissipative spin magnetohydrodynamics
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