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collectivity in small systems
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qcd effective kinetic theory

Boltzmann equation

(∂t + v · ∇x) f(x,p, t) = −C[f(x,p, t)].

Relevant LO scattering processes1:
I 2↔ 2 elastic scattering.
I “1↔ 2” collinear radiation.

Out-of-equilibrium QGP description.
Bottom-up thermalization in large systems2.

We use EKT to study collective flow in small systems.

C2↔2[f ]

C“1↔2” [f ]

1P. Arnold, G.D. Moore, and L.G. Yaffe, Journal of High Energy Physics (2003).
2R. Baier, A.H. Mueller, D. Schiff, D.T. Son, Phys. Lett. B 502 (2001)
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single hit approximation

Expand in the number of scatterings: f = f (0) + f (1) + . . ..

Free streaming (∂t + v · ∇x) f (0) = 0.

1st scattering (∂t + v · ∇x) f (1) = −C[f (0)].

f (1)(τ) = −
∫ τ

τ0

dτ ′C[f (0)](τ ′).
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initial conditions

Linearized perturbation of symmetric background,

f (0) = f̄ + δf = f̄(p,x)

(
1 + ε

rn

Rn0
cos(nφx)

)
.

CGC motivated momentum distribution,

f̄ = A
pξ
e−

2p2ξ
3 , pξ ≡

√
p2⊥+ξ2p2z
Q(x⊥) , Q(x⊥) = Q0e

− |x⊥|2

4R2
0 .

Initially f̄ isotropic in p⊥.
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anisotropic energy flow

We find Fourier harmonics of transverse energy flow

dE⊥
dηdφp

= τ

∫
d2x⊥

∫
p⊥dp⊥dpz

(2π)3
p⊥f(τ,x,p) =

dE⊥
2πdη

(
1 + 2

∑

n=1

vn cos[n(φp)]

)
.

In single hit approximation

vn = −
∫ τ

τ0

dτ ′τ ′
∫
d2x⊥
2π

∫
d3p

(2π)3

p⊥ cos[n(φp)]δC2↔2

[
f̄ , δf

]

dE⊥/(2πdη)|f̄
.
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escape mechanism
elliptic flow

τ ∼ 0.7R0 τ ∼ R0 τ ∼ 1.3R0
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escape mechanism
triangular flow

τ ∼ 0.7R0 τ ∼ R0 τ ∼ 1.3R0
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collective flow response
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conformal scaling

Due to conformal scaling parameters appear only in certain combinations

R̂ = λ2R0Q0Â, Â ≡ Aτ0

ξR0
, m̂2

g =
m2
g

Q2
0

τ0

R0
.

EKT single hit flow response given by the scaling formula

vn
εn

= R̂
[
v̂cl.
n (m̂2

g) + Â v̂b.e.
n (m̂2

g)
]
.

v̂cl.
n - contribution from classical loss/gain term.
v̂b.e.
n - contribution from Bose-enhanced loss/gain term.
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conformal scaling

Test scaling for many different configurations with numerical simulations.

10−3 10−2 10−1

m̂2
g = m2

gτ0/(Q2
0R0)

10−3

10−2

v̂cl
.

2
=

vcl
.

2
/

(ε
2λ

2 R
0Q

0
Â

)

Classical

0.0013(m̂2
g)−0.44
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10−3 10−2 10−1

m̂2
g = m2

gτ0/(Q2
0R0)

10−2

10−1

100

v̂b.
e

2
=

vb.
e.

2
/

(ε
2λ

2 R
0Q

0
Â

2 )

Bose-enhanced

0.0042(m̂2
g)−0.59
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vn
εn

= R̂
[
v̂cl.
n (m̂2

g) + Â v̂b.e.
n (m̂2

g)
]
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elliptic flow in small systems
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v2 ≈ ε2R̂
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−0.44 + Â4.2(m̂2
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−0.59

]
· 10−3

Pocket formula used with realistic input parameters for small systems.
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First study of QCD EKT in small systems.
Non-trivial scaling properties of the collective flow.
Identified both similarities and differences between toy models.
Reasonable order of magnitude of v2, smaller than ideal hydrodynamics.

Outlook:
p⊥-dependence.
v3, v4, . . . .
Higher order in scatterings.

Thank you for listening.
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Defines collision term,

(∂t + v · ∇x) f = −C2↔2[f ]− C ′′1↔2′′ [f ]

where e.g.

Cs2↔2[f ](p̄) =
1

2

1

νs

1

4

∑

abcd

(2π)3

∫

pkp′k′
|Mab

cd|2(2π)4 × δ(4)(P +K − P ′ −K ′)

× {(fapf bk(1± f cp′)(1± fdk′))− (f cp′fdk′(1± fap)(1± f bk))}
×
[
δ(p̄− p)δas + δ(p̄− k)δbs − δ(p̄− p′)δcs − δ(p̄− k′)δds

]
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backup: linear vn = −
∫ τ

τ0

dτ ′τ ′
∫
rdrDn(τ ′, r)

Dn(τ, r) = ε
1

16νg

(
dE⊥
2πdη

∣∣∣∣
f̄

)−1 ∫

pkp′k′
|M(m̄2

g)|2(2π)4δ(4)(P +K − P ′ −K ′)

×
[
δ|M(m̄2

g, δm
′2
g )|2

|M(m̄2
g)|2

{
f̄pf̄k[1 + f̄p′ ][1 + f̄k′ ]− f̄p′ f̄k′ [1 + f̄p][1 + f̄k]

}

× (p⊥ cos(nφp) + k⊥ cos(nφk)− k′⊥ cos(nφk′)− p′⊥ cos(nφp′))

+

{
f̄pf̄k[1 + f̄p′ ][1 + f̄k′ ]

( f̄p′

1 + f̄p′
Cp′ +

f̄k′

1 + f̄k′
Ck′ + Cp + Ck

)

− f̄p′ f̄k′ [1 + f̄p][1 + f̄k]
(
Cp′ + Ck′

f̄p

1 + f̄p
Cp +

f̄k
1 + f̄k

Ck

)}]
.
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