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Plan

• Standard effect of  and  (3 minutes) 

• Massive neutrino simulations for free! (2 minutes) 

• Non-standard neutrino models inspired by: 

•  tension: self-interacting nu, light majoron 

•  tension: DR interacting with DM, heavy majoron  

• possible oscillation anomaly: secret interactions 

• Data preference for : decaying and mass-varying neutrinos 

• (3.5keV line and small-scale CDM crisis: keV sterile neutrinos) 

• (Neutrino isocurvature modes)
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Standard effects of Neff

3 25. Neutrinos in Cosmology

that the lightest neutrino is still relativistic today, in which case this relation is slightly incorrect,91

but given that the total density is always strongly dominated by that of non-relativistic neutrinos,92

the error made is completely negligible. Using the expression for ni/n“ obtained from precise93

neutrino decoupling studies, and knowing n“ from the measurement of the CMB temperature, one94

can compute fl
0
‹ , the total neutrino density today, in units of the critical density fl

0
crit [12]:95

œ‹ = fl
0
‹

fl
0
crit

=
q

m‹

93.14h2 eV , (25.2)nucosm:eq:eqOmeganu

and the total neutrino average number density today: n
0
‹ =339.5 cm≠3. Here h is the Hubble96

constant in units of 100 km s≠1 Mpc≠1.97
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Figure 25.1: Ratio of the CMB C
T T
¸ (left, including lensing e�ects) and matter power spectrum P (k)

(right, computed for each model in units of (h≠1Mpc)3) for di�erent values of ∆Ne� © Ne� ≠ 3.045
over those of a reference model with ∆Ne� = 0. In order to minimize and better characterise
the e�ect of Ne� on the CMB, the parameters that are kept fixed are {zeq, z», Êb, ·} and the
primordial spectrum parameters. Fixing {zeq, z»} is equivalent to fixing the fractional density
of total radiation, of total matter and of cosmological constant {�r, �m, ��} while increasing the
Hubble parameter as a function of Ne� . The statistical errors on the C¸ are ≥ 1% for a band power
of ∆¸ = 30 at ¸ ≥ 1000. The error on P (k) is estimated to be of the order of 5%.

25.2 E�ects of neutrino properties on cosmological observables98

As long as they are relativistic, i.e., until some time deep inside the matter-dominated regime for99

neutrinos with a mass mi π 3.15 T
eq
‹ ≥ 1.5 eV (see Big Bang Cosmology, Chap. ?? in this Review),100

neutrinos enhance the density of radiation: this e�ect is parameterised by Ne� and can be discussed101

separately from the e�ect of the mass that will be described later in this section. Increasing Ne�102

impacts the observable spectra of CMB anisotropies and matter fluctuations through background103

and perturbation e�ects.104

25.2.1 E�ect of Ne� on the CMB105

The background e�ects depend on what is kept fixed when increasing Ne� . If the densities of106

other species are kept fixed, a higher Ne� implies a smaller redshift of radiation-to-matter equality,107

with very strong e�ects on the CMB spectrum: when the amount of expansion between radiation-108

to-matter equality and photon decoupling is larger, the CMB peaks are suppressed. This e�ect is109

not truly characteristic of the neutrino density, since it can be produced by varying several other110

parameters. Hence, to characterise the e�ect of Ne� , it is more useful and illuminating to enhance111

DRAFT 1st October, 2019 11:55am- Not for public distribution

Fixing : small shift of CMB and BAO peak amplitude and position 
(neutrino drag), extra Silk damping (compensation by ), enhanced small-scale 
P(k) shape (compensation by )

(zeq, ωb, θs)
H0

H0

 = density of relativistic relics before photon decoupling, when standard neutrinos 
are still ultra-relativistic
Neff
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Standard effects of   and Mν Neff

Fixing : CMB lensing, dip from early ISW (  NR transition), late ISW 
(change in ),  suppressed P(k) (free-streaming + compensation by )

(zeq, ωb, θs) ν
zΛ H0

 = mass summed over three mass eigenstatesMν
5 25. Neutrinos in Cosmology

Figure 25.2: Ratio of the CMB C
T T
¸ and matter power spectrum P (k) (computed for each model

in units of (h≠1Mpc)3) for di�erent values of
q

m‹ over those of a reference model with massless
neutrinos. In order to minimize and better characterise the e�ect of

q
m‹ on the CMB, the

parameters that are kept fixed are Êb, Êc, · , the angular scale of the sound horizon ◊s and the
primordial spectrum parameters (solid lines). This implies that we are increasing the Hubble
parameter h as a function of

q
m‹ . For the matter power spectrum, in order to single out the e�ect

of neutrino free-streaming on P (k), the dashed lines show the spectrum ratio when {Êm, Êb, ��}
are kept fixed. For comparison, the error on P (k) is of the order of 5% with current observations,
and the fractional C¸ errors are of the order of 1/

Ô
¸ at low ¸.

25.2.3 E�ect of neutrino masses on the CMB158

Neutrino eigenstates with a mass mi π 0.57 eV become non-relativistic after photon decoupling.159

They contribute to the non-relativistic matter budget today, but not at the time of equality or160

recombination. If we increase the neutrino mass while keeping fixed the density of baryons and161

dark matter (Êb and Êc), the early cosmological evolution remains fixed and independent of the162

neutrino mass, until the time of the non-relativistic transition. Thus one might expect that the163

CMB temperature and polarisation power spectra are left invariant. This is not true for four164

reasons.165

First, the neutrino density enhances the total non-relativistic density at late times, Êm =166

Êb + Êc + Ê‹ , where Ê‹ © �‹h
2 is given as a function of the total mass

q
m‹ by Eq. (25.2).167

The late background evolution impacts the CMB spectrum through the relation between scales168

on the last scattering surface and angles on the sky, and through the late ISW e�ect (see Cosmic169

Microwave Background – Chap. ?? of this Review). These two e�ects depend respectively on the170

angular diameter distance to recombination, dA(zrec), and on the redshift of matter-to-» equality.171

Increasing
q

m‹ tends to modify these two quantities. By playing with h and ��, it is possible to172

keep one of them fixed, but not both at the same time. Since the CMB measures the angular scale173

of acoustic oscillations with exquisite precision, and is only loosely sensitive to the late ISW e�ect174

due to cosmic variance, we choose in Figure 25.2 to play with the Hubble parameter in order to175

maintain a fixed scale dA(zrec). With such a choice, an increase in neutrino mass comes together176

with a decrease in the late ISW e�ect explaining the depletion of the CMB spectrum for l Æ 20.177

The fact that both
q

m‹ and h enter the expression of dA(zrec) implies that measurements of the178

neutrino mass from CMB data are strongly correlated with h. Second, the non-relativistic transition179

of neutrinos a�ects the total pressure-to-density ratio of the universe, and causes a small variation180

of the metric fluctuations. If this transition takes place not too long after photon decoupling, this181

DRAFT 1st October, 2019 11:55am- Not for public distribution

Fixing instead 
(ωm, ωb, ΩΛ)
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N-body simulations with  for freeMν

z

zini

Linear Boltzmann solver Nm dictionary and linear Boltzmann solver

z = 0
Newtonian N-body simulation with matter Post-processing

z

zini

Linear Boltzmann solver Nm dictionary and linear Boltzmann solver

z = 0
Newtonian N-body simulation with matter Post-processing

evolves cold species nonlinearly

provides ICs for species delivers coordinate shift L

incorporates massive neutrinos

Figure 1. Roadmap for performing N-body simulations using the Nm approach. After evolving
the linear fluid variables up to zini (we set zini = 100) with a Boltzmann code, we generate particle
displacements and velocities according to Eqs. (3.1). This provides initial conditions for the N-body
simulation which is used to evolve the cold species nonlinearly from zini until z = 0. Whilst being
completely decoupled from the N-body simulation, we determine the respective Nm quantities, in
particular the coordinate shift L. Once the simulation is completed, we transform its output to any
gauge for further analysis (e.g., N-boisson gauge which is close to a Newtonian setup), using L.

simulation, that a↵ects all scales.
Thus, by applying the Nm framework, we can merge linear perturbation theory for

neutrinos and general relativity with the non-linear N-body simulation. In this way we
include the non-perturbative feedback of massive neutrinos on structure formation, while we
only neglect the non-linearities in the neutrino distribution which would become important
on small scales. However, in comparison to matter, the neutrino power is suppressed by
several orders of magnitude on small scales due to free-streaming, which delays the neutrino
clustering on these scales. For this reason, matter completely dominates over the neutrinos
on small scales, even when including the small non-linear enhancement of those [12]. As we
will show, the presented approach remains valid up to high accuracy for combined neutrino
masses up to at least O(0.5 eV), and thus an explicit representation of the neutrino phase-
space in the simulation can be avoided. Since in the Nm approach the corrections coming
from general relativity and massive neutrino perturbations are incorporated in the coordinate
shift L, a Newtonian simulation can be turned into a weak-field relativistic simulation with
massive neutrinos as a kind of post-processing; for details see the following section.

3 Implementation

Here we outline the detailed steps to employ the Newtonian motion (Nm) gauge approach
in combination with an ordinary Newtonian N-body simulation — the non-expert reader
may skip this section and go directly to the results section 4. We will focus on the so-called
forwards method [42]; see section 5 for an alternative implementation.

Our method, which is schematically summarised in figure 1, is as follows. Using class
we compute the linear transfer functions in Poisson gauge for all species that are present in
the desired cosmology up to a redshift of zini = 100. Note specifically, that in the present
approach we do not use the z = 0 output of the Boltzmann code and scale its amplitudes
back to zini using the scale independent linear growth of matter, D+. Instead we take directly
the Boltzmann output at zini (see section 5 where we use another procedure). This serves
as the input to generate the initial conditions for the cold species according to Eq. (3.1).
Subsequently, the cold species are then non-linearly evolved using a Newtonian simulation
(in this work, either gevolution [45, 46] or gadget-2 [47]). Finally we apply the above
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Figure 6. Suppression of the matter power spectrum due to massive neutrinos. We compare our
simulation method (thin colored solid lines) against the simulations as carried out in [12] (thick lines
in grey). Note that we use 20483 particles for five di↵erent box sizes, while Ref. [12] uses 40963 matter
particles for one box only. For reference, we also show the fitting function �P/P |max = �9.8f⌫ for
the power suppression, as derived in [6] (black horizontal lines).

it becomes evident that the impact of L is inhomogenous. Therefore, our postprocessing
operation shifts the position of small-scale structures while keeping their internal structure
basically unchanged.

In Fig. 5 we show the ratio between power spectra at z = 0 with massless neutrinos
versus massive neutrinos (

P
m⌫ = 0.1 eV). The green curve corresponds to the unprocessed

result of the N-body simulation, where ⇠
post is not yet applied, while the orange curve in-

cludes it. In both cases we recover the result of linear theory on large scales. On small scales,
where the correction from ⇠

post becomes negligible, the post-processing becomes redundant.
This directly shows that for light neutrinos the spoon shaped suppression is an e↵ect that
is essentially due to the expansion history of the Universe, but not to the neutrino density
perturbations: massive neutrinos delay the time of matter-radiation equality if the amount
of non-relativistic matter at z = 0 is held constant [4]. Since dark matter can only begin to
collapse e�ciently during matter domination, the growth of structures in a massive neutrino
cosmology is delayed already at the linear level. As a consequence, in the massive neutrino
cosmology, modes also enter the non-linear regime later which leads to an additional sup-
pression on scales smaller than k & 10�1

h/Mpc. Finally, the blue curve in Fig. 5 includes
the linear densities of massive neutrinos, computed by class, yielding the final result in the
approach, the total matter power spectrum.

In Fig. 6 we compare our results for the power spectrum suppression at z = 0 for various
values of

P
m⌫ against current state-of-the-art simulations, as carried out in Ref. [12]. These

reference simulations are relativistic in the weak-field sense, and evolve massive neutrinos
actively by sampling neutrino particles. As it is evident, our results agree with this method
to permille accuracy for all neutrino masses that have been considered in Ref. [12]. Note
again that here we only use 20483 for various di↵erent simulation box sizes, while Ref. [12]
uses 40963 dark matter and 55403 neutrino particles for one simulation box only. As already
discussed, by cutting the individual power spectra well before the Nyqist frequency and gluing

– 12 –

Partmann, Fidler, Rampf, Hahn 2003.07387: Gevolution/Gadget-2 + CLASS 

Fidler, Heuschling [in prep.] 
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Three avenues: 
1. Change in late cosmological evolution, feature between 

z~0-0.1 (SH0ES) and z~0.1-1.3 (BAO/high-z SNIa) 
• Difficulty: simultaneous compatibility with all observables 

2. Increase  to change sound horizon  and make sound angular scale  compatible 
with larger  
• Difficulty: other ingredients must counteract other effects of increasing : enhanced 

Silk damping, acoustic peak shift from neutrino drag…  new interactions in dark sector and/
or neutrino sector  

• Self-interacting DR, potentially also interacting with DM: Buen-Abad et al. 1505.03542, 
1708.09406; JL et al. 1507.04351 

• self-interacting neutrinos: Lancaster et al. [1704.06657], Oldengott et al. [1706.02123], 
Kreisch et al. [1902.00534]… 

• Neutrinos coupled to Majoron: Escudero & Witte 1909.04044, 2004.01470, 2103.03249 

3. Other changes in early cosmological evolution, still leading to shift in sound horizon : early DE, 
early MG, primordial magnetic fields-> inhomogeneous recombination, running of fundamental 
constants… 
• Less constrained but more ad hoc?

Neff rs θs = rs /dA
H0

(Neff, H0)
⇒

rs

6

H0 tension and neutrinos
2 Camarena and Marra

Hockey-stick equation of state
Cosmological constant
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Figure 1. Hockey-stick dark energy behaves as the cosmological
constant until a sudden phantom transition at very-low redshift.

local H0 on the dark energy properties (see, for instance, the
analysis performed in Section 5 of Riess et al. 2016). We also
provide the MB priors relative to the Pantheon and Dark
Energy Survey Supernova Program (DES-SN3YR) catalogs,
and a joint prior on H0 and q0 that generalizes the one on
H0 by the Supernova H0 for the Equation of State (SH0ES)
collaboration.

This paper is organized as follows. In Section 2 we in-
troduce hockey-stick dark energy, in Section 3 we discuss
the prior on MB , while in Section 4 we present the statis-
tical analysis. The results are shown in Section 5 and the
conclusions drawn in Section 6.

2 HOCKEY-STICK DARK ENERGY

In order to show the advantages of using a local prior on
MB instead of a local prior on H0 we will consider a model
that features a dark energy with the following hockey-stick
equation of state (hsCDM):

w =
;

wx ≠ (1 + wx) z/zt if z Æ zt (the blade)
≠1 if z > zt (the shaft) , (1)

which mimics the cosmological constant at higher redshifts
and deviates from the latter for z Æ zt, reaching wx at z =
0, see Figure 1. A step equation of state (constant wx for
z Æ zt) shows a very similar phenomenology. Here, we adopt
the hockey-stick equation of state as it features the same
number of parameters (wx and zt) but is continuous. Models
that feature the hockey-stick phenomenology are discussed
in Mortonson et al. (2009).

It follows that the expansion rate is, assuming spatial
flatness:
H

2(z)
H

2

0

= �M0(1 + z)3 + �R0(1 + z)4 + ��0(1 + z)3g(z)
,

(2)

where �M0 + �R0 + ��0 = 1 and

g(z) = 1
ln(1 + z)

⁄
z

0

1 + w(zÕ)
1 + zÕ dz

Õ (3)

= 1 + wx

zt ln(1 + z) ◊
;

(1 + zt) ln(1 + z) ≠ z if z Æ zt

(1 + zt) ln(1 + zt) ≠ zt if z > zt

.

The apparent magnitude is then:

mB(z) = 5 log
10

5
dL(z)
10pc

6
+ MB , (4)

where the luminosity distance is:

dL(z) = (1 + z)
⁄

z

0

c dz̄

H(z̄) . (5)

Finally, the distance modulus is given by:

µ(z) = mB(z) ≠ MB . (6)

For zt æ Œ one recovers the wCDM model with w =
wx. We will consider the wCDM model for comparison sake.

3 SUPERNOVA CALIBRATION PRIOR

The determination of H0 by the SH0ES Collaboration is a
two-step process (Riess et al. 2016):

(i) First, anchors, Cepheids and calibrators are combined
to produce a constraint on the supernova Ia absolute
magnitude MB . This step only depends on the astro-
physical properties of the sources.

(ii) Second, Hubble-flow Type Ia supernovae in the redshift
range 0.023 Æ z Æ 0.15 are used to probe the luminos-
ity distance-redshift relation in order to determine H0.
Cosmography with q0 = ≠0.55 and j0 = 1 is adopted.

The latest constraint by SH0ES reads:

H
R21

0 = 73.2 ± 1.3 km s≠1Mpc≠1 (Riess et al. 2021) . (7)

Usually, one introduces in the cosmological analyses
that use an H0 prior the following ‰

2 function:

‰
2

H0 =
!
H0 ≠ H

R21

0

"
2

‡
2

H
R21
0

. (8)

The goal of this paper is to show, using the example of
hockey-stick dark energy, that it is preferable to skip step
ii) above and adopt directly the local prior on MB via:

‰
2

MB
=

!
MB ≠ M

R21

B

"
2

‡
2

M
R21
B

, (9)

where M
R21

B is the calibration that corresponds to the H0

prior of equation (7).
Before proceeding, it is important to point out that su-

pernovae Ia become standard candles only after standard-
ization and that the method used to fit supernova Ia light
curves, and its parameters, can influence the inferred value
of MB (e.g., x0, x1 and c in the case of SALT2, Guy et al.
2007). This means that the actual prior on MB from SH0ES
can only be used with the Supercal supernova sample (Scol-
nic et al. 2015), which is the one adopted by SH0ES in the
latest analyses.

Consequently, in order to meaningfully use the local
prior on MB , one has to translate it to the light curve cali-
bration adopted by some other dataset X. This task can be
achieved using the method developed in Camarena & Marra
(2020a): the basic idea is to demarginalize the final H0 mea-
surement using for step ii) the supernovae of the dataset
X that are in the same redshift range 0.023 Æ z Æ 0.15.

MNRAS 000, 1–9 (202X)

Camarena & Marra 2101.08641
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H0 tension and neutrinos
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FIG. 2: Contours (68.3% and 95.4% C.L.) for the Dbaseline dataset for the various considered models.

FIG. 3: �AIC of the various models considered in this work, colored in the same way as in fig. 2.

Goodness of fit 

# of parameters

Planck 2018 (incl. lensing) + BAO + Pantheon + SH0ES

Late time 
FAIL

Early time 
WORK

 -based 
FAIL  

Neff

excepted one 
Majoron-motivated model
Bad news for: 
• Self-interacting neutrinos 
• DM scattering on self-coupled DR
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FIG. 1: Level of tension on H0, MB or S8 (from left to right) for the fifteen cosmological models studied in this
work. he grey vertical bands represent the respective predictions of ⇤CDM without SH0ES. The green band

represents the SH0ES result, while the orange band represents the S8 measurement from [17].

the goals of this work is to illustrate the extent to which solutions are robust under all datasets. In order to access
this point, we consider data from XXXX.... The summary of our main findings include: (bullet points working from
Planck only all the way up to the other analyses). In section IVC, we show the role of the Planck data for each
model in our silver sample. It is interesting to note that for most models, one could reach some qualitatively similar
conclusions even without Planck. Indeed, the combination of BBN + Lya-↵-BAO + CC data or WMAP+ACT data
(each time, in combination with BAO+Pantheon data) is su�cient to prove that the models in the silver sample can
reach higher values of MB than ⇤CDM, but cannot go all the way to -19.24. A special case is that of the EDE model,
which could reach extremely high values of H0 with Planck data replaced by WMAP+ACT. In fact, with these data,
relatively high values of H0 are favored. This shows that there must be something in the Planck data in the range
500 < ` < 2000 that strongly constrains the degeneracy between H0 and the EDE fraction. strongly impacts the
EDE contours. We suspect that this is largely based on the small preference for a non-zero EDE fraction in the
WMAP+ACT case, which sharply limits the otherwise expansive Bayesian volume close to ⇤CDM where the other
two EDE parameters are irrelevant. However, even for EDE, the BBN + Lya-↵ BAO + CC + BAO + Pantheon data
set already gives MB < �19.28 (95%CL). Thus, the removal of Planck data does not bring our silver models up to
the SH0ES best-fit value of -19.24 (except for the sole case of replacing Planck by the less-constraining WMAP+ACT
in the EDE scenario). Finally, for each model in our silver sample, we adopt dataset Dbaseline (Planck 2018 + BAO +
Pantheon) as a baseline, and we investigate the impact of additional data sets on our silver sample: ACT, CC, Lya-↵
BAO or the KiDS weak lensing power spectrum. The results are summarised in table ...
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H0 tension and neutrinos
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Temperature

Sterile neutrino 
production

Lepton asymmetry 
from oscillations Sphaleron Freeze-Out Primordial Majoron 

Population Produced

Majoron-Neutrino 
Thermalization &  

Majoron Decay

SphaleronL � L̄ B � B̄

Generate: H0 �

T ⇠ 106 GeV T ⇠ 130 GeV T ⇠ 0.2 eV

MNi

�

Observe

T ⇠ 100 MeV
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FIG. 1. Cosmological timeline illustrating the connection between low-scale leptogenesis and the majoron solution to the Hubble
tension. At early times (high temperatures), a global U(1)L symmetry is spontaneously broken, generating sterile neutrino
masses and giving rise to a pseudo-Goldstone boson: the majoron (�). Sterile neutrinos start to be sizeably produced (but
do not equilibrate) at T ⇠ 106 GeV. Then, at T ⇠ [106 � 104] GeV the CP violating oscillations of these sterile neutrinos
generate a net primordial lepton asymmetry in the Standard Model. Soon after the electroweak phase transition (at T ⇠ 130
GeV) sphalerons freeze-out and yield a final baryon asymmetry from the initial lepton asymmetry. After sphaleron freeze-out,
sterile neutrinos and majorons thermalize with the plasma, and later decouple when sterile neutrinos decay. In particular, for
⇠ GeV scale sterile neutrinos this occurs at temperatures below the QCD phase transition T . 100MeV. Finally, right before
recombination, majorons with m� ⇠ 1 eV re-thermalize with active neutrinos (⌫̄⌫ ! �) before decaying (� ! ⌫̄⌫), generating
a larger inferred cosmological value of H0.

neutrino-majoron couplings � ⇠ 10�13 [54, 55]1. This
coupling, when interpreted in the context of the type-I
seesaw favors a lepton symmetry breaking scale slightly
above the electroweak scale (vL ⇠ 1 TeV). Arguably, the
only unmotivated aspect of this proposed solution is the
apparent ad hoc contribution of �Ne↵ , preferring values
⇠ 0.5, which are in mild tension with BBN [73, 74].

Primordial Majorons from Leptogenesis. In this
work we attempt to source the additional dark radia-
tion required to resolve the H0 tension from a primordial
population of majorons. We show explicitly that these
particles can be produced from the decays of GeV-scale
sterile neutrinos in the early Universe. Coincidentally,

1 The model discussed here has, on occasion, been confused
with that of the strongly interaction neutrino solution proposed
in [44, 45]. In light of this, we take the opportunity here to
highlight the many di↵erences. First, the solution of [44, 45] re-
quires a neutrino self-interaction cross section 10 orders of mag-
nitude larger than that present in the Standard Model. This,
in turn, requires a new MeV-scale neutrinophilic boson with or-
der one couplings. These values are not motivated in neutrino
mass models, and are robustly excluded by experimental data
unless the boson interacts only with ⌧ neutrinos [70–72]. Next,
the solution requires an additional contribution of �Ne↵ ⇠ 1, a
value robustly excluded by BBN [73, 74] – see also [75, 76] for
a recent assessment of the BBN bounds and [77, 78] for models
trying to evade these constraints. Finally, the observed shift in
H0 only occurs when polarization data is not included in the
fit [44, 79–81], while the results for the majoron model discussed
here are robust to the inclusion of this dataset. Thus, while the
proposed models both involve neutrinophilic bosons, they are in
fact remarkably di↵erent.

sterile neutrinos at the GeV scale are precisely those re-
quired for a successful implementation of low-scale lep-
togenesis via sterile neutrino oscillations, i.e. ARS lepto-
genesis [82] (see also [83–85]). We verify explicitly that
symmetry breaking scales vL ⇠ (0.01 � 1) TeV required
to resolve the Hubble tension can be made fully consis-
tent with conventional ARS leptogenesis, so long as the
Higgs mixing is small enough so as to avoid thermaliz-
ing the scalar responsible for breaking lepton number,
and that the lepton number phase transition occurs at
T > 104

� 106 GeV. The scenario proposed here thus
o↵ers an intriguing connection between the H0 tension,
the neutrino mass mechanism, and the generation of the
baryon asymmetry of the Universe. Fig. 1 shows a sketch
of the thermal history, highlighting the main ingredients
of our proposal.

This manuscript is organized as follows. We begin by
introducing the well-known singlet majoron model in Sec-
tion II. In Section III we first discuss the requirements in
order to successfully produce the baryon asymmetry of
the Universe via the ARS leptogenesis mechanism, and
then compute the thermal evolution and subsequent de-
cays of the sterile neutrinos responsible for sourcing the
primordial majoron abundance. Section IV describes the
cosmological evolution of the majoron-neutrino system,
and presents the results of a MCMC performed using
Planck2018 + BAO data. We present a summary and
our conclusions in Section V. We finish in Section VI by
discussing some interesting avenues for future work, and
we refer the reader to the Appendices for various techni-
cal details.

(light) Majoron scenario of Escudero & Witte 1909.04044, 2004.01470, 2103.03249: 

• O(eV)-mass Majoron  = pseudo-Goldstone of spontaneously broken  
• small Yukawa-like couplings to active neutrinos 

•  : interactions between majoron and active neutrinos (inverse neutrino decay):  

• Majoron thermalize and contribute to  ,  
• active neutrinos do not free-stream 

•  : Majoron decays into active neutrinos, which free-stream 

ϕ U(1)L

T ∼ ϕ
Neff

T < ϕ
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FIG. 1. Cosmological timeline illustrating the connection between low-scale leptogenesis and the majoron solution to the Hubble
tension. At early times (high temperatures), a global U(1)L symmetry is spontaneously broken, generating sterile neutrino
masses and giving rise to a pseudo-Goldstone boson: the majoron (�). Sterile neutrinos start to be sizeably produced (but
do not equilibrate) at T ⇠ 106 GeV. Then, at T ⇠ [106 � 104] GeV the CP violating oscillations of these sterile neutrinos
generate a net primordial lepton asymmetry in the Standard Model. Soon after the electroweak phase transition (at T ⇠ 130
GeV) sphalerons freeze-out and yield a final baryon asymmetry from the initial lepton asymmetry. After sphaleron freeze-out,
sterile neutrinos and majorons thermalize with the plasma, and later decouple when sterile neutrinos decay. In particular, for
⇠ GeV scale sterile neutrinos this occurs at temperatures below the QCD phase transition T . 100MeV. Finally, right before
recombination, majorons with m� ⇠ 1 eV re-thermalize with active neutrinos (⌫̄⌫ ! �) before decaying (� ! ⌫̄⌫), generating
a larger inferred cosmological value of H0.
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in turn, requires a new MeV-scale neutrinophilic boson with or-
der one couplings. These values are not motivated in neutrino
mass models, and are robustly excluded by experimental data
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the solution requires an additional contribution of �Ne↵ ⇠ 1, a
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a recent assessment of the BBN bounds and [77, 78] for models
trying to evade these constraints. Finally, the observed shift in
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ing the scalar responsible for breaking lepton number,
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the neutrino mass mechanism, and the generation of the
baryon asymmetry of the Universe. Fig. 1 shows a sketch
of the thermal history, highlighting the main ingredients
of our proposal.
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introducing the well-known singlet majoron model in Sec-
tion II. In Section III we first discuss the requirements in
order to successfully produce the baryon asymmetry of
the Universe via the ARS leptogenesis mechanism, and
then compute the thermal evolution and subsequent de-
cays of the sterile neutrinos responsible for sourcing the
primordial majoron abundance. Section IV describes the
cosmological evolution of the majoron-neutrino system,
and presents the results of a MCMC performed using
Planck2018 + BAO data. We present a summary and
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FIG. 1: Level of tension on H0, MB or S8 (from left to right) for the fifteen cosmological models studied in this
work. he grey vertical bands represent the respective predictions of ⇤CDM without SH0ES. The green band

represents the SH0ES result, while the orange band represents the S8 measurement from [17].

the goals of this work is to illustrate the extent to which solutions are robust under all datasets. In order to access
this point, we consider data from XXXX.... The summary of our main findings include: (bullet points working from
Planck only all the way up to the other analyses). In section IVC, we show the role of the Planck data for each
model in our silver sample. It is interesting to note that for most models, one could reach some qualitatively similar
conclusions even without Planck. Indeed, the combination of BBN + Lya-↵-BAO + CC data or WMAP+ACT data
(each time, in combination with BAO+Pantheon data) is su�cient to prove that the models in the silver sample can
reach higher values of MB than ⇤CDM, but cannot go all the way to -19.24. A special case is that of the EDE model,
which could reach extremely high values of H0 with Planck data replaced by WMAP+ACT. In fact, with these data,
relatively high values of H0 are favored. This shows that there must be something in the Planck data in the range
500 < ` < 2000 that strongly constrains the degeneracy between H0 and the EDE fraction. strongly impacts the
EDE contours. We suspect that this is largely based on the small preference for a non-zero EDE fraction in the
WMAP+ACT case, which sharply limits the otherwise expansive Bayesian volume close to ⇤CDM where the other
two EDE parameters are irrelevant. However, even for EDE, the BBN + Lya-↵ BAO + CC + BAO + Pantheon data
set already gives MB < �19.28 (95%CL). Thus, the removal of Planck data does not bring our silver models up to
the SH0ES best-fit value of -19.24 (except for the sole case of replacing Planck by the less-constraining WMAP+ACT
in the EDE scenario). Finally, for each model in our silver sample, we adopt dataset Dbaseline (Planck 2018 + BAO +
Pantheon) as a baseline, and we investigate the impact of additional data sets on our silver sample: ACT, CC, Lya-↵
BAO or the KiDS weak lensing power spectrum. The results are summarised in table ...
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• DR interacting with DM with momentum exchange rate  
    (Buen-Abad et al. 1505.03542, 1708.09406; JL et al. 1507.04351; Archidiacono et al. 1907.01496)  

Assets: 
• Ingredients are all-in-one 
• Derived from concrete DS set ups (dark gauge group + gauge bosons + charged fermions) 
• Distinct prediction for P(k,z) 

Issues: 

•  in conflict with BBN+Helium: need additional mechanism 

• Solves either:  fully but . partially. 
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FIG. 3: CLASS plots of the ratio of the linear MPS from the IDS model to that from ⇤CDM + �Nfluid

(left) in the WI limit, for di↵erent �0; and (right) in the DP limit, for di↵erent f . Note the k

(in)dependence of the suppression in the left (right) plots.

where � is the comoving distance as measured from the observer, and P(�+ ) is the Power Spectrum

of the sum of the metric perturbations, related to that of matter fluctuations on sub-Hubble scales

by the Poisson equation. Hence the impact of di↵erent cosmological model on the MPS and CMB

lensing spectrum is almost identical.

Fig. III B and Fig. III B show the e↵ects of �0 and f on the lensing power spectrum C
��
` .

These two parameters produce a smaller lensing spectrum due to the suppression in the DM

perturbations yielding shallower gravitational perturbations.

FIG. 4: CLASS plots of the ratio of the CMB lensing spectrum from the IDS model to that from

⇤CDM + �Nfluid (left) in the WI limit, for di↵erent �0; and (right) in the DP limit, for di↵erent f .
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Does not work: 
• Standard neutrino mass   (  close to  -> early ISW; not enough CMB lensing) 
• Most decaying DM models (decay between z~1000 and z~1 into electromagnetic components: 

strong energy injection bounds; into neutrinos / dark radiation -> late ISW) (Chudaykin et al. 
1602.08121, Poulin et al. 1606.02073, DES 2011.04606, …) 

Works well: 
• Many Modified Gravity (MG) models (e.g. f(R)) 
• Feebly interacting DM (with relativistic particles: photons or DR; collisional damping) (Becker et al. 

2010.04074) 
• Cold + Warm DM (small fraction of ~keV DM) (Boyarsky et al. 0812.0010) 
• Long-lived CDM decaying into massless+massive but lighter particle; possibly (heavier) Majoron 

decaying into active + sterile neutrinos; possible connection with (heavier) Majoron and with 
Xenon-1T (Abellan et al. 2008.09615); not a solution to Hubble tension 

• Cannibal DM (inelastic scattering 3->2 causing slow transition from radiation-like to matter-like 
(Heimersheim et al. 2008.08486) 

• Connection with small-scale CDM crisis…

∑ mν zNR zdec
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Planck Collaboration: Cosmological parameters

Note the significantly tighter constraint with the inclusion of
Planck high-` polarization, with �Ne↵ < 1 at over 4� from
Planck alone. This constraint is not very stable between like-
lihoods, with the CamSpec likelihood giving a roughly 0.8�
lower value of Ne↵ . However, the strong limit from polarization
is also consistent with the joint Planck TT+lowP+BAO result,
so Eq. (60b) leads to the robust conclusion that �Ne↵ < 1 at over
3�. The addition of Planck lensing has very little e↵ect on this
constraint.

For Ne↵ > 3, the Planck data favour higher values of the
Hubble parameter than the Planck base ⇤CDM value, which as
discussed in Sect. 5.4 may be in better agreement with some
direct measurements of H0 . This is because Planck accurately
measures the acoustic scale r⇤/DA; increasing Ne↵ means (via
the Friedmann equation) that the early Universe expands faster,
so the sound horizon at recombination, r⇤, is smaller and hence
recombination has to be closer (larger H0 and hence smaller
DA) for it to subtend the same angular size observed by Planck.
However, models with Ne↵ > 3 and a higher Hubble constant
also have higher values of the fluctuation amplitude�8, as shown
by the coloured samples in Fig. 31. Thus, these models increase
the tensions between the CMB measurements and astrophysical
measurements of �8 discussed in Sect. 5.6. It therefore seems
unlikely that additional radiation alone can help to resolve ten-
sions with large-scale structure data.

The energy density in the early Universe can also be probed
by the predictions of big bang nucleosynthesis (BBN). In partic-
ular �Ne↵ > 0 increases the primordial expansion rate, leading
to earlier freeze-out with a higher neutron density, and hence a
greater abundance of helium and deuterium after BBN has com-
pleted. A detailed discussion of the implications of Planck for
BBN is given in Sect. 6.5. Observations of both the primordial
helium and deuterium abundance are compatible with the predic-
tions of standard BBN with the Planck base ⇤CDM value of the
baryon density. The Planck+BBN constraints on Ne↵ (Eqs. 75
and 76) are compatible, and slightly tighter than Eq. (60b).

Although there is a large continuous range of plausible Ne↵
values, it is worth mentioning briefly a few of the discrete values
from fully thermalized models. This serves as an indication of
how strongly Planck prefers base ⇤CDM, and also how the in-
ferred values of other cosmological parameters might be a↵ected
by this particular extension to base ⇤CDM. As discussed above,
one fully thermalized neutrino (�Ne↵ ⇡ 1) is ruled out at over
3�, and is disfavoured by ��2

⇡ 8 compared to base ⇤CDM
by Planck TT+lowP, and much more strongly in combination
with Planck high-` polarization or BAO. The thermalized boson
models that give �Ne↵ = 0.39 or �Ne↵ = 0.57 are disfavoured
by ��2

⇡ 1.5 and ��2
⇡ 3, respectively, and are therefore not

strongly excluded. We focus on the former since it is also consis-
tent with the Planck TT+lowP+BAO constraint at 2�. As shown
in Fig. 31, larger Ne↵ corresponds to a region of parameter space
with significantly higher Hubble parameter,

H0 = 70.6±1.0 (68%,Planck TT+lowP; �Ne↵ = 0.39). (61)
This can be compared to the direct measurements of H0 dis-
cussed in Sect. 5.4. Evidently, Eq. (61) is consistent with the
H0 prior adopted in this paper (Eq. 30), but this example shows
that an accurate direct measurement of H0 can potentially pro-
vide evidence for new physics beyond that probed by Planck. As
shown in Fig. 31, the �Ne↵ = 0.39 cosmology also has a signif-
icantly higher small-scale fluctuation amplitude and the spectral
index ns is also bluer, with
�8 = 0.850 ± 0.015
ns = 0.983 ± 0.006

)
Planck TT+lowP; �Ne↵ = 0.39. (62)
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Fig. 32. Samples from Planck TT+lowP in the Ne↵–me↵
⌫, sterile

plane, colour-coded by �8, in models with one massive sterile
neutrino family, with e↵ective mass me↵

⌫, sterile, and the three ac-
tive neutrinos as in the base ⇤CDM model. The physical mass
of the sterile neutrino in the thermal scenario, mthermal

sterile , is con-
stant along the grey dashed lines, with the indicated mass in
eV; the grey region shows the region excluded by our prior
mthermal

sterile < 10 eV, which excludes most of the area where the
neutrinos behave nearly like dark matter. The physical mass in
the Dodelson-Widrow scenario, mDW

sterile, is constant along the dot-
ted lines (with the value indicated on the adjacent dashed lines).

The �8 range in this model is higher than preferred by the
Planck lensing likelihood in base ⇤CDM. However, the fit to
the Planck lensing likelihood is model dependent and the lens-
ing degeneracy direction also associates high H0 and low ⌦m
values with higher �8. The joint Planck TT+lowP+lensing con-
straint does pull �8 down slightly to �8 = 0.84 ± 0.01 and pro-
vides an acceptable fit to the Planck data. Note that for Planck
TT+lowP+lensing, the di↵erence in �2 between the best fit base
⇤CDM model and the extension with �Ne↵ = 0.39 is only
��2

CMB ⇡ 2. The higher spectral index with �Ne↵ = 0.39 gives a
decrease in large-scale power, fitting the low ` < 30 Planck TT
spectrum better by ��2

⇡ 1, but the high-` data prefer �Ne↵ ⇡ 0.
Correlations with other cosmological parameters can be seen
in Fig. 20. Clearly, a very e↵ective way of testing these mod-
els would be to obtain reliable, accurate, astrophysical measure-
ments of H0 and �8.

In summary, models with �Ne↵ = 1 are disfavoured by
Planck combined with BAO data at about the 3� level. Models
with fractional changes of �Ne↵ ⇡ 0.39 are mildly disfavoured
by Planck, but require higher H0 and �8 compared to base
⇤CDM.

6.4.3. Simultaneous constraints on Ne↵ and neutrino mass

As discussed in the previous sections, neither a higher neu-
trino mass nor additional radiation density alone can resolve
all of the tensions between Planck and other astrophysi-
cal data. However, the presence of additional massive parti-
cles, such as massive sterile neutrinos, could potentially im-
prove the situation by introducing enough freedom to allow
higher values of the Hubble constant and lower values of
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Neutrino oscillation anomalies

How to suppress the ν4 density in both relativistic and non-relativistic regimes? 

• Low-temperature reheating                                         Gelmini et al. 2014, de Salas et al. 2015 
                                                                                        Gelmini et al. 2014, de Salas et al. 2015 

• Leptonic asymmetry and resonant oscillations…    issues with BBN (μe) 
Di Bari et al. 2001; …; Hannestad, Tambora & Tram 2012; Mirizzi et al. 2012; Saviano et al. 2013  

• NSI (need to pass bounds on fifth force and SN energy loss…)  
• ν4 interacts with (dark) gauge boson               

Dasgupta, Kopp 2015 ; Saviano et al. 2014; Mirizzi et al. 2014; Chu, Dasgupta, Kopp 2015 
• ν4 interacts with (dark) pseudoscalar  

Hannestad et al. 2013; Saviano et al. 2014; Archidiacono et al. 2016, 2020 
• ν4 production is suppressed, φ-νs recouple —> neutrinos as relativistic fluid (maybe testable 

with future CMB data), ν4 annihilate into φ at late times…
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Neutrino oscillation anomalies

eV-mass sterile neutrino with secret interactions : Archidiacono et al. 2006.12885
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�2.9 74.2+2.1
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ns 0.964+0.007
�0.007 0.971+0.014
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�0.006
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�0.006 0.999+0.004
�0.004 0.972+0.005

�0.007 0.950+0.005
�0.005 0.999+0.004

�0.004

Table 1: 68% intervals or 95% upper limits for neutrino parameters, H0 and ns, obtained
by fitting Planck TT-only, Planck TTTEEE, Planck TTTEEE + R19, Planck TTTEEE +
lensing + BAO, and Planck TTTEEE + lensing + BAO + R19, to the Vanilla, Pseudoscalar,
and Thermal models.

is not free-streaming, hence it does not induce the typical phase shift and suppression of the
CMB acoustic peaks [70] (we will further discuss the impact of free-streaming vs. interacting
�Ne↵ on the CMB in Section 4.1).

In the Vanilla case, the physical mass is either unconstrained (Planck TTTEEE) or it
has a limit that is very much a↵ected by the prior boundaries, as a consequence of the well
known fact that large ms values are allowed if �Ne↵ is close to zero. In the Thermal case,
the 95% upper bound on ms from TTTEEE is a factor 2 larger than with TT-only, simply
because looser constraints help to resolve tensions that are more dramatic in the presence of
polarization data; this mechanism is broken by the inclusion of lensing and BAO, and the
most stringent bound is obtained with the R19 prior because of the anti-correlation between
the hot dark matter density and the Hubble constant. In the Pseudoscalar model, there
is an evidence for a non zero sterile neutrino mass when fitting only TT: ms = 3.1+1.3

�1.1 eV
(68% c.l.). This evidence is removed by the inclusion of the high-` E-mode polarisation data,
which restricts the range of the sterile neutrino mass values to ms < 1.14 eV at 95% c.l..
The additional R19 prior does not change the result significantly (ms < 1.19 eV at 95% c.l).
This point has an impact on the consistency between cosmology and sterile neutrino searches
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• 95% bound compatible with neutrino disappearance.  
• High Hubble rate at the same time. 
• But priors in this model do not incorporate plain LCDM. Best fit 

degraded by  w.r.t. LCDM (despite 2 additional parameters).Δχ2 = 13
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Absence of preliminary evidence for neutrino mass

Planck Collaboration: Cosmological parameters
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Fig. 34. Samples from Planck TT,TE,EE+lowE chains in theP
m⌫–H0 plane, colour-coded by �8. Solid black contours

show the constraints from Planck TT,TE,EE+lowE+lensing,
while dashed blue lines show the joint constraint from Planck
TT,TE,EE+lowE+lensing+BAO, and the dashed green lines ad-
ditionally marginalize over Ne↵ . The grey band on the left shows
the region with

P
m⌫ < 0.056 eV ruled out by neutrino oscilla-

tion experiments. Mass splittings observed in neutrino oscilla-
tion experiments also imply that the region left of the dotted ver-
tical line can only be a normal hierarchy (NH), while the region
to the right could be either the normal hierarchy or an inverted
hierarchy (IH).

scales where the suppression caused by neutrinos is expected
to be significant) the measurements are substantially more dif-
ficult to model and interpret than the CMB and BAO data. Our
95 % limit of

P
m⌫ < 0.12 eV starts to put pressure on the in-

verted mass hierarchy (which requires
P

m⌫ >⇠ 0.1 eV) indepen-
dently of Ly↵ data. This is consistent with constraints from neu-
trino laboratory experiments which also slightly prefer the nor-
mal hierarchy at 2–3� (Adamson et al. 2017; Abe et al. 2018;
Capozzi et al. 2018; de Salas et al. 2018a,b).

7.5.2. Effective number of relativistic species

New light particles appear in many extensions of the Standard
Model of particle physics. Additional dark relativistic degrees
of freedom are usually parameterized by Ne↵ , defined so that
the total relativistic energy density well after electron-positron
annihilation is given by

⇢rad = Ne↵
7
8

 
4

11

!4/3

⇢�. (64)

The standard cosmological model has Ne↵ ⇡ 3.046,
slightly larger than 3 since the three standard model neu-
trinos were not completely decoupled at electron-positron
annihilation (Gnedin & Gnedin 1998; Mangano et al. 2005;
de Salas & Pastor 2016).

We can treat any additional massless particles produced well
before recombination (that neither interact nor decay) as simply
an additional contribution to Ne↵ . Any species that was initially
in thermal equilibrium with the Standard Model particles pro-
duces a �Ne↵ (⌘ Ne↵ � 3.046) that depends only on the number
of degrees of freedom and decoupling temperature. Using con-

Fig. 35. Samples from Planck TT,TE,EE+lowE chains in
the Ne↵–H0 plane, colour-coded by �8. The grey bands
show the local Hubble parameter measurement H0 =
(73.45 ± 1.66) km s�1Mpc�1 from Riess et al. (2018a). Solid
black contours show the constraints from Planck TT,TE,EE
+lowE+lensing+BAO, while dashed lines the joint constraint
also including Riess et al. (2018a). Models with Ne↵ < 3.046
(left of the solid vertical line) require photon heating after neu-
trino decoupling or incomplete thermalization.

servation of entropy, fully thermalized relics with g degrees of
freedom contribute

�Ne↵ = g
"

43
4 gs

#4/3

⇥

(
4/7 boson,
1/2 fermion, (65)

where gs is the e↵ective degrees of freedom for the entropy of
the other thermalized relativistic species that are present when
they decouple.38 Examples range from a fully thermalized ster-
ile neutrino decoupling at 1 <

⇠
T <
⇠

100 MeV, which produces
�Ne↵ = 1, to a thermalized boson decoupling before top quark
freeze-out, which produces �Ne↵ ⇡ 0.027.

Additional radiation does not need to be fully thermalized, in
which case �Ne↵ must be computed on a model-by-model basis.
We follow a phenomenological approach in which we treat Ne↵
as a free parameter. We allow Ne↵ < 3.046 for completeness,
corresponding to standard neutrinos having a lower temperature
than expected, even though such models are less well motivated
theoretically.

The 2018 Planck data are still entirely consistent with Ne↵ ⇡
3.046, with the new low-` polarization constraint lowering the
2015 central value slightly and with a corresponding 10 % re-
duction in the error bar, giving

Ne↵ = 3.00+0.57
�0.53 (95 %, Planck TT+lowE), (66a)

Ne↵ = 2.92+0.36
�0.37 (95 %, Planck TT,TE,EE+lowE), (66b)

with similar results including lensing. Modifying the relativis-
tic energy density before recombination changes the sound hori-
zon, which is partly degenerate with changes in the late-time ge-
ometry. Although the physical acoustic scale measured by BAO

38For most of the thermal history gs ⇡ g⇤, where g⇤ is the e↵ective
degrees of freedom for density, but they can di↵er slightly, for example
during the QCD phase transition (Borsanyi et al. 2016) .
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Could be statistical fluke, but isn’t the data trending towards  ?Mν < 0.06 eV

Planck 2018
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Absence of preliminary evidence for neutrino mass

• Invisible neutrino decay into: 

• lighter neutrino ( ) + scalar (Majoron again!). Barenboim et al. 2011.01502. Joint 
bounds on decaying neutrino lifetime and mass (which could be arbitrarily large).  

• Same in the framework of see-saw (more constrained). Escudero et al. 2007.04994. 

 still possible. 

• Dark Radiation. Chacko et al. 2002.08401: could be probed by Euclid if decay takes place 

late enough. 

• Mass-varying neutrinos coupled to scalar field (Fardon et al. astro-ph/0309800). Mass varies 

with time and location. Instability problems (small-scale neutrino lumps, Wetterich et al.). 

• Neutrino mass generated at late times (phase transition after recombination, Dvali and Funcke 

1602.03191). Lorenz et al. 1811.01991, 2102.13618. No significant evidence for the model, but 

bound relaxed to . Solves  tension (no impact on ). 

≪ 0.1 eV

Mν ≤ 1 eV

Mν ≤ 1.4 eV S8 H0
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keV-mass sterile neutrinos

Review in Drewes et al. 1807.07938   

• Sterile neutrino = elegant candidate for DM 

• WDM: potential solution to CDM small-scale crisis 

• Lyman-alpha bounds partially evaded by resonant production (more like mixed C+WDM than 

usual thermal WDM) 

• 3.5keV line in X-ray data potentially explained by radiative decay  of 7keV sterile 
neutrinos 

N ⟶ ν + γ

https://arxiv.org/abs/1807.07938
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neutrino isocurvature modes

• Neutrino Isocurvature Density (NID) mode 

• Neutrino Isocurvature Velocity (NIV) mode 

• Unknown tilt, unknown correlation with adiabatic mode 

None are significantly favored by Planck 2018 TTTEEE + lensing, although they do improve the chi

 by ~ 5 (small reduction of small-scale power): 

• Can always be used to add or remove power at both edges of CMB range of scales

χ2

Planck Collaboration: Constraints on Inflation
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Fig. 38. Constraints on the primordial perturbation power in generally correlated ADI+CDI (a), ADI+NDI (b), and ADI+NVI
(c) models at two scales, k1 = 0.002 Mpc�1 (1) and k2 = 0.100 Mpc�1 (2). Note that in our modelling P(2)

RI
is not an independent

parameter.
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Planck Collaboration: Constraints on Inflation
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(c)

Fig. 38. Constraints on the primordial perturbation power in generally correlated ADI+CDI (a), ADI+NDI (b), and ADI+NVI
(c) models at two scales, k1 = 0.002 Mpc�1 (1) and k2 = 0.100 Mpc�1 (2). Note that in our modelling P(2)

RI
is not an independent

parameter.
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small-scale 
amplitude


