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ΩGW( fyr) = 2.33 × 10−9, fyr = 3.17 × 10−8Hz

PTA discovered SGWB?
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ΩGW ∝ f −3/2∼1/2
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PTA discovered SGWB?

Cosmic String 
Ellis+, 2009.06555  
Blasi+, 2009.06607 
Buchmuller+, 2009.10649 
Samanta+, 2009.13452

Induced GW 
(broad) 
Vaskonen+,2009.07832  
Kohri+, 2009.11853 
Inomata+,2011.01270

Phase Transition/ 
Domain Walls 
Nakai+,2009.09754 
Addazi+,2009.10327 
Neronov+,2009.14174 
Liu+, 2010.03225 
Paul+, 2010.03439, 
NANOGrav, 2104.13930

Induced GW 
(flat) 
De Luca+, 2009.08268  
Sugiyama+, 2010.02189 
Abe+, 2010.06193

Primordial GW 
Kugoyanagi+, 2011.03323 
Tahara+, 2011.01605 
Vagnozzi, 2009.13432

Black Hole Binaries 
NANOGrav, 2009.04496 
Middleton+, 2011.01246

Axion (like) 
Ratziner+, 2009.11875 
Kitajima+, 2010.10990 
Namba, 2009.13909

https://arxiv.org/abs/2009.06555
https://arxiv.org/abs/2009.06607
https://arxiv.org/abs/2009.10649
https://arxiv.org/abs/2009.13452
https://arxiv.org/abs/2009.07832
https://arxiv.org/abs/2009.11853
https://arxiv.org/abs/2011.01270
https://arxiv.org/abs/2009.09754
https://arxiv.org/abs/2009.10327
https://arxiv.org/abs/2009.14174
https://arxiv.org/abs/2010.03225
https://arxiv.org/abs/2010.03439
https://arxiv.org/pdf/2104.13930.pdf
https://arxiv.org/abs/2009.08268
https://arxiv.org/abs/2010.02189
https://arxiv.org/abs/2010.06193
https://arxiv.org/abs/2011.03323
https://arxiv.org/abs/2011.01605
https://arxiv.org/abs/2009.13432
https://arxiv.org/abs/2009.04496
https://arxiv.org/abs/2011.01246
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Spectral Shape of SGWB

What is the implication of the flatness?

[Domènech and SP, 2010.03976]

ΩGW ∝ f1/2

ΩGW ∝ f −3/2
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Power spectrum of ℛ

Reconstruction

Tasinato’s talk
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a/k*

a* aend a0aini are-entry aeq

a/k0

?

δc(w)

PDF of δ 

ΩGW ∼ Ωr⟨hh⟩ ∼ Ωr⟨ΦΦΦΦ⟩ ∼ Ωr𝒫2
Φ ∼ 10−6𝒫2

ℛ

hk ∼ ∫ dη × (Green function)∫ d3p × (Transfer function) × ΦpΦk−p .

β ∼ erfc( ℛc

2 𝒫ℛ
)

fPBH ≡
ΩPBH

ΩCDM
= 4.11 × 108β(M)( M

M⊙ )
−1/2

PBH PBH

[Zeldovich & Novikov 1966]

[Hawking 1971]

[Carr & Hawking 1974]

[Matarrese+, 1997]

[Ananda+, 2007]

[Baumann+, 2007]

Induced GWsDomenech’s talk
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Constraints on fPBH
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Constraints on fPBH
Asteroid-mass  

PBHs

Planet-mass  
PBHs

Solar-mass  
PBHs
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Constraints on fPBH
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Constraints on fPBH

PBH as DM, 
Kawasaki+ 9710259

Frampton+ 1001.2308

Ballesteros+ 1709.05565

Inomata+ 1711.08596

SP+, 1712.09896

García-Bellido, 1904.11482

Riotto’s talk 
Clesse’s talk

PBH as  
LIGO events, 
Hütsi+, 2012.02786

Franciolini, 2105.03349



352

Fig. 1. Top: The energy density of the induced GWs for the power spectrum for a peak width, ∆ =
0.0, 1.0 × 10−3, 1.0 × 10−1, 1.0. Bottom: Energy density of scalar-induced GWs associated with PBH
formation together with current pulsar constraint (thick solid line segment) and sensitivity of various
GW detectors (convex curves). Solid wedged lines indicate the energy density with the parameters
(ΩPBHh2, MPBH) = (10−5, 102M") (left), (10−1, 1020g) (right) for sufficiently small ∆ (thick lines) and
∆ = 1.0 (thin lines).

Downloaded from https://academic.oup.com/ptp/article-abstract/126/2/351/1838316
by guest
on 14 July 2018

Induced GWs

β ∼ erfc( ℛc

2 𝒫ℛ
)fPBH ∼ 4.11 × 108β(M)( M

M⊙ )
−1/2

,

PBH abundance

ΩGW ∼ ⟨hh⟩ ∼ ⟨ΦΦΦΦ⟩ ∼ 𝒫2
Φ ∼ 𝒫2

ℛ

Saito & Yokoyama 0812.4339
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Induced GWs

PBH abundance
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LISA sensitivity

ΩGW ∼ 𝒫2
ℛ,G + F2

NL𝒫3
ℛ,G + F4

NL𝒫4
ℛ,G

β =
1
2

erfc
ℛg+(ℛc)

2𝒫ℛ,G

+
1
2

erfc −
ℛg−(ℛc)

2𝒫ℛ,G

; fNL > 0.

ℛg±(ℛc) =
1

2FNL (−1 ± 1 + 4FNL (FNL𝒫ℛ,G + ℛc)) .

Cai, SP, and Sasaki, 1810.11000

Ünal, 1811.09151

Ünal+, 2008.11184

Ünal’s talk
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Constraints on fPBH

6 ultrashort-timescale 
lensing events are found in 
OGLE 5-year data. 
[Mróz+ 1707.07634] 

They can be planet-mass 
PBHs [Niikura+ 1901.07120] or 
even the planet 9, which can 
explain the TNO orbital 
anomaly. [Scholt+, 1909.11090]

× 6

Planet-mass  
PBHs
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Constraints on fPBH

More detection by  
Subaru HSC in 3 years 
[Niikura+ 1901.07120] 

[Kusenko+, 2001.09160] 
Or 

Direct detection  
as Planet 9 

[Scholt+, 1909.11090] 
[Witten, 2004.14192]

Planet-mass  
PBHs
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𝒫ℛ(k) = 𝒜ℛδ(ln( f/f*))
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There’s an analytical formula for 
IGW from a δ-function peak. 
[Kohri & Terada, 1804.08577]

IR scaling
ΩGW ∝ f 2

Shape of ΩIGW
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Shape of ΩIGW



10-5 10-4 0.001 0.01 0.1 110-10

10-8

10-6

10-4

0.01

1

100

f ê f*

P R
êA
R

𝒫ℛ(k) =
𝒜ℛ

2πΔ
exp (−

ln2( f/f*)
2Δ2 )

Δ = 0.01

30

Braglia’s talk 
Witkowski’s talk 
Sypsas’s talk

Shape of ΩIGW
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We found an analytical formula for 
IGW from a narrow lognormal peak.

SP and Sasaki, 2005.12306

Shape of ΩIGW
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IR scaling
ΩGW ∝ f 2

far-IR scaling
ΩGW ∝ f3

near-IR scaling
ΩGW ∝ f 2

We found an analytical formula for 
IGW from a narrow lognormal peak.

SP and Sasaki, 2005.12306

Shape of ΩIGW
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IR scaling
ΩGW ∝ f 2

far-IR scaling
ΩGW ∝ f3

near-IR scaling
ΩGW ∝ f 2

SP and Sasaki, 2005.12306
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𝒫ℛ(k) =
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SP and Sasaki, 2005.12306
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ΩGW ≡
1

ρcr

dρGW

d log k

SP and Sasaki, 2005.12306

Shape of ΩIGW
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(with κ = f /f*, K = κe3Δ2/2)

IR
ΩGW ∝ f3

near-peak

Ω
GW ∝

𝒫 2
ℛ

ΩGW

𝒜2
ℛ

≈

+
0.0659

Δ2
κ2eΔ2 exp( −

(ln κ + Δ2 − 1
2 ln 4

3 )
2

Δ2 ) +
1
3

2
π

κ−4 e8Δ2

Δ
exp (−

ln2 κ
2Δ2 ) erfc ( 4Δ2 − ln(κ /4)

2Δ )

4

5 π
κ3 e

9Δ2
4

Δ [(ln2 K +
Δ2

2 ) erfc(
ln K + 1

2 ln 3
2

Δ ) −
Δ

π
exp( −

(ln K + 1
2 ln 3

2 )
2

Δ2 )(ln K −
1
2

ln
3
2 )]

UV
ΩGW ∝ 𝒫ℛ

SP and Sasaki, 2005.12306
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(with κ = f /f*, K = κe3Δ2/2)

SP and Sasaki, 2005.12306
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The flat near-peak 
spectrum can be used to 
interpret NANOGrav result.  
Kohri+, 2009.11853 
Inomata+, 2011.01270

10°9 10°8 10°7

f [Hz]

°13

°12

°11

°10

°9

°8

°7

lo
g 1

0
≠

IG
W

h
2

NANOGrav 11yr

NANOGrav Results

https://arxiv.org/abs/2009.11853
https://arxiv.org/abs/2011.01270


D=2

analytic

nearpeak

0.001 0.1 10 1000
10-11

10-9

10-7

10-5

0.001

0.1

f ê f*

W
G
W
êA
R
2 Width =

Δ

2

40

Ω(peak)
GW ≈ 0.125

𝒜2
ℛ

Δ2
exp( −

ln2( f /f*)
Δ2 )

Max = 0.125
𝒜2

ℛ

Δ2

f3
 Universal  
Infrared  
Scaling:

Infrared scaling of ΩIGW

SP and Sasaki, 2005.12306



Universal infrared scaling f3

Infrared scaling of ΩIGW

first order 
phase 
transition

incoherent 
superposition 
by BH/NS 
binaries

induced 
GWs

The infrared scaling of the GW 
spectrum is k3, as (1) k is smaller than 
all the scales of the source term; and 
(2) k-mode reenter the horizon in the 

radiation dominated universe.Cai, SP, and Sasaki, 1909.13728

Domènech, 1912.05583

Domènech, SP, and Sasaki, 2005.12314

https://inspirehep.net/authors/1701362
https://inspirehep.net/authors/1701362


first order 
phase 
transition

incoherent 
superposition 
by BH/NS 
binaries

induced 
GWs

When the infrared mode reenter 
the horizon in a w-dominated 
universe, the infrared scaling is


ΩGW ∝ f 3−2 1 − 3w
1 + 3w

Infrared scaling of ΩIGW

Cai, SP, and Sasaki, 1909.13728

Domènech, 1912.05583

Domènech, SP, and Sasaki, 2005.12314

https://inspirehep.net/authors/1701362
https://inspirehep.net/authors/1701362


Domènech, SP, and Sasaki, 2005.12314

Infrared scaling of ΩIGW



ΩGW =
2π2f 2

yr

3H2
0

A2
SGWB ( f

fyr )
5−γ

fyr = 3.17 × 10−8 Hz .

[NANOGrav, 2009.04496]

ΩGW ∝ f −3/2∼1/2

Back to NANOGrav

http://arxiv.org/abs/arXiv:2009.04496


Domènech, SP, and Sasaki, 2005.12314

Flat GW spectrum from 
dust-like universe (w=0)

Infrared scaling of ΩIGW
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Softening of EoS can 
decrease δc, which 
enhances the PBH 
abundance. 
We use a scalar-field 
dominated universe 
with exponential 
potential to avoid 
instability of w<0.

[Harada+, 1309.4201]
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Summary 
• Infrared scaling can help us probe the thermal history of 

the universe and the energy scale of the source.


• Shape of IGW: The most crucial factor is the width of the 
peak of the scalar spectrum. We found analytical formulas 
for lognormal peaks (for RD), which is useful for signal 
searching in the future. 


• NANOGrav result and planet-mass PBH: Possible 
detection of SGWB by NANOGrav can be connected to 
the recently reported planet-mass PBHs, if there is a 
dust-like era before ~150 MeV.
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Thank you !


