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Probing the Physics of Inflation with

Gravitational Waves

Single-field inflation

E.g. Lognormal spectrum

[Pi, Sasaki]

[Renzini et al]

Detailed analysis

in single-field inflation

First possibility: source terms

Scalar power spectrum

Parametrically enhanced sqz nG: violates Maldacena’s consistency relation

[Contaldi], [Bartolo et al]

3

Tensor fluctuations ( (Scalar Fluctuations)2

Moral

...and many possible ‘smoking guns’ of cosmological origin of a SGWB

(astro signal is Gaussian)

• Anisotropies

Intrinsic

Induced

Phase decorrelations due to propagation in a perturbed universe

Anisotropies of SGWB

Primordial origin

(for example, induced by primordial nonG)

Induced by propagation e↵ects

in a perturbed background

[Alba, Maldacena]

...where issues of phase decorrelations do not apply

!
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1 Introduction

I Inflation is a short period of superluminal, accelerated expansion, occurred

within the first second of our universe life.

I It solves problems of big bang cosmology: horizon, flatness, entropy problems

I Moreover, it provides an elegant mechanism for generating the primordial seeds

for the CMB and the LSS
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1 Question

What are the most general properties of primordial tensor modes produced by inflation?

I Theoretically interesting for understanding predictions of inflation

I Observationally interesting in view of next generation of observations

In order to answer this question, we adopt EFT approach to cosmology

Inflation as a symmetry breaking effect

Metric fluctuations

gµ⌫ = ḡµ⌫ + hµ⌫ (1.1)

decomposed in

scalar vector tensor

)
!

2 Gravity waves from inflation

Single field inflation produces a stochastic background of gravity waves hij

I Tensor power spectrum

k3

2⇡2
Ph(k) = Ah(k?)

✓
k

k?

◆nT

ratio between tensor and scalar power spectrum

Ph

P⇣
= r  0.1

I Tensor spectral index

nT = �r

8
 0

1. First part Brief review of predictions of inflation

2. Second part EFT approach to cosmological inflation

3. Third part Consequences for primordial gravity waves

More general pattern of symmetry breaking

Tensor non-Gaussianity

)
Large modulation of tensor power spectrum

Is it possible to use this to explain large scale anomalies?
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Figure 2.2: Depiction of light travel times for two signals that can be combined to
create a TDI channel. For the general case of an unequal arm interferometer, the
delay corresponds to the light travel time to go up and down each of two adjacent
arms.

terms, but with di↵erent signs. The same is true of the time delayed terms in Eq. 2.2.

The unequal arm case is only slightly trickier. Each beam must travel down each

of the adjacent arms such that the light travel time is equal for the two beams. For

simplicity, we show here the equal arm case, but comment later on how to adapt some

of our results to the unequal arm case.

The TDI channels which cancel laser phase noise for an equal arm LISA (L
ij

=

L = 5 · 106 km) are formed by subtracting a time delayed Michelson signal as follows:

X(t) = M
1

(t)�M
1

(t� 2L). (2.3)

[Kamionkowski, Kovetz]
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Scalar fluctuations -¿ temperature fluctuations -¿ modes (analogous to Fourier)
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Figure of recombination: when CMB formed, and figure of Thompson scattering

Sh =
M2

Pl

4

Z
dt d3x a3
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Well understood theoretically, excellent agreement with observations so far.
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Constraints on inflationary models: what drives inflation?

Two plots on models of inflation; plus plot on how Planck constrained di↵erent sce-

narios

Formula for r depends on model: Starobinsky R2 predicts r = 3(ns � 1)2 then r =

3⇥ 10�3 for ns = 0.968

Beyond single field -¿ spectator fields

Slide 9

What next? GW from inflation: a predictions still unconfirmed. Values depend on ampli-

tude of tensor spectrum.

• Figure of two polarizations of GWs

• Unique signature: induce distinctive polarization of CMB : say that CMB polarization

tensor Pab – built in terms of Stokes parameters – can be decomposed in terms

Pab =“gradient” E + “ curly ” B (analog of Va = rE + ✏abrB)

• two plots of power spectra. Detect GW-induced B-modes of CMB polarization is one

of the challenges of future cosmological observations: one needs to carefully remove

lensing e↵ects and e↵ects of foreground (galactic dust etc)

Slide 10

Primordial GWs with interferometers?

(maybe, if we’re very lucky – depends on what was the model of inflation)
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[Kamionkowski, Kovetz]

CMB formation

Very isotropic stochastic background

of photons (anisotropies

�T
T ⇠ 10�5

)

!
2pt correlation functions of fluctuations ) Power spectrum P⇣ = H4

⇡2 M2
Pl �̇
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Tensor-to-Scalar ratio
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CMB formation

Very isotropic stochastic background

of photons (anisotropies �T
T ⇠ 10�5)

!
2pt correlation functions of fluctuations ) Power spectrum P⇣ = H4

⇡2 M2
Pl �̇

2

Tensor-to-Scalar ratio Ph
P⇣

= r  0.07

[Planck, Bicep 2]

How to detect GWs from inflation?

GW perturb photon geodesics ) induce quadrupolar anisotropies in the � background

Search for GW-induced B-modes

Challenge for observational cosmology

Amplitude of GWs

from vanilla models of inflation

is too small to be detected

Slow-roll inflation

Interactions with

additional fields

Breaking

space-time

symmetries

Inflection points

Instead of vanilla model...

...we could have a richer dynamics after an initial phase of slow-roll...

Comoving scales

Time

Comoving Horizon

CMB

PTA

LISA

AdvLIGO

(ln a)

-63 -55

-40 -36

-28 -22

-17 -15
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Thanks to all my collaborators:

1 Three possible smoking-gun observables

for early universe cosmology and GW

• Rich profile of GW power spectrum (beyond single power law)

• Non-Gaussian signal

• Chirality

• (Anisotropies)

2 Theoretical Prediction of Cosmological Inflation

Stochastic background of gravitational waves
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[Kamionkowski, Kovetz]

CMB formation

Very isotropic stochastic background

of photons (anisotropies

�T
T ⇠ 10�5

)

!
2pt correlation functions of fluctuations ) Power spectrum P⇣ = H4

⇡2 M2
Pl �̇

2

Tensor-to-Scalar ratio

Ph
P⇣

= r  0.07

[Planck, Bicep 2]

How to detect GWs from inflation?

GW perturb photon geodesics ) induce quadrupolar anisotropies in the � background

Search for GW-induced B-modes

Challenge for observational cosmology

Thompson scattering ) linear polarization of CMB

[W. Hu]
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Scalar fluctuations -¿ temperature fluctuations -¿ modes (analogous to Fourier)

SR =
1

2

Z
dt d3x a3


Ṙ2 � 1
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Figure of recombination: when CMB formed, and figure of Thompson scattering

Sh =
M2

Pl

4

Z
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ḣ2ij �
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⇣
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⌘2
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Ph =
2 k3
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Well understood theoretically, excellent agreement with observations so far.

Slide 8

Constraints on inflationary models: what drives inflation?

Two plots on models of inflation; plus plot on how Planck constrained di↵erent sce-

narios

Formula for r depends on model: Starobinsky R2 predicts r = 3(ns � 1)2 then r =

3⇥ 10�3 for ns = 0.968

Beyond single field -¿ spectator fields
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Enhancing fluctuations during inflation

Take home message (so far)

The enhancement of tensor and scalar modes during inflation (if it occurs)

can allow us to probe physics of inflation at scales smaller than CMB scales

Particle content

during inflation?

New couplings of

inflaton with other fields?

Short period of

Non-attractor dynamics?

• Space-based interferometer:

Costellation of 3 spacecrafts on a triangle

with sides 1.5 million km long

• Measure parity violation of GWs in the SGWB (distinctive of early universe

scenarios)

An observable more promising for CMB scales

⌘ ' 3

https://www.dropbox.com/s/8525alcu2fg855e/Universum-Tasinato.pdf?dl=0

Induced SGWB

at LISA frequencies

[Özsoy et al]

[Bartolo et al]

)

First possibilty: interactions among fields during inflation

Third possibilty: strong (but brief) violation of slow-roll conditions

Transient instabilities in scalar/vector sectors feed tensor modes at small scales

But what if r ⌧ 10�3 at CMB scales?

Should we give up any attempts

to probe inflationary tensor modes?
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2 Theoretical Prediction of Cosmological Inflation

Stochastic background

of gravitational waves

Tensor-to-scalar ratio:
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Energy scale of inflation

(Di�cult to get large field excursions in quantum gravity embeddings of inflation)

Vanilla model

Size of inflaton field excursion
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What are the most general properties of primordial tensor modes produced by inflation?
I Theoretically interesting for understanding predictions of inflation
I Observationally interesting in view of next generation of observations

In order to answer this question, we adopt EFT approach to cosmology

Inflation as a symmetry breaking effect
Metric fluctuations

gµ⌫ = ḡµ⌫ + hµ⌫ (1.1)
decomposed in
scalar vector tensor
)
!

1. First part Brief review of predictions of inflation

2. Second part EFT approach to cosmological inflation

3. Third part Consequences for primordial gravity waves

More general pattern of symmetry breaking
Tensor non-Gaussianity
)
Large modulation of tensor power spectrum
Is it possible to use this to explain large scale anomalies?

– 2 –
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�

V(�)

PBHs CMB

reheating

Figure 2. Schematic representation of the kind of inflationary potential required to fit the CMB data,
produce PBHs and reheat the Universe after inflation.

this happens twice for each k-mode; first during inflation itself, when H = H/a is approximately
constant; and then after the end of it, when H�1 grows in the subsequent epochs. In the usual
single field slow-roll framework, the cosmological perturbations of wavenumber k generated during
inflation remain essentially constant in between these two crossing times, with an amplitude, As,
that is approximately given by4

As =
1

24⇡2M2
P

V

✏V
, where ✏V =

M2
P

2

✓
V 0

V

◆2

, (1.2)

V and V 0 are the inflationary potential and its first derivative and MP = 1/
p
8⇡G = 2.8435 ⇥

10

18 GeV is the reduced Planck mass. Therefore, the mass of the PBHs is determined by the
dynamics of the Universe during inflation and can be linked to the number of e-folds of expansion
elapsed since the largest observable distance today became equal to H�1 during inflation.

The CMB constrains As to be of the order of 10�9 at those scales, whereas the values required
for creating PBHs are much larger, typically As ⇠ 10

�3–10�2. If we assume that the potential
V is nearly constant during inflation (which is indeed the case in standard slow-roll, leading to a
quasi-de Sitter universe), the expression (1.2) tells that the required enhancement of As may be
achieved by significantly reducing the value of the slow-roll parameter ✏V . Since this parameter
quantifies the flatness of the potential, PBHs are produced provided that the rolling field encounters
a sufficiently flat region of the potential during the course of inflation, which generates a peak in
the spectrum of primordial fluctuations. To the best of our knowledge, this idea was first proposed
in [35], where it was pointed out that a single-field inflationary potential that produces a PBH
population capable of accounting for the DM must feature a near-inflection point.

A renormalizable potential that can have an inflection point is (see e.g. [36, 37]):

V (�) = a2 �
2
+ a3 �

3
+ a4 �

4 , (1.3)
4We will later show that this approximation cannot be safely used in the cases of interest, and we will indeed

require a more accurate expression. However, it is sufficient to illustrate well the point we want to convey now.
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Enhancing fluctuations during inflation

Take home message (so far)

The enhancement of tensor and scalar modes during inflation (if it occurs)

can allow us to probe physics of inflation at scales smaller than CMB scales

Particle content

during inflation?

New couplings of

inflaton with other fields?

Short period of

Non-attractor dynamics?

• Space-based interferometer:

Costellation of 3 spacecrafts on a triangle

with sides 1.5 million km long

• Measure parity violation of GWs in the SGWB (distinctive of early universe

scenarios)

An observable more promising for CMB scales

⌘ ' 3

https://www.dropbox.com/s/8525alcu2fg855e/Universum-Tasinato.pdf?dl=0

Induced SGWB

at LISA frequencies

[Özsoy et al]

[Bartolo et al]

)

First possibilty: interactions among fields during inflation

Third possibilty: strong (but brief) violation of slow-roll conditions

Transient instabilities in scalar/vector sectors feed tensor modes at small scales

But what if r ⌧ 10�3 at CMB scales?

Should we give up any attempts

to probe inflationary tensor modes?

These experiments will take place

Let’s see if we can use them for probing the early universe

Theory part

Survey of scenarios amplifying tensor modes at small scales
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Thanks to all my collaborators:

1 Three possible smoking-gun observables

for early universe cosmology and GW

• Rich profile of GW power spectrum (beyond single power law)

• Non-Gaussian signal

• Chirality

2 Problem:

GWs from di↵erent directions tend to ‘Gaussianize’ the signal

for the central limit theorem

GW emitted from

different patches of sky Detector

3 Way out: measure correlators of GWs originating from the same patch

Squeezed non-Gaussianity

Folded non-Gaussianity

Quadrupolar modulation

of detector overlap function

4 Chirality

Ground-based detector overlap functions are sensitive to chirality

[Seto; Crowder et al]

Still work to be done to forecast sensitivity to chirality for future detectors

Small-momentum mode

induces correlations

5 Chirality

6 new stu↵

...paying special emphasis on distinctive features

to distinguish them from astrophysical backgrounds
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In all these circumstances, the spectrum of GWs associated to these new ingredients
can be rather large and blue-tilted, or exhibit a large-amplitude bump at specific scales. In
the case of additional degrees of freedom, these provide a source term in the GW evolution
equation, that in Fourier space reads

ḧij (k, t) + 3H ḣij (k, t) + k2 hij (k, t) =
2

M2
Pl

⇧TT
ij (k, t) , (1.5)

where a dot denotes derivative with respect to t , H is the Hubble rate, MPl ' 2.44 ·1018GeV
is the reduced Planck mass, k is the physical momentum, and ⇧TT

ij is the source of the GWs,
corresponding to the transverse-traceless part of the anisotropic stress ⇧ij . The latter is given
by a2⇧ij = Tij � pa2 (�ij + hij), where Tij denotes the spatial components of the energy-
momentum tensor of the additional sources and p the background value of the pressure. The
amplitude of the GW background predicted whenever either of the circumstances i), ii) or
iii) are met during inflation, can significantly overtake the irreducible GW signal (1.2) due
to quantum fluctuations. The latter are characterized by the same equation (1.5) but with
negligible anisotropic stress, ⇧TT

ij = 0 (in this case, tensor perturbations are generated by
the fast accelerated expansion of the Universe).

The possibility of detecting these inflation-related backgrounds with GW interferome-
ters, is therefore very compelling. These scenarios represent a new source of GWs, with an
amplitude much larger than the standard irreducible inflationary background,1 providing an
attractive target for the upcoming first space-based GW observer, LISA, which will have the
ability to probe a significant fraction of their parameter space.

In order to design the best configuration for the LISA mission, it becomes important to
determine what information can be extracted from a detection (or an absence of it) of signals
at the frequencies probed by LISA, underlining the importance of the complementarity with
the CMB scales. In this paper we address, specifically for the LISA mission, the scientific goal
of extracting information from the inflationary era, studying the parameter space compatible
with a detection/non-detection of a GW signal with LISA. We have combined our results
for LISA with independent constraints coming from other probes at di↵erent scales. From
our analysis we will argue that measurements of a GW signal on the small scales accessible
to LISA, will become of fundamental importance in order to provide constraints on tensor
perturbations complementary to the CMB. Spanning 16 orders of magnitudes in frequency,
from the CMB to the LISA frequencies, this represents a unique opportunity to test the
latest stage of the inflationary period, to probe the couplings of the inflaton to the latter,
the presence of extra fields besides the inflaton, and to probe the degree of violation of the
inflationary consistency relation. Concretely, we focus on four well-motivated scenarios:

• Particle production during inflation: in a broad class of well-motivated models of infla-
tion the inflaton � sources gauge fields via the coupling �Fµ⌫ F̃µ⌫ . In its turn, the gauge
field sources a population of GWs that generally have a blue spectrum and can there-
fore rise to an observable level at LISA scales. Contrary to astrophysical backgrounds,
this population has a net chirality and is highly non-Gaussian.

• Spectator field(s) during inflation: if, besides the inflaton, some spectator field(s) are
present during inflation, a classical production of GWs can take place. The amplitude

1Note that there are also alternative scenarios that may produce a large background of GWs, possibly
accessible to LISA, see e.g. [63]. In this paper, however, we only focus on the inflation-related scenarios listed
in page 5.
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ḧij (k, t) + 3H ḣij (k, t) + k2 hij (k, t) =
2

M2
Pl

⇧TT
ij (k, t) , (1.5)

where a dot denotes derivative with respect to t , H is the Hubble rate, MPl ' 2.44 ·1018GeV
is the reduced Planck mass, k is the physical momentum, and ⇧TT

ij is the source of the GWs,
corresponding to the transverse-traceless part of the anisotropic stress ⇧ij . The latter is given
by a2⇧ij = Tij � pa2 (�ij + hij), where Tij denotes the spatial components of the energy-
momentum tensor of the additional sources and p the background value of the pressure. The
amplitude of the GW background predicted whenever either of the circumstances i), ii) or
iii) are met during inflation, can significantly overtake the irreducible GW signal (1.2) due
to quantum fluctuations. The latter are characterized by the same equation (1.5) but with
negligible anisotropic stress, ⇧TT

ij = 0 (in this case, tensor perturbations are generated by
the fast accelerated expansion of the Universe).

The possibility of detecting these inflation-related backgrounds with GW interferome-
ters, is therefore very compelling. These scenarios represent a new source of GWs, with an
amplitude much larger than the standard irreducible inflationary background,1 providing an
attractive target for the upcoming first space-based GW observer, LISA, which will have the
ability to probe a significant fraction of their parameter space.

In order to design the best configuration for the LISA mission, it becomes important to
determine what information can be extracted from a detection (or an absence of it) of signals
at the frequencies probed by LISA, underlining the importance of the complementarity with
the CMB scales. In this paper we address, specifically for the LISA mission, the scientific goal
of extracting information from the inflationary era, studying the parameter space compatible
with a detection/non-detection of a GW signal with LISA. We have combined our results
for LISA with independent constraints coming from other probes at di↵erent scales. From
our analysis we will argue that measurements of a GW signal on the small scales accessible
to LISA, will become of fundamental importance in order to provide constraints on tensor
perturbations complementary to the CMB. Spanning 16 orders of magnitudes in frequency,
from the CMB to the LISA frequencies, this represents a unique opportunity to test the
latest stage of the inflationary period, to probe the couplings of the inflaton to the latter,
the presence of extra fields besides the inflaton, and to probe the degree of violation of the
inflationary consistency relation. Concretely, we focus on four well-motivated scenarios:

• Particle production during inflation: in a broad class of well-motivated models of infla-
tion the inflaton � sources gauge fields via the coupling �Fµ⌫ F̃µ⌫ . In its turn, the gauge
field sources a population of GWs that generally have a blue spectrum and can there-
fore rise to an observable level at LISA scales. Contrary to astrophysical backgrounds,
this population has a net chirality and is highly non-Gaussian.

• Spectator field(s) during inflation: if, besides the inflaton, some spectator field(s) are
present during inflation, a classical production of GWs can take place. The amplitude

1Note that there are also alternative scenarios that may produce a large background of GWs, possibly
accessible to LISA, see e.g. [63]. In this paper, however, we only focus on the inflation-related scenarios listed
in page 5.

– 4 –

Third possibility: modified kinetic terms

General action for quadratic fluctuations

• Single field inflation with canonical kinetic terms: GT = FT = 1

• But we can have much more general functions, with non-minimal couplings to scalar �

With appropriate choices, we can get any functions GT , FT

• Idea: Determine a non-attractor regime which enhance the would be decaying mode

[Mylova et al]

hij = C1 + C2
Z

dt

a3FT GT

Non-attractor Decaying mode can grow

if FT GT decreases fast in time

Magnitude of tensor fluctuation

increases at superhorizon scales

Squeezed shape of bispectrum

Parametrically large amplitude

) violate consistency relations

Wait for next talk...

Tensor non-attractor regime

Can increases amplitude of

tensor spectrum at small scales

depending on time-dependent profile of FT GT

Conceptually similar to non-attractor regime for scalar fluctuations in single field inflation

• Ultra slow-roll single field inflation,

and primordial black hole production

[Kinney et al], [Garcia-Bellido et al]

• Violation of Maldacena consistency

relation for squeezed limit of scalar nonG

[Sasaki et al]
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Third possibility: modified kinetic terms

General action for quadratic fluctuations

• Single field inflation with canonical kinetic terms: GT = FT = 1

• But we can have much more general functions, with non-minimal couplings to scalar �

With appropriate choices, we can get any functions GT , FT

• Idea: Determine a non-attractor regime which enhance the would be decaying mode

[Mylova et al]

hij = C1 + C2
Z

dt

a3FT GT

Non-attractor Decaying mode can grow

if FT GT decreases fast in time

Magnitude of tensor fluctuation

increases at superhorizon scales

Squeezed shape of bispectrum

Parametrically large amplitude

) violate consistency relations

Wait for next talk...

Tensor non-attractor regime

Can increases amplitude of

tensor spectrum at small scales

depending on time-dependent profile of FT GT

Conceptually similar to non-attractor regime for scalar fluctuations in single field inflation

• Ultra slow-roll single field inflation,

and primordial black hole production

[Kinney et al], [Garcia-Bellido et al]

• Violation of Maldacena consistency

relation for squeezed limit of scalar nonG

[Sasaki et al]
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Thanks to all my collaborators:

1 Three possible smoking-gun observables

for early universe cosmology and GW

• Rich profile of GW power spectrum (beyond single power law)

• Non-Gaussian signal

• Chirality

• (Anisotropies)

2 Theoretical Prediction of Cosmological Inflation

Stochastic background

of gravitational waves

Tensor-to-scalar ratio:

Ph
P⇣

= 16✏

Energy scale of inflation

(Di�cult to get large field excursions in quantum gravity embeddings of inflation)

Vanilla model

Size of inflaton field excursion

!

Alternative

symmetry-breaking

patterns

Non-attractor phases

3 Enhancement of scalar fluctuations at small scales

4 Primordial black holes as dark matter

leading to alternative symmetry-breaking patterns

– 2 –
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With appropriate choices, we can get any functions GT , FT

• Idea: Determine a non-attractor regime which enhance the would be decaying mode

[Mylova et al]

hij = C1 + C2
Z

dt

a3FT GT

Non-attractor Decaying mode can grow

if FT GT decreases fast in time

Magnitude of tensor fluctuation

increases at superhorizon scales

Squeezed shape of bispectrum

Parametrically large amplitude

) violate consistency relations

Wait for next talk...

Tensor non-attractor regime

Can increases amplitude of

tensor spectrum at small scales

depending on time-dependent profile of FT GT

Conceptually similar to non-attractor regime for scalar fluctuations in single field inflation

• Ultra slow-roll single field inflation,

and primordial black hole production

[Kinney et al], [Garcia-Bellido et al]

• Violation of Maldacena consistency

relation for squeezed limit of scalar nonG

[Sasaki et al]

1. 2. 3.

k2

a2

2

Thanks to all my collaborators:

1 Three possible smoking-gun observables

for early universe cosmology and GW

• Rich profile of GW power spectrum (beyond single power law)

• Non-Gaussian signal

• Chirality

• (Anisotropies)

2 Theoretical Prediction of Cosmological Inflation

Stochastic background

of gravitational waves

Tensor-to-scalar ratio:

Ph
P⇣

= 16✏

Energy scale of inflation

(Di�cult to get large field excursions in quantum gravity embeddings of inflation)

Vanilla model

Size of inflaton field excursion

!

Alternative

symmetry-breaking

patterns

Non-attractor phases

3 Enhancement of scalar fluctuations at small scales

4 Primordial black holes as dark matter

leading to alternative symmetry-breaking patterns

leading to non-attractor eras
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In all these circumstances, the spectrum of GWs associated to these new ingredients
can be rather large and blue-tilted, or exhibit a large-amplitude bump at specific scales. In
the case of additional degrees of freedom, these provide a source term in the GW evolution
equation, that in Fourier space reads

ḧij (k, t) + 3H ḣij (k, t) + k2 hij (k, t) =
2

M2
Pl

⇧TT
ij (k, t) , (1.5)

where a dot denotes derivative with respect to t , H is the Hubble rate, MPl ' 2.44 ·1018GeV
is the reduced Planck mass, k is the physical momentum, and ⇧TT

ij is the source of the GWs,
corresponding to the transverse-traceless part of the anisotropic stress ⇧ij . The latter is given
by a2⇧ij = Tij � pa2 (�ij + hij), where Tij denotes the spatial components of the energy-
momentum tensor of the additional sources and p the background value of the pressure. The
amplitude of the GW background predicted whenever either of the circumstances i), ii) or
iii) are met during inflation, can significantly overtake the irreducible GW signal (1.2) due
to quantum fluctuations. The latter are characterized by the same equation (1.5) but with
negligible anisotropic stress, ⇧TT

ij = 0 (in this case, tensor perturbations are generated by
the fast accelerated expansion of the Universe).

The possibility of detecting these inflation-related backgrounds with GW interferome-
ters, is therefore very compelling. These scenarios represent a new source of GWs, with an
amplitude much larger than the standard irreducible inflationary background,1 providing an
attractive target for the upcoming first space-based GW observer, LISA, which will have the
ability to probe a significant fraction of their parameter space.

In order to design the best configuration for the LISA mission, it becomes important to
determine what information can be extracted from a detection (or an absence of it) of signals
at the frequencies probed by LISA, underlining the importance of the complementarity with
the CMB scales. In this paper we address, specifically for the LISA mission, the scientific goal
of extracting information from the inflationary era, studying the parameter space compatible
with a detection/non-detection of a GW signal with LISA. We have combined our results
for LISA with independent constraints coming from other probes at di↵erent scales. From
our analysis we will argue that measurements of a GW signal on the small scales accessible
to LISA, will become of fundamental importance in order to provide constraints on tensor
perturbations complementary to the CMB. Spanning 16 orders of magnitudes in frequency,
from the CMB to the LISA frequencies, this represents a unique opportunity to test the
latest stage of the inflationary period, to probe the couplings of the inflaton to the latter,
the presence of extra fields besides the inflaton, and to probe the degree of violation of the
inflationary consistency relation. Concretely, we focus on four well-motivated scenarios:

• Particle production during inflation: in a broad class of well-motivated models of infla-
tion the inflaton � sources gauge fields via the coupling �Fµ⌫ F̃µ⌫ . In its turn, the gauge
field sources a population of GWs that generally have a blue spectrum and can there-
fore rise to an observable level at LISA scales. Contrary to astrophysical backgrounds,
this population has a net chirality and is highly non-Gaussian.

• Spectator field(s) during inflation: if, besides the inflaton, some spectator field(s) are
present during inflation, a classical production of GWs can take place. The amplitude

1Note that there are also alternative scenarios that may produce a large background of GWs, possibly
accessible to LISA, see e.g. [63]. In this paper, however, we only focus on the inflation-related scenarios listed
in page 5.
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Figure 4. Spectrum of GWs today h2⌦GW obtained from a numerical integration of the dynamical
equations of motion (for a model of quadratic inflaton potential, with inflaton - gauge field coupling
f = MPl/35), versus the local parametrization h2⌦GW / (f/f⇤)nT , evaluated at various pivot fre-
quencies f⇤ and with the spectral tilt nT obtained from successive approximations to the analytic
expression (3.13).

In figure 4, we compare the analytic expression (3.13) for the spectral tilt nT against the
result of a numerical evolution of ⌦GWh2. For definiteness, we choose a quadratic inflaton
potential, and we fix the coupling between the gauge field and the inflaton to f = MPl/35.
This gives ⇠N=60 ' 2.46 at the CMB scales. We observe from the figure that the final
expression for the tilt in (3.13) provides a very good approximation (red segments in the
figure) to the slope of the numerical result (blue solid line in the figure). The term (1� ✏) in
the denominator of (3.13), due to the fractional change of the Hubble rate Ḣ/H2, contributes
to nT only to second order in slow-roll parameters, and hence we disregard it. The expression
nT ' �4✏+ (4⇡⇠ � 6)(✏� ⌘) predicts correctly the slope of the numerical signal, within the
LISA frequency range, to better than ⇠ 4%. In the figure, the di↵erence between the red
segments and the true numerical signal cannot be distinguished by eye.

Let us note that for the range of ⇠ that LISA can probe [⇠ & 3.5, see figure (5)], the
term �4✏ in the final expression of (3.13) is actually negligible compared to the other terms.
We can thus further approximate the expression for the tilt as nT ' (4⇡⇠ � 6) (✏� ⌘), which
still predicts correctly the slope of the numerical signal within the LISA frequency range,
for instance in the fiducial chaotic quadratic model to better than ⇠ 10%. The advantage
of using this simplified expression for the tilt is that it allows us to reduce the number of
independent variables that the GW signal depends on, from {HN , ⇠, ✏, ⌘} to {HN , ⇠, (✏� ⌘)}.
This simplifies our next goal, which is to obtain a model-independent parameter estimation
based on the LISA sensitivity curves.

In figure 5 we plot the region in the parameter space (⇠, ✏ � ⌘) that LISA is capa-
ble of probing, with the left and right panels depicting, LISA’s best (A5M5) and worst
(A1M2) configurations, respectively. In both panels we take as a pivot scale f⇤ the frequency

of the minimum of each LISA sensitivity curve h2⌦(AiMj)
GW (f), with f⇤|A5M5 ' 0.00346 Hz
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1 A blue tensor spectrum from inflation

I Study of scalar fluctuations give info about inflation, excluding some models

Power spectrum �R

...but not enough observable parameters are available to single out the correct scenario

✏ = � Ḣ

H2
⌧ 1

Action: free massless spin-2 field in quasi de Sitter space

�h(k) = �0
h

✓
k

k?

◆nT /2

I Direct detection at interferometers? Problem

Red tensor power spectrum, nT < 0 has

too small amplitude for being detected

Observables providing important info about inflation

2 How to get nT > 0 ?

I LISA Cosmology working group: astro-ph.CO 1610.0648

Well motivated theoretical models of inflation which can be tested with LISA

- Particle production during inflation

- Generalized pattern of symmetry breaking

- ...
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11 charlas

Enhancing primordial gravity waves during inflation

Cosmological Inflation

Application of QFT in curved space-time to cosmology

Predictions: Stochastic Backgrounds of Fluctuations

Prediction: Stochastic Backgrounds of Gravitational Waves

Why is it so interesting?

• Smoking gun of inflation:

very di�cult to get with alternative theories

• Allow us to understand much better the inflationary mechanism

thanks to the fact that gravity waves interact so feebly with matter

Future Research

Build on my expertise

)

Well motivated by particle physics

and QFT arguments

Theory , Experiment

Quantum Field Theory

in Curved Space-Time

Rightarrow

General Relativity

and Theories of Gravity

[Sorbo, Peloso et al]
LISA Cosmology Working Group

Cosmology

12

Thanks to all my collaborators:

N. Bartolo, D. Bertacca, D. Cannone, C. Caprini, E. Dimastrogiovanni, V. Domcke,

M. Fasiello, D. Figueroa, J. Garcia-Bellido, S. Matarrese, M. Mylova, S. Parameswaran,

M. Peloso, C. Powell, O. Özsoy, A. Ricciardone, A. Riotto, L. Sorbo, D. Wands,

I. Zavala

Probing the Physics of Inflation with

Gravitational Waves

First possibility: source terms

Scalar power spectrum

Parametrically enhanced sqz nG: violates Maldacena’s consistency relation

[Contaldi], [Bartolo et al]

3

Tensor fluctuations ( (Scalar Fluctuations)2

Moral

...and many possible ‘smoking guns’ of cosmological origin of a SGWB

(astro signal is Gaussian)

• Anisotropies

Intrinsic

Induced

Phase decorrelations due to propagation in a perturbed universe

Anisotropies of SGWB

Primordial origin

(for example, induced by primordial nonG)

Induced by propagation e↵ects

in a perturbed background

[Alba, Maldacena]

...where issues of phase decorrelations do not apply

!
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Thanks to all my collaborators:

1 Three possible smoking-gun observables

for early universe cosmology and GW

• Rich profile of GW power spectrum (beyond single power law)

• Non-Gaussian signal

• Chirality

2 Problem:

GWs from di↵erent directions tend to ‘Gaussianize’ the signal

for the central limit theorem

GW emitted from

different patches of sky Detector

3 Way out: measure correlators of GWs originating from the same patch

Squeezed non-Gaussianity

Folded non-Gaussianity

Quadrupolar modulation

of detector overlap function

4 Chirality

Ground-based detector overlap functions are sensitive to chirality

[Seto; Crowder et al]

Still work to be done to forecast sensitivity to chirality for future detectors

Small-momentum mode

induces correlations

5 Chirality

6 new stu↵

...paying special emphasis on distinctive features

to distinguish them from astrophysical backgrounds

7 Secondary GWs produced during radiation domination
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�

V(�)

PBHs CMB

reheating

Figure 2. Schematic representation of the kind of inflationary potential required to fit the CMB data,
produce PBHs and reheat the Universe after inflation.

this happens twice for each k-mode; first during inflation itself, when H = H/a is approximately
constant; and then after the end of it, when H�1 grows in the subsequent epochs. In the usual
single field slow-roll framework, the cosmological perturbations of wavenumber k generated during
inflation remain essentially constant in between these two crossing times, with an amplitude, As,
that is approximately given by4

As =
1

24⇡2M2
P

V

✏V
, where ✏V =

M2
P

2

✓
V 0

V

◆2

, (1.2)

V and V 0 are the inflationary potential and its first derivative and MP = 1/
p
8⇡G = 2.8435 ⇥

10

18 GeV is the reduced Planck mass. Therefore, the mass of the PBHs is determined by the
dynamics of the Universe during inflation and can be linked to the number of e-folds of expansion
elapsed since the largest observable distance today became equal to H�1 during inflation.

The CMB constrains As to be of the order of 10�9 at those scales, whereas the values required
for creating PBHs are much larger, typically As ⇠ 10

�3–10�2. If we assume that the potential
V is nearly constant during inflation (which is indeed the case in standard slow-roll, leading to a
quasi-de Sitter universe), the expression (1.2) tells that the required enhancement of As may be
achieved by significantly reducing the value of the slow-roll parameter ✏V . Since this parameter
quantifies the flatness of the potential, PBHs are produced provided that the rolling field encounters
a sufficiently flat region of the potential during the course of inflation, which generates a peak in
the spectrum of primordial fluctuations. To the best of our knowledge, this idea was first proposed
in [35], where it was pointed out that a single-field inflationary potential that produces a PBH
population capable of accounting for the DM must feature a near-inflection point.

A renormalizable potential that can have an inflection point is (see e.g. [36, 37]):

V (�) = a2 �
2
+ a3 �

3
+ a4 �

4 , (1.3)
4We will later show that this approximation cannot be safely used in the cases of interest, and we will indeed

require a more accurate expression. However, it is sufficient to illustrate well the point we want to convey now.
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I. Zavala

Probing the Physics of Inflation with
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1 MEMENTO

• ricorda di mettere nel second tal le previsioni di Starobinsky

• cerca di motivare la sezione successiva dicendo che amplificazione puo’ anche coin-

volgere il settore scalare – dark relics e PBH – spiega la storia di enhancement

The scalar field driving inflation slowly rolls along a potential,

in a quasi-de Sitter background metric

Starobinsky model: r = 3(ns � 1)2 = 3⇥ 10�3 for ns = 0.968

Formula for r depends on model: Starobinsky R2 predicts r = 3(ns � 1)2 then r =

3⇥ 10�3 for ns = 0.968

Enhancement of primordial tensor modes at interferometer scales

Idea similar to production of primordial black holes from inflation

PBH as dark matter candidates

What can we learn from enhanced tensor modes during inflation?

• Interactions of inflaton scalar sector or tensor sector with other fields

• Presence of higher spin fields/breaking of space-time symmetries

• Strong violation of slow-roll conditions during few e-folds during inflation

[Özsoy et al]

First possibilty: interactions among fields during inflation
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3

The evolution equation is calculated by expanding the Einstein field equation up to second order including quadratic
terms in the first-order scalar modes. The only contributions from pure second order matter fluctuations would come
from a transverse and traceless contribution to the anisotropic stress which we ignore in this analysis. Thus, calculating
the transverse, trace-free spatial part of the field equations yields [19, 20]

h′′
ij + 2Hh′

ij −∇2hij = −4T̂ij
lmSlm. (13)

The source term is given by [19, 20]

Sij = 4ΦΦ|ij + 2Φ|iΦ|j −
3

κ2a2ρ

[

H2Φ|iΦ|j + 2HΦ|iΦ
′
|j + Φ′

|iΦ
′
|j

]

. (14)

A pipe denotes the spatial covariant derivative, and κ2 = 8πG. This expression is consistent with the second-order
Ricci tensor for scalar perturbations about an FRW background calculated in Ref. [21].

In Fourier space we then find the amplitude of the tensor mode, for either polarisation, obeys the evolution equation

h′′(k, η) +
2

η
h′(k, η) + k2h(k, η) = S(k, η), (15)

where the source term is given by

S(k, η̃) =
qij(k)

(2π)3/2

∫

d3k̃ k̃ik̃j

{

12Φ(k − k̃, η̃)Φ(k̃, η̃) +

[

η̃Φ(k − k̃, η̃) +
η̃2

2
Φ′(k − k̃, η̃)

]

Φ′(k̃, η̃)

}

. (16)

The particular solution for the gravitational waves is then given by an integral over the Greens function

h(k, η) =
1

a(η)

∫ η

η0

Gk(η, η̃)a(η̃)S(k, η̃)dη̃, (17)

where

Gk(η, η̃) =
4

π2k

[

sin(kη) cos(kη̃) − cos(kη) sin(kη̃)
]

. (18)

The power spectrum of the induced GW is defined in the usual manner,

⟨h(k1, η)h(k2, η)⟩ =
2π2

k3
δ(k1 − k2) Ph(k, η). (19)

Substituting for h(k, η) and using Wick’s theorem, and using spherical coordinates in Fourier space we find that

Ph(k, η) =
1

8π4a(η)2

∫ η

η0

dη̃2

∫ η

η0

dη̃1 a(η̃1)a(η̃2)

∫ ∞

0
dk̃

∫ u+

u−

du k2Gk(η, η̃1)Gk(η, η̃2)F (k̃, k, u; η̃1, η̃2). (20)

The variable u is given by

u =
√

1 + (k̃/k)2 − 2(k̃/k) cos θ, (21)

where θ is the angle between the modes k and k̃, and the limits of integration u± correspond to the angles θ = 0, π
respectively. The integrand F in Eq. (20) is found to be

F (k̃, k, u; η̃1, η̃2) = uk̃
[

(2kk̃)2 − ((uk)2 − k2 − k̃2)2
]2

×
{

3Φ(uk, η̃1)Φ(k̃, η̃1) +
[

2η̃1Φ(uk, η̃1) + η̃2
1Φ

′(uk, η̃1)
]

Φ′(k̃, η̃1)
}

×
{

3Φ(uk, η̃2)Φ(k̃, η̃2) + η̃2
2Φ

′(uk, η̃2)Φ
′(k̃, η̃2) + η̃2

[

Φ(uk, η̃2)Φ
′(k̃, η̃2) + Φ(k̃, η̃2)Φ

′(uk, η̃2)
]}

.(22)

where we distinguish between the Gaussian random variable Φ(k, η) in Eq. (16) and its amplitude Φ(k, η) in Eq. (22)
which we take to be isotropic. We introduce the following dimensionless variables

v =
k̃

k
, x = kη (23)
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1 Three possible smoking-gun observables

for early universe cosmology and GW

• Rich profile of GW power spectrum (beyond single power law)

• Non-Gaussian signal

• Chirality

2 Problem:

GWs from di↵erent directions tend to ‘Gaussianize’ the signal

for the central limit theorem

GW emitted from

different patches of sky Detector

3 Way out: measure correlators of GWs originating from the same patch

Squeezed non-Gaussianity

Folded non-Gaussianity

Quadrupolar modulation

of detector overlap function

4 Chirality

Ground-based detector overlap functions are sensitive to chirality

[Seto; Crowder et al]

Still work to be done to forecast sensitivity to chirality for future detectors

Small-momentum mode

induces correlations

5 Chirality

6 new stu↵

...paying special emphasis on distinctive features

to distinguish them from astrophysical backgrounds

7 Secondary GWs produced during radiation domination
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• ricorda di mettere nel second tal le previsioni di Starobinsky

• cerca di motivare la sezione successiva dicendo che amplificazione puo’ anche coin-

volgere il settore scalare – dark relics e PBH – spiega la storia di enhancement

The scalar field driving inflation slowly rolls along a potential,

in a quasi-de Sitter background metric

Starobinsky model: r = 3(ns � 1)2 = 3⇥ 10�3 for ns = 0.968

Formula for r depends on model: Starobinsky R2 predicts r = 3(ns � 1)2 then r =

3⇥ 10�3 for ns = 0.968

Enhancement of primordial tensor modes at interferometer scales

Idea similar to production of primordial black holes from inflation

PBH as dark matter candidates

What can we learn from enhanced tensor modes during inflation?

• Interactions of inflaton scalar sector or tensor sector with other fields

• Presence of higher spin fields/breaking of space-time symmetries

• Strong violation of slow-roll conditions during few e-folds during inflation

[Özsoy et al]

First possibilty: interactions among fields during inflation

Transient instabilities in scalar/vector sectors feed tensor modes at small scales
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FIG. 1: Overview on the present experimental constraints on the abundance of PBH for a monocromatic spectrum (from
Ref. [23] and references therein): in orange, constraints from the CMB; in green, dynamical constraints from White Dwarves
and Ultra-Faint Dwarf galaxies; in blue, micro- and milli- lensing observations from Eros, Kepler, Subaru HSC; in yellow,
the observations of extra-galactic �-ray background. Superimposed can be found the PBH abundances as a function of mass
obtained for both power spectra in Eqs. (2.14) and (2.16), where we have defined k? = 2⇡fLISA. The total abundance is obtained
by integrating over the masses and the parameters have been chosen to get a PBH abundance equal to the one of dark matter,
respectively As = 0.033, A⇣ = 0.044 and �⇣ = 0.5.

the initially correlated phases of the GWs fully uncorrelated. As we will show, this wipes out the bispectrum. It can
also be seen as the central theorem in action once the ensemble averaging over the various directions is performed.
Unfortunately, this e↵ect seems to be general and not peculiar of our set-up and invalidates some results about the
measurement of the tensor bispectrum through interferometers which appeared recently in the literature.
The reader should also be aware of the fact that the PBH abundance is exponentially sensitive to the amplitude

of the variance. This means that a small decrease of �2

�

(and therefore the amplitude of the power spectrum of the
comoving curvature perturbation) may reduce significantly the abundance. This, to some extent, plays in our favour
as it implies that, even if fPBH ⌧ 1, the corresponding GWs might be anyway tested by LISA.
The paper is organised as follows. In section II we describe the calculation leading to the GW power spectrum

for two di↵erent shapes of the comoving curvature perturbations; section III is devoted to the calculation of the GW
bispectrum. Section IV contains the details of the e↵ects of the propagation. Section V contains our conclusions.
The paper contains as well four Appendices where some technicalities are provided, including an analysis of the LISA
response functions for the bispectrum.
A short version of this paper presenting some of the main results can be found in Ref. [32].

II. THE POWER SPECTRUM OF GRAVITATIONAL WAVES

The equation of motion for the GWs is found by expanding the tensor components of the Einstein’s equations up to
second-order in perturbations2

h00
ij + 2Hh0

ij �r2hij = �4Tij`mS`m, (2.1)

where we defined 0 to denote the derivative with respect to conformal time ⌘, d⌘ = dt/a, H = a0/a as the conformal
Hubble parameter as a function of the scale factor a(⌘) and the source term S`m which, in a radiation dominated
(RD) universe, takes the form [15]

Sij = 4 @i@j + 2@i @j � @i

✓

 0

H + 

◆

@j

✓

 0

H + 

◆

. (2.2)

2 We do not consider the free-streaming e↵ect of neutrinos on the GW amplitude [33].
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What can we learn from enhanced tensor modes during inflation?

• Interactions of inflaton scalar sector or tensor sector with other fields

• Presence of higher spin fields/breaking of space-time symmetries

• Strong violation of slow-roll conditions during few e-folds during inflation

Echoes of GWs from PBH production

[Ananda et al, Baumann et al]

[Alabidi et al, Garcia-Bellido et al]

PBH production

[Özsoy et al]

First possibilty: interactions among fields during inflation

Third possibilty: strong (but brief) violation of slow-roll conditions

Transient instabilities in scalar/vector sectors feed tensor modes at small scales
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FIG. 2: Comparison of the estimated sensitivity for LISA [39] (the proposed design (4y, 2.5 Gm of length, 6 links) is expected
to yield a sensitivity in between the ones dubbed C1 and C2 in Ref. [40]) with the GW abundance generated at second-orderby
the formation mechanism of PBHs for both power spectra in Eqs. (2.14) and (2.16), where we used the following values for the
parameters: As = 0.033, A⇣ = 0.044 and �⇣ = 0.5.

III. THE PRIMORDIAL BISPECTRUM OF GWS

We already stressed the fact that, being intrinsically at second order, the GWs are non-Gaussian; hence their primordial
three-point correlator is not vanishing. One can compute it following the procedure highlighted in Ref. [35]. Computing
the three-point function using Eq. (2.6) gives
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Figure 12. The behavior of the scalar power spectrum profile (4.5) inspired by our results in Sections 2
and 3 (Left). The corresponding GW density spectrum during the radiation dominated era derived via eqs.
(4.1) and (4.2). In the right panel, the spectral dependence of GW energy density in the IR, ⌦gw / k2.3

and UV, ⌦gw / P2
R / k�1.6 is shown by dashed purple and blue lines respectively.

neglecting the non-Gaussianity15 of primordial fluctuations, the amplitude of the tensor power

spectrum at conformal time ⌧ and a scale k can be written as a convolution of the two copies of

curvature power spectrum,

P
h

(⌧, k) =

Z 1

0
dv

Z 1+v

|1�v|
du K(⌧, u, v)PR(u k)PR(v k) (4.1)

with K(⌧, u, v) a function whose complete expression can be found in [88], and PR is the curvature

power spectrum. Using the formula provided in (4.1), GW energy density can then be calculated

through [44, 95–97],

⌦gw(⌧, k) =
1

24

✓
k

a(⌧)H(⌧)

◆2

P
h

(⌧, k) , (4.2)

where the overline indicates time averaging over oscillations of the tensor power spectrum. The

expressions in (4.1) and (4.2) implies that if the curvature spectrum is enhanced by the mech-

anisms discussed in the previous Sections, the tensor power spectrum can be enhanced as well,

and provide a SGWB directly detectable with GW experiments. The case of secondary GWs pro-

duced during radiation domination is interesting because the corresponding SGWB corresponds

to a range of frequencies that can be detected with PTA experiments (see e.g. [98, 99]); at the

same time, the curvature perturbation spectrum itself (that sources the GWs through second-

order e↵ects) is enhanced at scales such that can lead to the formation of PBH with masses in

the LIGO-Virgo band. Focussing then on the case of radiation domination, and making use of

eq. (4.1), we are going to compute the amplitude of the GW energy density (4.2) in the SGWB

for three di↵erent choices of spectral slopes:

PR(k) = A
s

� (ln (k/k
p

)) , (4.3)

PR(k) = 4A
s

(k/k
p

)4 for k  k
p

, 0 otherwise, (4.4)

15The spectrum of GWs induced by non-Gaussian scalar perturbations is studied in [93, 94].
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Figure 13. Spectral dependence of ⌦gw induced during the radiation dominated era by di↵erent choices
of primordial scalar power spectrum provided in eqs. (4.3) (Black), (4.4) (Dashed-red) and (4.5) (solid-
orange).

PR(k) =
2.674 A

sh
c4(k/kp)�4 + c3 (k/kp)�3 + c3/2 (k/kp)�3/2 + c�0.4 (k/kp)0.4

i2 (4.5)

with an aim to compare our results with the results of [39]. In the last choice of power spectrum

in eq. (4.5), we have the following parameter choices c4 = 2.42⇥ 10�5, c3 = 2.94⇥ 10�4, c3/2 =

5.7 ⇥ 10�1, c�0.4 = 2.15. For the power law profile in (4.4), we make the hypothesis that

the spectral slope decay abruptly at the peak k = k
p

, whereas in (4.5) the parameters are

chosen such that spectra decays as k�0.8 as in the model we discussed in Section 3.3. All the

three spectra shown above are normalised to A
s

when integrated over all momenta in log-space,

i.e.
R
d(ln k) PR = A

s

.

The power spectrum in eq. (4.3) corresponds to a delta-like spectrum peaked to a given

frequency in log-space, whereas (4.4) corresponds to a spectrum characterised at all frequencies

by the maximal slope allowed by [39]. (Choices (4.3) and (4.4) were already compared in [39].) To

represent realistic models, the scalar power spectrum in (4.5) is engineered to allow for a cascade

decay of powers in the slope: from k7 to k3 as scales increase towards the peak of the spectrum

(as motivated for example by the results of Section 3.1). Moreover, after the peak, (4.5) provides

a gentle decrease in power k�0.8 that is meant to represent the transition from non-attractor to

final attractor phase in realistic models, as investigated in Section 3.3. Such spectral profile is

represented in the left panel of Figure 12.

Evaluating the integrals associated with expressions (4.1) and (4.2) numerically, we present

our results on ⌦GW
16 in the right panel of Figure 12 for the corresponding power spectrum profile

in (4.5) whereas in Figure 13 we compare this results on ⌦gw with the ones obtained from the

first two profiles provided in (4.3) and (4.4). The black and red curves (already discussed in [39])

16Notice that we represent the amplitude of ⌦GW at the time of production during radiation domination. The
amplitude of the GW energy density today can be obtained making use of appropriate scalings and transfer
functions, see e.g. the detailed review in [100].
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initial condition. As a consequence, the physical momentum of the individual gravitons
redshifts proportionally to 1/a, and the physical graviton number density n /

R
d3p f̄(q)

is diluted as a�3 as the universe expands. This is also the case for CMB photons, whose
distribution function f̄

CMB

= (ep/T � 1)�1 is only controlled by the ratio p/T / a p = q,
where T is the temperature of the CMB bath. We see that these rescalings with a are a
consequence of the free particle propagation in the expanding FLRW background, and they
do not rely on the distribution being thermal.

As anticipated, from the graviton distribution function, evaluated at the present time
⌘0, we can compute the SGWB energy density

⇢GW (⌘0, ~x) =
1

a40

Z
d3q q f (⌘0, ~x, q, n̂) ⌘ ⇢crit,0

Z
d ln q ⌦GW (~x, q) , (2.6)

where we have introduced the spectral energy density ⌦GW and the critical density ⇢crit =
3H2M2

p

. Here H ⌘ (1/a2) da/d⌘ is the Hubble rate. Following standard conventions, the
su�x 0 denotes a quantity evaluated at the present time.

Contrary to most of the studies of the SGWB, that assume a homogeneous ⌦GW, in our
case the GW energy density depends on space. We denote the homogeneous component of
⌦GW as

⌦̄GW (q) ⌘ 4⇡

⇢crit,0

✓
q

a0

◆4

f̄ (q) , (2.7)

For the full spectral energy density, we define

⌦GW ⌘ 1

4⇡

Z
d2n̂ !GW(~x, q, n̂) , (2.8)

and we introduce the SGWB density contrast

�GW ⌘ !GW(~x, q, n̂)� ⌦̄GW(q)

⌦̄GW(q)
=


4� @ ln ⌦̄GW (q)

@ ln q

�
� (⌘0, ~x, q, n̂) . (2.9)

In terms of the function �, the first order Boltzmann equation reads [15]
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where
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2
ninj
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ij

@⌘

is the source function which includes the physical e↵ects due to cosmological scalar and
tensor inhomogeneities. We note that the source is q�independent (thus showing that the
anisotropies arising at first order from propagation e↵ects are frequency-independent, as we
anticipated).

To solve this equation, it is convenient to Fourier transform with respect to spatial
coordinates,

� ⌘
Z

d3k

(2⇡)3
ei
~

k·~x�
⇣
⌘, ~k, q, n̂

⌘
, (2.11)

and analogously for the other variables (we use the same notation for a field and for its
Fourier transform, as the context always clarifies which object we are referring to). This
leads to

�0 + i k µ� = S(⌘,~k, n̂) , (2.12)
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where from now on prime denotes a derivative with respect to conformal time, and where we
denote by

µ ⌘ k̂ · n̂ , (2.13)

the cosine of the angle between the Fourier variable ~k and the direction of motion n̂ of the
GW. In Fourier space the source term reads

S =  0 � ik µ�� 1

2
ninj �0

ij

. (2.14)

With this information in mind, Eq. (2.12) is readily integrated to give
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(2.15)

We integrate the second term in the second line by parts, and obtain
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(2.16)

with the last two terms in the first line being the boundary terms of this integration. In the
following section, we decompose the n̂-dependence of the solution (representing the arrival
direction of the GW on our sky) in spherical harmonics. As we are not interested in the
monopole term, we can disregard the ��(⌘, ~k) contribution to the solution, and write

�
⇣
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. (2.17)

The first term, which was disregarded in [15], carries the “memory” of the initial conditions.
Due to this term, the GW energy density anisotropies are generically dependent on the
frequency q. We discuss an example of this fact in Section 5, where we study the SGWB
produced in axion inflation.

Generally, this term has also a dependence on n̂. This implies that the solution has a
dependence on the direction n̂, which is more general than the one arising from the projec-
tion of ~k on the line of sight n̂. (Indeed, the remaining terms in Eq. (2.17) depend on n̂
only through the µ ⌘ k̂ · n̂ combination. Thanks to this fact, they result in angular corre-
lators that are statistically isotropic (as we show in the next two sections).) On the other
hand, the angular dependence present in the first term of (2.17) could result in statistically
anisotropic correlators (specifically, 2-point and 3-point correlators) that have a more general
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initial condition. As a consequence, the physical momentum of the individual gravitons
redshifts proportionally to 1/a, and the physical graviton number density n /

R
d3p f̄(q)

is diluted as a�3 as the universe expands. This is also the case for CMB photons, whose
distribution function f̄

CMB

= (ep/T � 1)�1 is only controlled by the ratio p/T / a p = q,
where T is the temperature of the CMB bath. We see that these rescalings with a are a
consequence of the free particle propagation in the expanding FLRW background, and they
do not rely on the distribution being thermal.

As anticipated, from the graviton distribution function, evaluated at the present time
⌘0, we can compute the SGWB energy density

⇢GW (⌘0, ~x) =
1

a40

Z
d3q q f (⌘0, ~x, q, n̂) ⌘ ⇢crit,0

Z
d ln q ⌦GW (~x, q) , (2.6)

where we have introduced the spectral energy density ⌦GW and the critical density ⇢crit =
3H2M2

p

. Here H ⌘ (1/a2) da/d⌘ is the Hubble rate. Following standard conventions, the
su�x 0 denotes a quantity evaluated at the present time.

Contrary to most of the studies of the SGWB, that assume a homogeneous ⌦GW, in our
case the GW energy density depends on space. We denote the homogeneous component of
⌦GW as

⌦̄GW (q) ⌘ 4⇡

⇢crit,0

✓
q

a0

◆4

f̄ (q) , (2.7)

For the full spectral energy density, we define

⌦GW ⌘ 1

4⇡

Z
d2n̂ !GW(~x, q, n̂) , (2.8)

and we introduce the SGWB density contrast

�GW ⌘ !GW(~x, q, n̂)� ⌦̄GW(q)

⌦̄GW(q)
=


4� @ ln ⌦̄GW (q)

@ ln q

�
� (⌘0, ~x, q, n̂) . (2.9)

In terms of the function �, the first order Boltzmann equation reads [15]
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is the source function which includes the physical e↵ects due to cosmological scalar and
tensor inhomogeneities. We note that the source is q�independent (thus showing that the
anisotropies arising at first order from propagation e↵ects are frequency-independent, as we
anticipated).

To solve this equation, it is convenient to Fourier transform with respect to spatial
coordinates,

� ⌘
Z

d3k

(2⇡)3
ei
~

k·~x�
⇣
⌘, ~k, q, n̂

⌘
, (2.11)

and analogously for the other variables (we use the same notation for a field and for its
Fourier transform, as the context always clarifies which object we are referring to). This
leads to

�0 + i k µ� = S(⌘,~k, n̂) , (2.12)
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IV. RESULTS

We define the bispectrum of the right-handed modes
in the super horizon limit as
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We find that the contributions from the diagrams (i) and

(ii) in Fig. 1 dominate. The contribution from L
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with r
i

= k
i

/k
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(i = 1, 2, 3). The triangle condition
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; the bispectrum vanishes
otherwise. The other functions are defined as
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integration result is not sensitive to the cuto↵ [29].

The contribution from L
(ii)

3

is

k2
1

k2
2

k2
3

B
(ii)

h

(k
1

, k
2

, k
3

) = 4⌅✏
B

e⇡(2mQ+m

�1

Q )(H/M
Pl

)4

⇥
h

F⇤2Ñ
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FIG. 2. The 3D plot of the numerical result of
1013(k1k2k3)

2(B(i)
h + B(ii)

h ). Only r3  r2 is shown. The
bispectrum vanishes for r2 + r3 < 1 by the triangle condition.

In Fig. 2, we plot the bispectrum for m
Q

= 3.45 and
✏
B

= 3 ⇥ 10�5, which yield the tensor-to-scalar ratio
parameter of the sourced GW of r

sourced

= 0.0472. The
expansion rate during inflation is H = 1.28⇥ 1013 GeV,
and the vacuum contribution (including both right- and
left-handed modes) is r

vac

= 0.00256. We only show
r
3

 r
2

to avoid duplication.

We find that the bispectrum vanishes in the so-called
“folded limit”, r

2

+r
3

= 1. This appears to be true gener-
ally for the bispectrum of right-handed modes at the tree
level. This is a consequence of the contraction of three
polarization tensors. For example, trace of the product of
three polarization tensors, eR

ij

(k
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)eR
jk

(k
2

)eR
ki

(k
3

), is equal
to ⌅ (Eq. (22)), which vanishes in the folded limit because
it contains r

2

+r
3

�1. We find that other possible contrac-
tions of three polarization tensors multiplying derivative
operators and ✏ijk are also proportional to r

2

+ r
3

� 1 at
the tree level.

The shape of the bispectrum is similar to the so-called
equilateral template, F eq(k

1

, k
2

, k
3

) [37], but is di↵erent
in details. When r

2

and r
3

are comparable it rises sharply
from zero at the folded limit, reaches the maximum at
r
2

= r
3

⇡ 0.6, and then flattens out towards higher
values of r

2

or r
3

. When r
3

⌧ r
2

it oscillates due to
the Whittaker function: for the diagram (i) it peaks at
r
2

= r
3

⇡ 0.6 and goes to zero in the squeezed limit
with a damped oscillation. For the diagram (ii), which
is sub-dominant (but is within an order of magnitude of
the diagram (i)), it peaks at the equilateral limit and ap-
proaches zero in the squeezed limit, also with a damped
oscillation.

Similarity of two shapes of the bispec-
trum can be quantified using a cosine de-
fined as B
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p
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[38], where dot-products denote X · Y ⌘
R

1

0

dr
2

R

1

1�r

2

dr
3

(r
2

r
3

)4X(1, r
2

, r
3

)Y (1, r
2

, r
3

). We
find 0.89 for the above model parameters, which implies
that, despite the di↵erences in details, these two shapes
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1 Three possible smoking-gun observables

for early universe cosmology and GW

• Rich profile of GW power spectrum (beyond single power law)

• Non-Gaussian signal

• Chirality

2 Problem:

GWs from di↵erent directions tend to ‘Gaussianize’ the signal

for the central limit theorem

GW emitted from

different patches of sky Detector

3 Way out: measure correlators of GWs originating from the same patch

Squeezed non-Gaussianity

Folded non-Gaussianity

Quadrupolar modulation

of detector overlap function

4 Chirality

Ground-based detector overlap functions are sensitive to chirality

[Seto; Crowder et al]

Still work to be done to forecast sensitivity to chirality for future detectors

Small-momentum mode

induces correlations

5 Chirality

6 new stu↵

...paying special emphasis on distinctive features

to distinguish them from astrophysical backgrounds

7 Secondary GWs produced during radiation domination

[Saito,Yokoyama] ...

8 The SGWB is anisotropic, and non-Gaussian
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Before going into the details of the computation of the correlators, one can have a deeper
look of the ISW contribution to estimate its value with respect to the other. Introducing the
variable ⌘0 = ⌘/⌘

0

and parametrising the scalar transfer functions as

T
�

(⌘, q) = T
 

(⌘, q) =
3

5
g(⌘), (3.14)

one gets

T S
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h
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d⌘0
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@⌘0
j
`

�
q⌘

0

(1 � ⌘0)
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, (3.15)

where we neglected the term q⌘
in

in the Bessel function of the first term. Starting from the
expression of g(⌘), see for example Ref. [53, 54], one can use the analytical fit given by [55]

@g(⌘0)

@⌘0
= �1.25⌘05 (3.16)

to perform the integral numerically, finding that the ISW e↵ect is subdominant. Therefore
one can approximate the total contribution of the long mode, at leading order in the non-
linear parameter, through the quantity

�
`m,I+S

(k) ' 4⇡ (�i)`
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d3q

(2⇡)3
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h
1 + f̃NL (k)
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� ⌘
in

)) . (3.17)

In the following subsections we will compute the two-point and three-point functions of the
rescaled energy density as a function of the long modes power spectra and the local non-linear
parameter.

3.1 Two-point function

We start with the computation of the two-point function

⌦
�
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Using the orthonormality of the spherical harmonics and for the choice of a scale invariant
power spectra of the long modes P

⇣L(q) = P
⇣L , the previous expression becomes
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Following the notation of [44], one can define the two-point function as
⌦
�
`1m1,I+S

(k) �⇤
`2m2,I+S

(k)
↵

= �
`1`2�m1m2 C

`,I+S
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such that one finally gets
r
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1 + f̃NL (k)

10

�����

✓ P
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2.2 · 10�9

◆
1/2

(3.21)

which has been evaluated for value of the non-linear parameter close to its upper bound (3.2)
and using the CMB value for the power spectrum of the long modes.
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Figure 2. Feynman diagram for the energy density two-point function connected by a fNL bridge.
The double wiggly line indicates a ⇣L long mode.

function in Eq. (2.3), not yet averaged over the long modes, results in
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In practice, it is convenient to write down the energy density before correlating over the long
modes as

⇢GW(⌘, ~x) = ⇢̄GW(⌘)


1 +

24

5
fNL

Z
d3q

(2⇡)3
ei~q·~x ⇣

L

(~q)

�
, (3.4)

where the term ⇢̄GW defines the energy density field at zeroth order in the non-linear pa-
rameter, while the second term in the square brackets accounts for the presence of such a
non-Gaussianity. From the energy density one can immediately compute the GWs abundance
as

⌦GW(⌘, ~x, k) = ⌦̄GW (⌘, k)


1 +

24

5
fNL

Z
d3q

(2⇡)3
ei~q·~x ⇣

L

(~q)

�
, (3.5)

where the term ⌦̄GW (⌘, k) identifies the contribution with the absence of the long mode, see
Eq. (2.7).

Following the notation in [44], one can estimate the amount of anisotropy in the GW
abundance by introducing the contrast

�GW(⌘, ~x,~k) =
⌦GW(⌘, ~x, ~k) � ⌦̄GW (⌘, k)

⌦̄GW (⌘, k)
⌘ �

I

(⌘, ~x,~k)

✓
4 � @ ln ⌦̄GW(⌘, k)

@ ln k

◆
, (3.6)

in terms of the quantity

�
I

(⌘, ~x,~k) =
3

5
f̃NL (k)

Z
d3q

(2⇡)3
ei~q·~x ⇣

L

(~q) , f̃NL (k) ⌘ 8 fNL

4 � @ ln

¯

⌦GW(⌘, k)

@ ln k

. (3.7)

This term carries all the information about the amount of anisotropy due to the initial
conditions (su�x I). We choose to define the variable � by following the notation used
in [44] where the subsequent propagation of the GWs in a perturbed FLRW universe was
originally studied by solving the free Boltzmann equation (for a discussion on the graviton
collisional corrections see [52] and Refs. therein). Fig. 3 shows the behaviour of the rescaled
non-linear parameter as a function of the GW momentum for the choice of a Dirac delta and
gaussian power spectrum.

Setting our location at the origin and defining ~k = k n̂, then the position of the source
term is at ~x = n̂(⌘

in

� ⌘), where ⌘
in

indicates the emission time which we associate to the
moment when the modes k⇤ re-enter the horizon and give rise to the signal we are considering
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2-pt function for the SGWB energy density

3-pt function: equilateral shape for GW bispectrum
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Figure 2. Feynman diagram for the energy density two-point function connected by a fNL bridge.
The double wiggly line indicates a ⇣L long mode.

shape (3.1). The Planck collaboration [46] constrained the local non-linear parameter to

� 11.1  fNL  9.3 , at 95% C.L. (3.2)

At the diagrammatic level, computing the two-point function using (3.1) results in adding
trilinear vertices ⇣3, each proportional to fNL. In particular, vertices involving two short-scale
and one long-scale mode connect the disconnected diagram of Figure 1 into the connected
diagram of Figure 2. For brevity, we will denote this connection as an “fNL bridge”. In the
peak-background split picture, one can expand the Gaussian comoving curvature perturba-
tion field ⇣

g

as the sum of a short ⇣
s

and a long ⇣
L

components. In such a case, the four-point
function in Eq. (2.3), not yet averaged over the long modes, results in
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In practice, it is convenient to write down the energy density before correlating over the long
modes as

⇢GW(⌘, ~x) = ⇢̄GW(⌘)


1 +

24

5
fNL

Z
d3q

(2⇡)3
ei~q·~x ⇣

L

(~q)

�
, (3.4)

where the term ⇢̄GW defines the energy density field at zeroth order in the non-linear pa-
rameter, while the second term in the square brackets accounts for the presence of such a
non-Gaussianity. From the energy density one can immediately compute the GWs abundance
as

⌦GW(⌘, ~x, k) = ⌦̄GW (⌘, k)


1 +

24

5
fNL

Z
d3q

(2⇡)3
ei~q·~x ⇣

L

(~q)

�
, (3.5)

where the term ⌦̄GW (⌘, k) identifies the contribution with the absence of the long mode, see
Eq. (2.7).

Following the notation in [45], one can estimate the amount of anisotropy in the GW
abundance by introducing the contrast

�GW(⌘, ~x,~k) =
⌦GW(⌘, ~x, ~k) � ⌦̄GW (⌘, k)

⌦̄GW (⌘, k)
⌘ �

I
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4 � @ ln ⌦̄GW(⌘, k)

@ ln k

◆
, (3.6)

in terms of the quantity

�
I

(⌘, ~x,~k) =
3

5
f̃NL (k)

Z
d3q

(2⇡)3
ei~q·~x ⇣

L

(~q) , f̃NL (k) ⌘ 8 fNL

4 � @ ln

¯

⌦GW(⌘, k)

@ ln k

. (3.7)

This term carries all the information about the amount of anisotropy due to the initial
conditions (su�x I). We choose to define the variable � by following the notation used
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3 Second possibility: break space-time symmetries during inflation

4 — old material —

5 Motivations

We consider scenarios which break

(also) space reparameterizations

6 Slide 2: motivations

Question:

What are the possible features of primordial tensor modes,

which can allow us to distinguish among di↵erent models of inflation?

Let’s maintain spatial isotropy at background level

FRW space-times

Only dynamics of fluctuations realize of broken symmetries

Why is this interesting:

I Time is right to use new techniques on EFT of inflation and model building to answer

this question.

Gravity at high energies can be very di↵erent from what we expect: important to

avoid theoretical prejudices!

I O↵er new items for science cases for future experiments (tensor non-Gaussianity etc)

AdvLigo-Virgo, LISA, LateBird, Core, Stage-4 project, etc

Address this question from the perspective of inflationary symmetries

7 Slide 3-9: EFT approach to inflation, included motivation to break

spatial symmetries

(while still satisfy constraints from scalar spectrum)
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scalars only:
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- Highly non-Gaussian tensor modes

Equilateral shape

Distinguishable from other

stochastic GW backgrounds

{ [Bartolo et al]

[Soda et al, Peloso et al] Interferometers can test features of certain inflationary

models going beyond simplest ones

4 Solid / Supersolid inflation

[Endlich et al, Cannone et al]

Generalised pattern of symmetry breaking:

Break all space-time di↵eos during inflation

5 Action for gravity waves acquires a mass
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- f(�)F 2

[Bartolo, Matarrese, Peloso, Ricciardone]

Vector coupled with scalar inflaton. Vector does not drive inflation,

nevertheless it induces anisotropic e↵ects in power spectrum and bispectrum

Models with scalars only

I Solid inflation

5 Elastic/solid inflation

(Gruzinov, Endlich ..)

– get of three scalar fields �I with set of internal symmetry (ensure homogeneity

and isotropy)

Fluctuations of single goldstone

– curvature perturbation not conserved at superhorizon scales (due to anisotropic

stress)

– blue spectrum of tensors nT > 0

– nonG: distinctive shape and distinctive squeezed limit

6 vector fields f(�)F 2

vectors dont drive inflation: probe fields which produce fluctuations

Again: nonG with non-standard squeezed limit

7 Parts to include

I Since arguments based on symmetry and symmetry breaking are so general and

powerful, it’s worth to explore them further.

What about breaking also spatial di↵eomorphisms?
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I Restore time reparameterization with Stuckelberg trick.

In high energy limit, the action for Goldstone boson is

I a

It can be extended to multiple fields

[Senatore, Zaldarriaga]

[Cheung, Creminelli, Fitzpatrick, Kaplan, Senatore]

3 EFT for broken space-time di↵eos?

I What about breaking also space di↵eos during inflation?

I Since EFT approach to inflation is so powerful, let’s examine this question

Motivation and inspiration

for model building

Derive distinctive

observational consequences

4 other stu↵

{ Both aspects in tandem

Broad phenomenological motivations

• Fully understand dynamics of primordial tensor modes during inflation

Tensor properties depend on the pattern of symmetry breaking

Examples of model building
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Examples of model building

There are classes of inflationary models in the literature that break spatial di↵eos

by assigning space-like vevs to fields

I Models with vectors

- Vector inflation

Triplet of vectors with vevs in mutually orthogonal directions,

non-minimally coupled with gravity

[Golovnev, Mukhanov, Vanchurin]

This system can drive inflation.

Drawback: ghost in the vector longitudinal mode around quasi-de Sitter

[Himmetoglu, Contaldi, Peloso]
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nevertheless it induces anisotropic e↵ects in power spectrum and bispectrum
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- Triplet of scalar fields �I
, with space dependence in orthogonal directions

�I = ↵xI

Action made with scalar derivative interactions with internal symmetries �I ! OI
J�

J , �I ! �I + cI

which ‘restore’ homogeneity and isotropy of the system

- Scalar vevs break space di↵eos (while time reparameterisation is preserved).

A single scalar fluctuation analogous to a phonon for space-time itself

5 Elastic/solid inflation
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additions

- scalar sector : decoupling from ✏, tensor to scalar ratio independent from field excur-

sion?

- tensor nonG : why it can be large: gravity couples a lot , being GR a non linear

theory (of course suppressed by smaller amplitude of tensor power spectrum)

- mention whats supersolid inflation: its a solid with superfluid properties

- say that these new shapes, and these amplitudes, cant be achieved in single field

inflation , and squeezed non G couple long to short modes ; we need non adiabatic tensor

modes

Inflation and symmetry breaking

Inspiration for

model building

New

testable observables

for tensor sector

�h

�⇣
= r  0.1

Tensor spectral tilt

Tensor non-Gaussianities

Supersolid  
Physical realization in nature! a solid with superfluid properties

Very di�cult to test: big challenge

but very bright future for observational cosmology

Even testing them, still we won’t know

the correct model of inflation:

too many many models, too few parameters

New testable observables!

nT > 0

1 More modest (but interesting) aim

Determine symmetries broken (or preserved) during inflation

2 Theoretical motivations

violation of tensor consistency conditions, and much more general behaviour of

inflationary tensor modes, with respect to standard scenarios

[Zarei] Assume

———————-
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Thanks to all my collaborators:

...

Inflation make prediction on statistical correlations among temperature anisotropies

2pt, 3pt correlation functions

... also it makes prediction on statistical correlations among polarization of CMB,

induced by spin > 0 fluctuations, as gravity waves

How to detect primordial gravity waves?

CMB B-modes, if the amplitude of tensor power spectrum is su�ciently large

Solid,

[Ricciardone, GT]

Stochastic background of

Allowed by (absence) of symmetries

in the system

...but one needs further ingredients to amplify

them sufficiently at interferometer scales [Lin et al]

– 2 –

These experiments will take place

Let’s see if we can use them for probing the early universe

Theory part

Survey of scenarios amplifying tensor modes at small scales

Phenomenology part

From theory to experiment (interferometer or GW detector)

GWbinner code:

divide LISA band

in small intervals

reconstructing signal

in each bin

[Nardini, Pieroni et al]

nT > 0:

blue spectrum of tensor modes (amplitude increase at small scales)

)

GW travel (almost) freely

opportunity to probe fraction of inflationary period

that can’t be tested by other means
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Thanks to all my collaborators:

1 Three possible smoking-gun observables

for early universe cosmology and GW

• Rich profile of GW power spectrum (beyond single power law)

• Non-Gaussian signal

• Chirality

2 Problem:

GWs from di↵erent directions tend to ‘Gaussianize’ the signal

for the central limit theorem

GW emitted from

different patches of sky Detector

3 Way out: measure correlators of GWs originating from the same patch

Squeezed non-Gaussianity

Folded non-Gaussianity

Quadrupolar modulation

of detector overlap function

4 Chirality

Ground-based detector overlap functions are sensitive to chirality

[Seto; Crowder et al]

Still work to be done to forecast sensitivity to chirality for future detectors

Small-momentum mode

induces correlations

5 Chirality

6 new stu↵

...paying special emphasis on distinctive features

to distinguish them from astrophysical backgrounds

7 Secondary GWs produced during radiation domination

[Saito,Yokoyama] ...

8 The SGWB is anisotropic, and non-Gaussian

– 2 –

8 The SGWB is anisotropic, and non-Gaussian

2-pt function for the SGWB energy density

3-pt function: equilateral shape for GW bispectrum

GW 3-pt function enhanced in squeezed configurations
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8 The SGWB is anisotropic, and non-Gaussian

2-pt function for the SGWB energy density

3-pt function: equilateral shape for GW bispectrum

GW 3-pt function enhanced in squeezed configurations

...leads to quadrupolar anisotropy

in the GW 2-pt function
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Thanks to all my collaborators:

...

Inflation make prediction on statistical correlations among temperature anisotropies

2pt, 3pt correlation functions

... also it makes prediction on statistical correlations among polarization of CMB,

induced by spin > 0 fluctuations, as gravity waves

How to detect primordial gravity waves?

CMB B-modes, if the amplitude of tensor power spectrum is su�ciently large

Solid,
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Enhancing the spectrum of primordial GW at small scales

1 Introduction/Motivation

ciao

Direct detection?

PTA Ground-Based Intf Space-Based Intf

Mechanisms to enhance primordial GWs at small scales

We need to change the evolution eq for primordial tensor modes in inflationary background

¨hij(t, ~k) + 3H ˙hij(t, ~k) + k2 hij(t, ~k) = 0

Three mechanisms

1. Include a source term

2. Include a ‘mass term’ (more in general, potential)

¨hij(t, ~k) + 3H ˙hij(t, ~k) + k2 hij(t, ~k) +m2hij(t, ~k) = 0

can induce blue spectrum

)

3. Modify kinetic terms

¨hij(t, ~k) + 3H f(t) ˙hij(t, ~k) + c2T (t) k
2 hij(t, ~k) = 0

Bigravity

• Interactions with additional spin-2 fields

[Dimastrogiovanni et al]

Tensor non-Gaussianity

Tensor fluctuations are not adiabatic in these scenarios

1



1 MEMENTO

• ricorda di mettere nel second tal le previsioni di Starobinsky

• cerca di motivare la sezione successiva dicendo che amplificazione puo’ anche coin-

volgere il settore scalare – dark relics e PBH – spiega la storia di enhancement

The scalar field driving inflation slowly rolls along a potential,

in a quasi-de Sitter background metric

Starobinsky model: r = 3(ns � 1)2 = 3⇥ 10�3 for ns = 0.968

Formula for r depends on model: Starobinsky R2 predicts r = 3(ns � 1)2 then r =

3⇥ 10�3 for ns = 0.968

Enhancement of primordial tensor modes at interferometer scales

Idea similar to production of primordial black holes from inflation

PBH as dark matter candidates

What can we learn from enhanced tensor modes during inflation?

• Interactions of inflaton scalar sector or tensor sector with other fields

• Presence of higher spin fields/breaking of space-time symmetries

• Strong violation of slow-roll conditions during few e-folds during inflation

[Özsoy et al]

First possibilty: interactions among fields during inflation

Third possibilty: strong (but brief) violation of slow-roll conditions

Transient instabilities in scalar/vector sectors feed tensor modes at small scales

– 3 –

The reason for this choice is to ‘mimic’ the behavior of the action for scalar fluctuations, as briefly
reviewed in Section 1 and footnote 1. Indeed, if condition (22) is satisfied, we can apply the same
results designed to enhance fluctuations in the scalar sector (see e.g. [15–22] for recent studies) to the
tensor sector. In particular, we are interested in scenarios in which a phase of de Sitter expansion
(where H and �̇ are approximately constant) is briefly interrupted by a phase of non-attractor inflation
with de Sitter expansion, but where �̇ ⇠ 1/a3. In this case, one passes from

p
FTGT = const. during

slow-roll to
p
FTGT / 1/a6 during non-attractor inflation, precisely what we need to amplify the

tensor modes and realise the tensor duality: see eqs. (20), (22).

The simplest possibility for having a regime where �̇ transiently decreases during inflation is the
scenario of Starobinsky [10] (see Appendix A of [22] for a detailed analysis of this scenario), in which
a linear inflationary potential V (�) is continuous but has an abrupt change of slope for a certain value
of the scalar field. In this case, the scalar field velocity �̇ rapidly changes during a short fraction of the
inflationary period to adapt its value from the first to the second slow-roll regimes characterised by
di↵erent potentials. During the transition, its value decreases as desired, �̇ ⇠ 1/a3, for an appropriate
choice of the parameters involved. Whilst the Starobinsky model does indeed lead to an enhancement
of scalar fluctuations, as FT ⇠ 1 ⇠ GT tensor modes remain small.

Our purposes on this section are the following.

1. Design a system of kinetically driven inflation where the scalar evolution undergoes a brief non-
attractor phase during which �̇ ⇠ 1/a3. We build a version of Starobinsky model [10] based on
Horndeski Lagrangians and non-standard kinetic terms, where non minimal derivative couplings
between metric and scalar field allow us to have a rich dynamics for tensor fluctuations and
appropriate time profiles for the functions FT , GT .

2. Select the parameters of the system to ensure that condition (22) is satisfied, so that during the
short non-attractor regime in which �̇ ⇠ 1/a3, tensor modes are enhanced and the tensor duality
applies.

3. Ensure that no ghost or gradient instabilities occur both in the tensor and scalar sectors of
fluctuations.

4. However, we do not aim at building a realistic inflationary model which matches with CMB
observations at large scales and has a realistic exit from inflation. Our purpose is specifically to
show that our mechanism for enhancing tensor fluctuations can be realised in a toy model for
inflation, while a more realistic set-up will be explored elsewhere.

4.2 The model

We build a model of single field inflation in a general set-up with non-minimal derivative couplings
between scalar and tensors, in order to have the opportunity to enhance tensor modes and realise
the tensor duality. The framework we work with is Horndeski theory, which corresponds to the most
general covariant scalar-tensor system with second order equations of motion, with Lagrangian density:

L
tot

= L
2

+ L
3

+ L
4

+ L
5

, (23)

L
2

= G
2

, (24)

L
3

= �G
3

⇤� , (25)

L
4

= G
4

R+G
4X

h
(⇤�)2 � (rµr⌫�)

2

i
, (26)

7L
5

= G
5

Gµ⌫ rµr⌫ �� G
5X

6

h
(⇤�)3 � 3⇤� (rµr⌫�)

2 + 2 (rµr⌫�)
3

i
. (27)

The quantities Ga = Ga(�, X) (a = 1, . . . 5) are arbitrary functions of the scalar field � and

X = � 1

2
@µ�@

µ� , (28)

R is the Ricci tensor, Gµ⌫ is the Einstein tensor, and GaX = @Ga/@X. Scenarios of single field
inflation with standard kinetic terms are described by the following choice of the functions Gi,

Standard inflation: G
2

= X � V (�), G
4

=
1

2
, G

3

= G
5

= 0 , (29)

with V (�) the inflationary potential, and recall that we set MP l = 1: in this case, the Lagrangian
L
4

corresponds to the standard Einstein-Hilbert action. Single field inflationary systems based on
Horndeski and Galileon Lagrangians have been studied in many works, starting from Galileon inflation
[76] and the more general G-inflation [65, 77] scenarios. Scenarios of ultra slow-roll, non-attractor G-
inflation have been discussed in [78], concentrating on the dynamics of scalar fluctuations. Other
single field models of kinetically driven non-attractor inflation have been explored in [79,80], focussing
especially on the enhancement of scalar non-Gaussianity in the squeezed limit.

In what follows, for simplicity we make the hypothesis that all functions Ga depend on the kinetic
functions X only,

Ga = Ga(X) (30)

and we focus on scenarios of kinetically driven inflation, where the inflationary evolution is driven not
by a potential, but by the non-linear structure of the kinetic sector.

We build a version of the Starobinski model [10] in this context, by choosing the following structure
for the functions Ga(X):

G
(i)
2

= ⇢iX +

p
2

3
H2

0

↵i

p
X � Vi ,

G
(i)
3

=

p
2

3H
0

�i
p
X ,

G
(i)
4

= � �i
6H2

0

X ,

G
(i)
5

=
�ip
2H3

0

p
X , (31)

where i = 1, 2, denote the two di↵erent phases of inflation we discuss below, and H
0

is a mass scale.
These functions depend on a set of dimensionless parameters ↵i,�i, �i, ⇢i, �i, Vi, needed to satisfy all
the conditions discussed at the end of the Section 4.1. We make the hypothesis that these parameters
change their magnitude at a given time t = t

0

, making the above functions discontinuous:

(↵i,�i, �i, ⇢i, �i, Vi) =

8
<

:

↵
1

, �
1

, �
1

, ⇢
1

, �
1

, V
1

, t < t
0

,

↵
2

, �
2

, �
2

, ⇢
2

, �
2

, V
2

, t > t
0

.

(32)

Nevertheless, by selecting appropriately the integration constants, the physical metric and field velocity
can be made continuous. The scalar field velocity on the other hand, will have to abruptly change its

8

phase of non-attractor evolution (whose duration is tunable in terms of the available parameters)

during which �̇ / 1/a3:

�̇ /
(
const during slow-roll phase

1/a3 during non-attractor phase

See Fig 2 for a representation of the scalar field time dependent profile. Plugging these scalar

profiles into the expressions for the functions F
T

, G
T

of eq (2.12) and recalling the definition of

the pump field z
T

, eq (2.6), it is easy to show that during the non-attractor phase we can use the

tensor duality of eq (2.9), and the tensor power spectrum is enhanced by a factor a6(t) in this era

(2.11). Indeed, such a scenario is conceptually similar to the model of Starobinsky [39], designed

to enhance scalar fluctuations during non-attractor inflation (see also [59] and references therein).

Figure 2. Behaviour of the scalar field derivative in our system.

The conditions described above can be realised if the scalar field has non-minimal couplings

with gravity during inflation. We consider a scenario based on Horndeski theory of gravity, the

most general scalar-tensor set-up with second order equations of motion, which is described by

the Lagrangian

L
tot

= L
2

+ L
3

+ L
4

+ L
5

, (2.13)

L
2

= G
2

, (2.14)

L
3

= �G
3

⇤� , (2.15)

L
4

= G
4

R+G
4X

h
(⇤�)2 � (r

µ

r
⌫

�)2
i
, (2.16)

L
5

= G
5

G
µ⌫

rµr⌫ �� G
5X

6

h
(⇤�)3 � 3⇤� (r

µ

r
⌫

�)2 + 2 (r
µ

r
⌫

�)3
i
. (2.17)

The quantities G
a

= G
a

(�, X) (a = 1, . . . 5) are in principle arbitrary functions of the scalar field
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Probing the Physics of Inflation with

Gravitational Waves

Single-field inflation

E.g. Lognormal spectrum

[Pi, Sasaki]

Detailed analysis

in single-field inflation

First possibility: source terms

Scalar power spectrum

Parametrically enhanced sqz nG: violates Maldacena’s consistency relation

[Contaldi], [Bartolo et al]

3

Tensor fluctuations ( (Scalar Fluctuations)2

Moral

...and many possible ‘smoking guns’ of cosmological origin of a SGWB

(astro signal is Gaussian)

• Anisotropies

Intrinsic

Induced

Phase decorrelations due to propagation in a perturbed universe

Anisotropies of SGWB

Primordial origin

(for example, induced by primordial nonG)

Induced by propagation e↵ects

in a perturbed background

[Alba, Maldacena]

...where issues of phase decorrelations do not apply

!
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where instead of having discontinuities in the potential, we have a discontinuity in the kinetic
functions which causes a short non-attractor phase. Using tensor duality, we are then able to
analytically investigate the dynamics of fluctuations during the non-attractor era, showing that
the amplitude of the spectra of tensor (and scalar) fluctuations increases by several orders of
magnitude with respect to a standard slow-roll regime.

• We conclude in Section 5 with a discussion of possible future directions to explore, and provide
technical appendices for some of the results of the main text.

2 Enhancing tensor fluctuations in single field inflation

Consider linearised spin-2 tensor fluctuations around a FRW cosmological background, defined as

ds2 = �dt2 + a2(t) (�ij + hij) dx
idxj (3)

where hij is the transverse traceless spin-2 tensor perturbation. At leading order in a derivative
expansion, the quadratic action for tensor perturbations can be expressed as (see e.g. [65]. From now
on, we set MP l = 1)

ST =
1

8

Z
dt d3x a3(t)


GT (t) (@thij)

2 � FT (t)

a2(t)

⇣
~rhij

⌘
2

�
,

=
1

2

Z
dy d3x z2T (y)


(@yhij)

2 �
⇣
~rhij

⌘
2

�
. (4)

The first line of this formula contains two functions of time GT , FT that characterise the tensor kinetic
terms and their time evolution depends on the system under consideration. In the second line of the
previous expression we re-defined the time variable as

dt = a

✓
GT

FT

◆
1/2

dy , (5)

in order to express the action for tensor fluctuations as the one for a free field in a time dependent
background. We also introduced the convenient combination

z2T =
a2

4

p
GT FT , (6)

which we can call the tensor pump field in analogy with the nomenclature used for scalar fluctuations.
Notice that, in standard single field inflation, GT = FT = 1 and z2T / a2(y) where y ⌘

R
dt/a(t)

is the conformal time. However, in the presence of non-minimal kinetic mixings between scalar and
tensors, these functions (GT and FT ) can have a non-trivial time dependent profile, as we shall discuss
at more length in what follows.

The equations of motion in Fourier space corresponding to the quadratic action (4) read (a prime
indicates derivatives along y):

h00ij + 2
z0T
zT

h0ij + k2 hij = 0. (7)

3
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• But we can have much more general functions, with non-minimal couplings to scalar �
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hij = C1 + C2
Z

dt

a3FT GT

2

Third possibility: modified kinetic terms

General action for quadratic fluctuations

• Single field inflation with canonical kinetic terms: GT = FT = 1

• But we can have much more general functions, with non-minimal couplings to scalar �

With appropriate choices, we can get any functions GT , FT

• Idea: Determine a non-attractor regime which enhance the would be decaying mode

[Mylova et al]

hij = C1 + C2
Z

dt

a3FT GT

Decaying mode can grow

if FT GT decreases fast in time
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1 MEMENTO

• ricorda di mettere nel second tal le previsioni di Starobinsky

• cerca di motivare la sezione successiva dicendo che amplificazione puo’ anche coin-

volgere il settore scalare – dark relics e PBH – spiega la storia di enhancement

The scalar field driving inflation slowly rolls along a potential,

in a quasi-de Sitter background metric

Starobinsky model: r = 3(ns � 1)2 = 3⇥ 10�3 for ns = 0.968

Formula for r depends on model: Starobinsky R2 predicts r = 3(ns � 1)2 then r =

3⇥ 10�3 for ns = 0.968

Enhancement of primordial tensor modes at interferometer scales

Idea similar to production of primordial black holes from inflation

PBH as dark matter candidates

What can we learn from enhanced tensor modes during inflation?

• Interactions of inflaton scalar sector or tensor sector with other fields

• Presence of higher spin fields/breaking of space-time symmetries

• Strong violation of slow-roll conditions during few e-folds during inflation

[Özsoy et al]

First possibilty: interactions among fields during inflation

Third possibilty: strong (but brief) violation of slow-roll conditions

Transient instabilities in scalar/vector sectors feed tensor modes at small scales

– 3 –

5 Additions Krakow

• These modes leave the horizon early

during inflation...

• ... and re-enter late after inflation

finishes

GW probes

• AIM: Exploit them for probing

physics of the early universe

• Are there additional motivations for examining models enhancing

fluctuations at small scales?

• Yes, formation of Primordial Black Holes

• 1.

2. Phenomenology

Smoking gun observables for cosmological origin of GW signal

• CMB stochastic background

[Planck collaboration]

• GW stochastic background

[Renzini, Contaldi ]

• The amplitude of SGWB has a characteristic profile as function of the

frequency, which also depends on the scalar spectrum that sources it

[Byrnes et al]

[Cai et al]

[Özsoy et al]

– 3 –



Figure 3. A+++
(new)(1, x2, x3)/(x2x3) as a function of x2 and x3 where we set Hµend/Gend

T ! 1 (Left).

A+++
(GR)(1, x2, x3)/(x2x3) as a function of x2 and x3 (Right). In both plots we normalized the amplitudes

A+++
(new) and A+++

(GR) to unity for equilateral configurations x2 = x3 = 1 and took �Kyend = 10�2.

need accidental cancellations3 between the first two terms in G
T

> 0 and µH in order to en-

sure Hµ/G
T

� 1. We discuss in Appendix C a concrete scenario leading to large tensor non-

Gaussianity within the framework we reviewed in Section 2.2.

3.2 Shape of tensor non-Gaussianity

We now study the shape of non-Gaussianity in our model. Since both of the amplitudes have

non-trivial scale dependence, we examine the shape of the amplitudes 4 at fixed �Ky
end

. We

focus on the dimensionless ratio As1s2s3
(new),(GR)

/(k
1

k
2

k
3

) of both amplitudes in (3.5) following the

literature for scalar perturbations [100]. In particular, we will plot As1s2s3
(new),(GR)

/(k
1

k
2

k
3

) in the

x
2

�x
3

plane where x
j

⌘ k
j

/k
1

with j 6= 1 by restricting ourselves to the range 1�x
2

 x
3

 x
2

.

Note that the first inequality follows from the triangle inequality whereas the latter allows us to

avoid plotting the same configuration twice. The non-Gaussian amplitudes A+++

(new)

/(k
1

k
2

k
3

) and

A+++

(GR)

/(k
1

k
2

k
3

) are shown in Figure 3. We see that both the interaction terms in (3.1) give rise

to non-Gaussianity that peaks in the squeezed limit. This result is in contrast with the slow-roll

case where the new contribution peaks in the equilateral configuration. This di↵erence is due

to the fact that during the non-attractor phase, the fluctuations in h
ij

keeps growing outside

the horizon due to the dynamics of the would be decaying mode, i.e. ḣ
ij

= 3Hh
ij

and therefore

the non-Gaussian amplitude peaks when one of the wave numbers is small, corresponding to

the squeezed-triangle limit5. In the standard attractor slow-roll background however, tensor

3Note that this situation is not special to the model under consideration in this work and arises for general
slow-roll scenarios as well [88].

4Recall that we are interested in modes that leave the sound-horizon during the non-attractor era, i.e. �kiy0 > 1
and �kiyend < 1. This implies that the modes of interest satisfy 1 > �Kyend > e��N , where �N is the duration
of the non-attractor era.

5See [82] for similar dynamics that lead an to enhanced squeezed bispectrum in curvature perturbations.
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Thanks to all my collaborators:

1 Three possible smoking-gun observables

for early universe cosmology and GW

• Rich profile of GW power spectrum (beyond single power law)

• Non-Gaussian signal

• Chirality

2 Problem:

GWs from di↵erent directions tend to ‘Gaussianize’ the signal

for the central limit theorem

GW emitted from

different patches of sky Detector

3 Way out: measure correlators of GWs originating from the same patch

Squeezed non-Gaussianity

Folded non-Gaussianity

Quadrupolar modulation

of detector overlap function

4 Chirality

Ground-based detector overlap functions are sensitive to chirality

[Seto; Crowder et al]

Still work to be done to forecast sensitivity to chirality for future detectors

Small-momentum mode

induces correlations

5 Chirality

6 new stu↵

...paying special emphasis on distinctive features

to distinguish them from astrophysical backgrounds

7 Secondary GWs produced during radiation domination

[Saito,Yokoyama] ...

8 The SGWB is anisotropic, and non-Gaussian

– 2 –

sources – is likely to be Gaussian from the central limit theorem. The properties of the tensor

bispectrum – shape, scale dependence, its value in the squeezed limit – are important for charac-

terising the field content during inflation, and to further distinguish among di↵erent primordial

sources that can amplify the tensor spectrum at interferometer scales [72].

Remarkably, the cubic action for tensor fluctuations around FRW in single field inflationary

theories with second order equations of motion – the starting point for the computation of the

bispectrum – has a simple structure, and contains only two contributions [88, 89]

S
(3)

T

=

Z
dt d3x a3

"
F
T

4a2

✓
h
ik

h
jl

� 1

2
h
ij

h
kl

◆
@
k

@
l

h
ij

+
�̇XG

5X

12
ḣ
ij

ḣ
jk

ḣ
ki

#
,

= S
(3)

T (GR)

+ S
(3)

T (new)

. (3.1)

This action is obtained expanding the Horndeski Lagrangian density (2.13) up to cubic order in

fluctuations, and the functions F
T

and G
5

are given respectively in (2.19) and (2.17). The result

of standard single field inflation with canonical kinetic terms is obtained setting F
T

= 1 (recall

that we choose units such that M2

pl

= 1). The structure of the first contribution, containing

spatial derivatives only, is the same as the one obtained expanding the Ricci scalar at cubic order

around a FRW background: this is the reason we denote it as S(3)

T (GR)

. The second contribution,

S
(3)

T (new)

, is instead specific to the Horndeski action: notice that it contains three time derivatives

ḣ3
ij

, a feature to which we will return later. Tensor non-Gaussianity associated with the action

(3.1) was studied in detail in a slow-roll regime in [88, 89], where it was found that the ‘GR’

term gives a bispectrum enhanced in the squeezed limit, while the ‘new’ contribution gives a

bispectrum peaked in equilateral configurations. In this work, instead, we will work out the

tensor non-Gaussianity during a transient non-attractor phase, finding quite di↵erent results.

3.1 Amplitude of tensor non-Gaussianity

We discuss the amplitude and some properties of tensor non-Gaussianity during an era of non-

attractor inflation, which is dual to a slow-roll phase as explained in Section 2. For simplicity, we

focus on the case where the background geometry is exactly described by a de Sitter universe,

with constant Hubble parameter H
0

(in [1] we proved that the equations of motion admit this

solution for the scale factor). We relegate all the technical details to Appendix A, and we discuss

here the physical consequences of our computation of the tensor three point function in Fourier

space during a non-attractor era. In order to express our results more concisely, we define two

polarisation modes as (here, e(s)
ij

is the polarization tensor with the helicity states s = ±, satisfying

e
(s)

ii

(k) = 0 = k
j

e
(s)

ij

(k). See Appendix A for more information regarding our conventions on the

polarisation tensors)

⇠(s)(k) ⌘ h
ij

(k)e⇤(s)
ij

(k), (3.2)

which allow us to express the three point function in the non-attractor era as

h⇠(s1)(k
1

)⇠(s2)(k
2

)⇠(s3)(k
3

)i = (2⇡)7�(k
1

+ k

2

+ k

3

)
P(end)

2

h

⇧
i

k3
i

✓
As1s2s3

(new)
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These experiments will take place

Let’s see if we can use them for probing the early universe

Theory part

Survey of scenarios amplifying tensor modes at small scales

Phenomenology part

From theory to experiment (interferometer or GW detector)

GWbinner code:

divide LISA band

in small intervals

reconstructing signal

in each bin

[Nardini, Pieroni et al]

nT > 0:

blue spectrum of tensor modes (amplitude increase at small scales)

)

GW travel (almost) freely

opportunity to probe fraction of inflationary period

that can’t be tested by other means

What is the expected amplitude of tensor-to-scalar ratio r?

Model dependent:

- r ' 10�1 chaotic, natural inflation: field excursion �� ⇠ 15 MPl (very large)

- r ' 10�3 Starobinsky, ↵-attractors: field excursion �� ⇠ 5 MPl (large)

- r ⌧ 10�4 hilltop, inflection point: field excursion ��  MPl (small)

Moral so far:

There are plenty of theoretical mechanisms

(± theoretically well motivated)

to enhance tensor spectrum at small scales.

.

Even if r  10�3 at CMB scales
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Thanks to all my collaborators:

1 Three possible smoking-gun observables

for early universe cosmology and GW

• Rich profile of GW power spectrum

• Non-Gaussian signal

• Chirality
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Moral

...and many possible ‘smoking guns’ of cosmological origin of a SGWB

(astro signal is Gaussian)

• Anisotropies

Intrinsic

Induced by propagation e↵ects

!
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2 First possibility: inflaton interacts with additional fields

Paradigmatic example: �F F̃

Transient instability of vectors feed tensor modes through anisotropic stress

!
Model dependent

Theoretical drawback: delicate issues of backreaction

3 Second possibility: break space-time symmetries during inflation

Tensor 3pt function (bispectrum)

SU(2): [Agrawal, Fujita, Komatsu]

4 — old material —

5 Schematic di↵erence among two possibilities

ḧij + 3Hḣij + k2 hij +m2 hij =
2

M2
P l

⇧TT
ij

Broken

space reparameterizations

Interactions

with additional fields

6 Motivations

We consider scenarios which break

(also) space reparameterizations

7 Slide 2: motivations

Question:

What are the possible features of primordial tensor modes,

which can allow us to distinguish among di↵erent models of inflation?

Let’s maintain spatial isotropy at background level

FRW space-times

Only dynamics of fluctuations realize of broken symmetries

Why is this interesting:
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IV. RESULTS

We define the bispectrum of the right-handed modes
in the super horizon limit as

hĥ
R

(k
1

)ĥ
R

(k
2

)ĥ
R

(k
3

)i = (2⇡)3�

 

3

X

i=1

k

i

!

BRRR

h

(k
1

, k
2

, k
3

).

(20)
We find that the contributions from the diagrams (i) and

(ii) in Fig. 1 dominate. The contribution from L
(i)

3

is

k2
1

k2
2

k2
3

B
(i)

h

(k
1
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2

, k
3

) = 8m2

Q
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h
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2
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2
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3

F2N
3

i

, (21)

with r
i

= k
i

/k
1

(i = 1, 2, 3). The triangle condition
demands |r

i

�r
j

|  r
k

 r
i

+r
j

; the bispectrum vanishes
otherwise. The other functions are defined as

⌅ ⌘ (1 + r
2

+ r
3

)3

64r2
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and

N
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+
q

2m2
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to avoid

incorporating unphysical vacuum contributions. The
integration result is not sensitive to the cuto↵ [29].

The contribution from L
(ii)
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FIG. 2. The 3D plot of the numerical result of
1013(k1k2k3)

2(B(i)
h + B(ii)

h ). Only r3  r2 is shown. The
bispectrum vanishes for r2 + r3 < 1 by the triangle condition.

In Fig. 2, we plot the bispectrum for m
Q

= 3.45 and
✏
B

= 3 ⇥ 10�5, which yield the tensor-to-scalar ratio
parameter of the sourced GW of r

sourced

= 0.0472. The
expansion rate during inflation is H = 1.28⇥ 1013 GeV,
and the vacuum contribution (including both right- and
left-handed modes) is r

vac

= 0.00256. We only show
r
3

 r
2

to avoid duplication.

We find that the bispectrum vanishes in the so-called
“folded limit”, r

2

+r
3

= 1. This appears to be true gener-
ally for the bispectrum of right-handed modes at the tree
level. This is a consequence of the contraction of three
polarization tensors. For example, trace of the product of
three polarization tensors, eR

ij

(k
1

)eR
jk

(k
2

)eR
ki

(k
3

), is equal
to ⌅ (Eq. (22)), which vanishes in the folded limit because
it contains r

2

+r
3

�1. We find that other possible contrac-
tions of three polarization tensors multiplying derivative
operators and ✏ijk are also proportional to r

2

+ r
3

� 1 at
the tree level.

The shape of the bispectrum is similar to the so-called
equilateral template, F eq(k

1

, k
2

, k
3

) [37], but is di↵erent
in details. When r

2

and r
3

are comparable it rises sharply
from zero at the folded limit, reaches the maximum at
r
2

= r
3

⇡ 0.6, and then flattens out towards higher
values of r

2

or r
3

. When r
3

⌧ r
2

it oscillates due to
the Whittaker function: for the diagram (i) it peaks at
r
2

= r
3

⇡ 0.6 and goes to zero in the squeezed limit
with a damped oscillation. For the diagram (ii), which
is sub-dominant (but is within an order of magnitude of
the diagram (i)), it peaks at the equilateral limit and ap-
proaches zero in the squeezed limit, also with a damped
oscillation.

Similarity of two shapes of the bispec-
trum can be quantified using a cosine de-
fined as B

h

· F eq/
p

(B
h

·B
h

)(F eq · F eq)
[38], where dot-products denote X · Y ⌘
R

1

0

dr
2

R

1

1�r

2

dr
3

(r
2

r
3

)4X(1, r
2

, r
3

)Y (1, r
2

, r
3

). We
find 0.89 for the above model parameters, which implies
that, despite the di↵erences in details, these two shapes
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ET

Correlating signals from ground based detectors

on different positions one obtains

overlap functions sensitive to chirality

But current bounds on SGWB for LIGO sensitivity

make chirality detection unlikely

3 Generate a primordial SGWB at GW experiment scales

4 How to detect a SGWB from inflation?

5 How to distinguish among di↵erent SGWB profiles?

arXiv:1906.09244

6 Rich profile for SGWB as

function of frequency

(beyond power law)

Case I: coupling tensors

with additional degrees of freedom

[Hassan-Rosen]

[Max-Platscher-Smirnov]

• restructure phenomenology part – not focus on LISA only, but add PTA also

• understand what induces anisotropies in the case of Franciolini

Induced by local non-G

of curvature fluctuation

Case A:

Case B:

Example:

Possible smoking gun observables:

LISA can measure possible chirality if it detects kinematic dipole

Improved estimate using

most recent

instrument specifications

4.

Massive gravity [Fujita et al]
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From GW 2pt correlation function hhij(t)hij(t)i . . .

to signal 2pt correlation function hsa(t)sb(t)i

hsa(t)sb(t)i , R(�1�2)
ab hh(�1)

ij (t)h(�2)
ij (t)i

hsa(t)sb(t)sc(t)i , R(�1�2�3)
abc hh(�1)

im (t)h(�2)
mj (t)h(�3)

ji (t)i

R(�1�2)
ab :

signal response function to GW

- (a, b) channels

- (�1,�2) GW polarization

[arXiv:1806.02819 ]
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5 Additions Krakow

• These modes leave the horizon early

during inflation...

• ... and re-enter late after inflation

finishes

GW probes

• AIM: Exploit them for probing

physics of the early universe

• Are there additional motivations for examining models enhancing

fluctuations at small scales?

• Yes, formation of Primordial Black Holes

• 1.

2. Phenomenology

Smoking gun observables for cosmological origin of GW signal

• CMB stochastic background

[Planck collaboration]

• GW stochastic background

[Renzini, Contaldi ]

• The amplitude of SGWB has a characteristic profile as function of the

frequency, which also depends on the scalar spectrum that sources it

[Byrnes et al]

[Cai et al]

[Özsoy et al]

• Quantifies how 3-pt correlators

of the measured signal

• Depends on the intrinsic 3-pt correlator of GWs

– 3 –

5 Additions Krakow

• These modes leave the horizon early

during inflation...

• ... and re-enter late after inflation

finishes

GW probes

• AIM: Exploit them for probing

physics of the early universe

• Are there additional motivations for examining models enhancing

fluctuations at small scales?

• Yes, formation of Primordial Black Holes

• 1.

2. Phenomenology

Smoking gun observables for cosmological origin of GW signal

• CMB stochastic background

[Planck collaboration]

• GW stochastic background

[Renzini, Contaldi ]

• The amplitude of SGWB has a characteristic profile as function of the

frequency, which also depends on the scalar spectrum that sources it

[Byrnes et al]

[Cai et al]
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Thanks to all my collaborators:

N. Bartolo, D. Bertacca, D. Cannone, C. Caprini, C. Contaldi, V. De Luca, E.

Dimastrogiovanni, V. Domcke, M. Fasiello, D. Figueroa, G. Franciolini , J. Garcia-Bellido,

S. Matarrese, M. Mylova, S. Parameswaran, M. Peloso, C. Powell, O. Özsoy, A.

Renzini, A. Ricciardone, A. Riotto, L. Sorbo, D. Wands, I. Zavala

Probing the Physics of Inflation with

Gravitational Waves

Single-field inflation

E.g. Lognormal spectrum

[Pi, Sasaki]

[Renzini et al]

Detailed analysis

in single-field inflation

Depends on phase correlations

First possibility: source terms

Scalar power spectrum

Parametrically enhanced sqz nG: violates Maldacena’s consistency relation

[Contaldi], [Bartolo et al]

3

Tensor fluctuations ( (Scalar Fluctuations)2

Moral

...and many possible ‘smoking guns’ of cosmological origin of a SGWB

(astro signal is Gaussian)

• Anisotropies

Intrinsic

Induced

Phase decorrelations due to propagation in a perturbed universe

Anisotropies of SGWB

Primordial origin

(for example, induced by primordial nonG)

Induced by propagation e↵ects

in a perturbed background

[Alba, Maldacena]

...where issues of phase decorrelations do not apply

!
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[Ö
zsoy

et
al]

•
Q

u

a

n

t

i

f

i

e

s

h

o

w

3

-

p

t

c

o

r

r

e

l

a

t

o

r

s

o

f

t

h

e

m

e

a

s

u

r

e

d

s

i

g

n

a

l

•
D

e

p

e

n

d

s

o

n

t

h

e

i

n

t

r

i

n

s

i

c

3

-

p

t

c

o

r

r

e

l

a

t

o

r

o

f

G

W

s

•
M

o

m

e

n

t

u

m

c

o

n

s

e

r

v

a

t

i

o

n

i

m

p

l

i

e

s

t

h

a

t

G

W

m

o

m

e

n

t

a

f

o

r

m

a

c

l

o

s

e

d

t

r

i

a

n

g

l

e

D

i

r

e

c

t

i

o

n

o

f

t

r

i

a

n

g

l

e

s

i

d

e

!
G

W

d

i

r

e

c

t

i

o

n

s

S

i

z

e

o

f

t

r

i

a

n

g

l

e

s

i

d

e

!
G

W

f

r

e

q

u

e

n

c

y

o

,
)

–
3
–



Thanks to all my collaborators:

1 Three possible smoking-gun observables

for early universe cosmology and GW

• Rich profile of GW power spectrum

• Non-Gaussian signal

• Chirality

2 Problem:

GWs from di↵erent directions tend to ‘Gaussianize’ the signal

for the central limit theorem

GW emitted from

different patches of sky Detector
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[Ö
zs
oy

et
al
]

•
Q

u

a

n

t

i

f

i

e

s

h

o

w

3

-

p

t

c

o

r

r

e

l

a

t

o

r

s

o

f

t

h

e

m

e

a

s

u

r

e

d

s

i

g

n

a

l

•
D

e

p

e

n

d

s

o

n

t

h

e

i

n

t

r

i

n

s

i

c

3

-

p

t

c

o

r

r

e

l

a

t

o

r

o

f

G

W

s

•
M

o

m

e

n

t

u

m

c

o

n

s

e

r

v

a

t

i

o

n

i

m

p

l

i

e

s

t

h

a

t

G

W

m

o

m

e

n

t

a

f

o

r

m

a

c

l

o

s

e

d

t

r

i

a

n

g

l

e

D

i

r

e

c

t

i

o

n

o

f

t

r

i

a

n

g

l

e

s

i

d

e

!
G

W

d

i

r

e

c

t

i

o

n

s

S

i

z

e

o

f

t

r

i

a

n

g

l

e

s

i

d

e

!
G

W

f

r

e

q

u

e

n

c

y

o

, )

–
3
–

5

A

d

d

i

t

i

o

n

s

K

r

a

k

o

w

•
T
hese

m
odes

leave
the

horizon
early

during
inflation...

•
...

and
re-enter

late
after

inflation

finishes

G

W

p

r

o

b

e

s

•
A

I

M

:
E
xploit

them
for

probing

physics
of
the

early
universe

•
A

r

e

t

h

e

r

e

a

d

d

i

t

i

o

n

a

l

m

o

t

i

v

a

t

i

o

n

s

f

o

r

e

x

a

m

i

n

i

n

g

m

o

d

e

l

s

e

n

h

a

n

c

i

n

g

fl

u

c

t

u

a

t

i

o

n

s

a

t

s

m

a

l

l

s

c

a

l

e

s

?

•
Y

e

s,
form

ation
of
P
rim

ordial
B
lack

H
oles

•
1

.

2

.

P

h

e

n

o

m

e

n

o

l

o

g

y

S

m

o

k

i

n

g

g

u

n

o

b

s

e

r

v

a

b

l

e

s

f

o

r

c

o

s

m

o

l

o

g

i

c

a

l

o

r

i

g

i

n

o

f

G

W

s

i

g

n

a

l

•
C

M

B

s

t

o

c

h

a

s

t

i

c

b

a

c

k

g

r

o

u

n

d

[P
lanck

collaboration]

•
G

W

s

t

o

c

h

a

s

t

i

c

b

a

c

k

g

r

o

u

n

d

[R
enzini,

C
ontaldi

]

•
T

h

e

a

m

p

l

i

t

u

d

e

o

f

S

G

W

B

h

a

s

a

c

h

a

r

a

c

t

e

r

i

s

t

i

c

p

r

o

fi

l

e

a

s

f

u

n

c

t

i

o

n

o

f

t

h

e

f

r

e

q

u

e

n

c

y

,

w

h

i

c

h

a

l

s

o

d

e

p

e

n

d

s

o

n

t

h

e

s

c

a

l

a

r

s

p

e

c

t

r

u

m

t

h

a

t

s

o

u

r

c

e

s

i

t

[B
yrnes

et
al]

[C
ai
et

al]

[Ö
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Thanks to all my collaborators:

1 Three possible smoking-gun observables

for early universe cosmology and GW

• Rich profile of GW power spectrum

• Non-Gaussian signal

• Chirality

2 Problem:

GWs from di↵erent directions tend to ‘Gaussianize’ the signal

for the central limit theorem

GW emitted from

different patches of sky
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5 Additions Krakow

• These modes leave the horizon early

during inflation...

• ... and re-enter late after inflation

finishes

GW probes

• AIM: Exploit them for probing

physics of the early universe

• Are there additional motivations for examining models enhancing

fluctuations at small scales?

• Yes, formation of Primordial Black Holes

• 1.

2. Phenomenology

Smoking gun observables for cosmological origin of GW signal

• CMB stochastic background

[Planck collaboration]

• GW stochastic background

[Renzini, Contaldi ]

• The amplitude of SGWB has a characteristic profile as function of the

frequency, which also depends on the scalar spectrum that sources it

[Byrnes et al]

[Cai et al]

[Özsoy et al]

• Quantifies how 3-pt correlators

of the measured signal

• Depends on the intrinsic

3-pt correlator of GWs

• Momentum conservation implies that GW momenta form a closed triangle

Direction of triangle side ! GW directions

Size of triangle side ! GW frequency
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8 The SGWB is anisotropic, and non-Gaussian

2-pt function for the SGWB energy density

3-pt function: equilateral shape for GW bispectrum

GW 3-pt function enhanced in squeezed configurations

...leads to quadrupolar anisotropy

in the GW 2-pt function

9 Modify kinetic terms

LISA cannot measure chirality of an isotropic SGWB [Seto, Taruya], [Smith, Caldwell]

...then measure chirality through measuring kinematically induced dipolar anisotropy

[Seto], [Domcke et al]

[Allen], [Adshead, Lim]
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M. Fasiello, D. Figueroa, J. Garcia-Bellido, S. Matarrese, M. Mylova, S. Parameswaran,

M. Peloso, C. Powell, O. Özsoy, A. Ricciardone, A. Riotto, L. Sorbo, D. Wands,

I. Zavala

Probing the Physics of Inflation with

Gravitational Waves

Scalar power spectrum

Parametrically enhanced sqz nG: violates Maldacena’s consistency relation

[Contaldi], [Bartolo et al]

3

Moral

...and many possible ‘smoking guns’ of cosmological origin of a SGWB

(astro signal is Gaussian)

• Anisotropies

Intrinsic

Induced

Phase decorrelations due to propagation in a perturbed universe

!
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4 Chirality

Ground-based detector overlap functions are sensitive to chirality

[Seto; Crowder et al]

Still work to be done to forecast

Small-momentum mode

induces correlations
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3

If the primordial gravitational wave (GW) spectrum
has a su�ciently large amplitude at small scales (see e.g.
[33], anisotropies of the stochastic GW background can
be accessed (see Sec. III) both via interferometers and
pulsar timing arrays (PTA).
The formalism for the analysis of anisotropies of stochas-
tic gravitational wave backgrounds (SGWBs) with
ground and space-based detectors was introduced in
[34, 35]. Techniques developed for PTA can be found
in [36, 37]. These studies are motivated by astrophysical
phenomena: anisotropies can be associated with groups
of unresolved sources on localized regions of the sky, such
as large cosmic structures. Similar methods are applica-
ble in the context of our work, where anisotropies have a
primordial origin and Qij is characterized by random ma-
trix entries obeying Gaussian statistics. We shall adopt

1 10 100 1000
-1.2

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

0.2

f(Hz)

γ(
f)

FIG. 2: The total overlap function �12(f) for the cross-
correlation of LIGO Hanford-LIGO Livingston detectors as a
function of frequency, evaluated in the small antenna regime.
We consider two examples of quadrupolar anisotropy in the
SGWB. Blue dashed line: standard result in the absence
of anisotropy. The -red line- accounts for a quadrupolar
anisotropic contribution with random matrix entries Qij .
Green line: same as for the red line, except that the quadrupo-
lar anisotropy is now associated with a specific direction ni

in the sky: Qij = ninj . In both cases the sum of the
squares of the Qij-eigenvalues is of order 0.35. Notice that
the anisotropic contributions are relevant only at small fre-
quencies.

the notation of the classic work [38]. The overlap func-
tion �

12

, associated with the cross-correlation of signals
measured with a pair of ground-based detectors, receives
contributions due to tensor anisotropies. In the vanish-
ing frequency limit and small antenna regime we find a
simple analytic expression for the correction associated
to the quadrupolar anisotropy described by Eq. (3):

�

12

(f ! 0) = 2 d

ij
1

d

2 ij � 8

7
Qij

⇣
d

im
1

d

j
2m + d

im
2

d

j
1m

⌘
.

(8)

Here d

ij
a ⌘ 1/2

⇣
X̂

i
aX̂

j
a � Ŷ

i
a Ŷ

j
a

⌘
denotes the detector

tensor, and X̂a, Ŷa the interferometer arm directions. At
high frequencies, the contributions of the anisotropy to
the overlap function are suppressed (see Fig. 2), and one

recovers the results of [38]. Anisotropies of SGWBs can
then be detected and analyzed through their distinctive
e↵ects on a daily modulation of the signal [34].
One might wonder how to distinguish primordial sources
of quadrupolar anisotropy from astrophysical ones. A
bispectrum with a large component in the squeezed con-
figuration can induce anisotropies in the GW spectrum
both at CMB and at interferometer scales. If the signal is
su�ciently broad to be measurable by two independent
probes, one may search for common properties in the
tensor quadrupolar harmonics, which would then hint to
a primordial origin for the anisotropies. We leave such
investigations for future work.

III. GW PROPAGATION AND
ULTRA-SQUEEZED BISPECTRUM

We have seen in Sec. II how a long tensor mode can in-
duce anisotropies in the power spectrum. At CMB scales
the quadrupole serves as an indirect probe of squeezed
non-Gaussianity, complementary to direct measurements
of three-point correlations of temperature and polariza-
tion anisotropies. Is the same possible at small scales?
Two recent works [15, 16] have shown that primordial
tensor non-Gaussianity cannot be probed directly, i.e. by
measuring three (or higher, connected) point functions of
tensor fluctuations at interferometer scales. Paraphras-
ing [15], measurements of primordial tensor modes cor-
relations at small scales involve angular integrations of
contributions from signals produced by a large number
of separate, independent, Hubble patches. In light of
the central limit theorem, the statistics of tensor pertur-
bations measured at interferometer scales will then be
Gaussian. One would not be able to detect non-Gaussian
correlations even in the case of a set of detectors built
with the specific purpose of probing a large number of
Hubble patches. Indeed, tensor non-Gaussianity at small
scales is suppressed due to the Shapiro time-delay associ-
ated with the propagation of tensor modes at sub-horizon
scales in the presence of matter. Reference [15] suggests
that observables sensitive to large correlations between
short and long wavelength tensor modes, induced for ex-
ample by an ultra-squeezed bispectrum, may escape these
conclusions. A concrete realization of such a possibility is
precisely the quadrupolar anisotropy of the power spec-
trum discussed in Sec. II, which relies in part on previous
works for the scalar [19, 39] and tensor [10, 22, 23] cases.

As we shall see in some detail below, the quadrupo-
lar asymmetry survives the aforementioned suppression
e↵ects because it is induced by a (at least) horizon-size

fluctuation.

A. Propagation at sub-horizon scales

We start by reviewing how propagation a↵ects short-
wavelength modes [16]. Their momenta being centered at
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5 Additions Krakow

• These modes leave the horizon early

during inflation...

• ... and re-enter late after inflation

finishes

GW probes

• AIM: Exploit them for probing

physics of the early universe

• Are there additional motivations for examining models enhancing

fluctuations at small scales?

• Yes, formation of Primordial Black Holes

• 1.

2. Phenomenology

Smoking gun observables for cosmological origin of GW signal

• CMB stochastic background

[Planck collaboration]

• GW stochastic background

[Renzini, Contaldi ]

• The amplitude of SGWB has a characteristic profile as function of the

frequency, which also depends on the scalar spectrum that sources it

[Byrnes et al]

[Cai et al]

[Özsoy et al]

• Quantifies how 3-pt correlators

of the measured signal

• Depends on the intrinsic

3-pt correlator of GWs

• Momentum conservation implies that GW momenta form a closed triangle

Direction of triangle side ! GW directions

Size of triangle side ! GW frequency

GW sources

o

• Another way out: study SGWB anisotropies...
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Probing the Physics of Inflation with

Gravitational Waves

Scalar power spectrum

Parametrically enhanced sqz nG: violates Maldacena’s consistency relation

[Contaldi], [Bartolo et al]

3

Moral

...and many possible ‘smoking guns’ of cosmological origin of a SGWB

(astro signal is Gaussian)

• Anisotropies

Intrinsic

Induced

Phase decorrelations due to propagation in a perturbed universe

...where issues of phase decorrelations do not apply

!
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1 MEMENTO

• ricorda di mettere nel second tal le previsioni di Starobinsky

• cerca di motivare la sezione successiva dicendo che amplificazione puo’ anche coin-

volgere il settore scalare – dark relics e PBH – spiega la storia di enhancement

The scalar field driving inflation slowly rolls along a potential,

in a quasi-de Sitter background metric

Starobinsky model: r = 3(ns � 1)2 = 3⇥ 10�3 for ns = 0.968

Formula for r depends on model: Starobinsky R2 predicts r = 3(ns � 1)2 then r =

3⇥ 10�3 for ns = 0.968

Enhancement of primordial tensor modes at interferometer scales

Idea similar to production of primordial black holes from inflation

PBH as dark matter candidates

What can we learn from enhanced tensor modes during inflation?

• Interactions of inflaton scalar sector or tensor sector with other fields

• Presence of higher spin fields/breaking of space-time symmetries

• Strong violation of slow-roll conditions during few e-folds during inflation

Echoes of GWs from PBH production

[Ananda et al, Baumann et al]

[Alabidi et al, Garcia-Bellido et al]

PBH production

[Özsoy et al]

[Bartolo et al]

First possibilty: interactions among fields during inflation

Third possibilty: strong (but brief) violation of slow-roll conditions

Transient instabilities in scalar/vector sectors feed tensor modes at small scales

– 3 –

Thanks to all my collaborators:

N. Bartolo, D. Bertacca, D. Cannone, C. Caprini, E. Dimastrogiovanni, V. Domcke,

M. Fasiello, D. Figueroa, J. Garcia-Bellido, S. Matarrese, M. Mylova, S. Parameswaran,
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Tensor fluctuations ( (Scalar Fluctuations)2

Moral

...and many possible ‘smoking guns’ of cosmological origin of a SGWB

(astro signal is Gaussian)

• Anisotropies

Intrinsic

Induced

Phase decorrelations due to propagation in a perturbed universe

Anisotropies of SGWB

Primordial origin

(for example, induced by primordial nonG)

Induced by propagation e↵ects

in a perturbed background

[Alba, Maldacena]

...where issues of phase decorrelations do not apply

!
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In the previous discussion we learned how the long mode modulates the 2-point function.
This e↵ect is expected to lead to a non-vanishing squeezed limit for the 3-point function
involving the anisotropies �GW. Indeed, expressing a large scale limit of �GW in terms of ⇣ as

�̂GW(⌘, ki3, q, n
i) = �@ ln f̄(q)

@ ln q
T
S

(⌘, ki3, µ3) ⇣(~k3) , (6.44)

for a small |~k3|, we can write the schematic relation (all �GW’s are evaluated at the same
values of ⌘, ni, q so we understand their dependence)

lim
~

k3!0
h�̂GW(~k1)�̂GW(~k2)�̂GW(~k3)i = �@ ln f̄(q)

@ ln q
T
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D
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L
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= �@ ln f̄(q)

@ ln q
T
S

(⌘, ki3, µ3)M
D
h�GW(~k1)�GW(~k2)i h⇣

L

⇣(~k3)
E
,

(6.45)

where in the second line we used eq (6.41). This non-vanishing result gives the squeezed limit
of the three-point function for �GW. We adopt the following definition 2 for the non-linear
parameter f �GW

NL :

lim
~

k3!0

D
�GW(~k1)�GW(~k2)�GW(~k3)

E
= f �GW

NL

✓
4⇡4

k31 k
3
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◆
P
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⇣

(k3) . (6.46)

In our case, using the previous results, we find

f �GW
NL = �@ ln f̄(q)

@ ln q
T
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(⌘, k3, µ3)
h
2
@ lnP
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@ ln k1
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i
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(6.47)

and we can apply to this result the very same considerations made after eq (6.43).

The formula simplifies considerably in the case of pure matter domination. In this case,
T
S

= 3/5, �
q

= H ✏ = 2/5. Then,

f �GW
NL = �6

5

@ ln f̄(q)

@ ln q

@ lnP
⇣

@ ln k1
� 12

25

@2 ln f̄(q)

@ (ln q)2
. (6.48)

Recalling that f̄(q) is related with the GW isotropic energy density ⌦GW by the relation

@ ln f̄

@ ln q
=

@ ln⌦
GW

@ ln q
� 4 , (6.49)

the non-linearity parameter f �GW
NL can then be enhanced in proximity to large values of second

derivatives of ⌦GW as a function of the scale q.
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Figure 2. Representation of the GW spectral density ⌦GW and of f
�GW
NL for the model given in Eqs.

(6.50), (6.51), choosing a scale invariant P⇣ . Notice that the magnitude of f
�GW
NL is amplified around

the position where the spectral density changes slope. We have chosen the parameters ↵ = 2, � = 5,
0 = 1/10, ⌦0 = 10�12, q? = 10�5 Hz�1.

As an illustrative toy model which demonstrates this e↵ect, we can consider a GW
spectral density with the shape of a broken power law. The following parameterisation for
the spectral energy changes slope at a scale q = q

?

:

⌦GW(q) =
⌦0

2

(✓
q

q
?

◆
↵


tanh


(1� q/q

?

)

0

�
+ 1

�
+
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q

q
?

◆��


tanh


(q/q

?

� 1)

0

�
+ 1

�)

(6.50)
with ↵, � positive numbers, while the functions inside the square parenthesis represent a
regularisation of twice the Heaviside function (that is approached when sending 0 ! 0).
The function ⌦GW has a large second derivative in proximity of the scale q

?

where the change
of slope occurs. The value of f �GW

NL at q
?

results (for a scale invariant spectrum of ⇣)

f �GW
NL =

3

25

↵+ �

0
(4� (↵+ �)0) . (6.51)

Hence it can be enhanced taking small values of 0. See Fig 2 for an illustration of this
phenomenon, for a representative choice of parameters.

7 Conclusion

The amount of information extracted from the detection of GW signals by the LIGO-Virgo
collaboration has shown the power of GW to study astrophysical compact object and to
give relevant cosmological information on the late time universe. At the same level, the
improving angular resolution of future GW detectors will allow one to extract precious in-
formation from the detection of the stochastic background of GWs generated both from the
superposition of unresolved astrophysical sources and from cosmological sources, like infla-
tion, phase transition or topological defects. However, high sensitivity alone will be not

2We use P⇣(k3) instead of P�GW(k3) in the next equation, in order to simplify the overall coe�cients in
the equations that come next. Recall that the definitions of P⇣ and P�GW are related by Eq. (6.9).
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Thompson scattering ) linear polarization of CMB

[W. Hu]

[Thrane et al.]

Detecting primordial GWs with LISA?

• Measure frequency dependence of the GW power spectrum,

and possible anisotropies of primordial origin

• Detect higher order correlation functions (non-Gaussianity)

...but one must take into account e↵ects associated with propagation over large

cosmological distances, that tend to erase non-Gaussianities of GWs

[Bartolo et al.]

GW from inflation – a challenge for observational cosmology
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Well understood theoretically, excellent agreement with observations so far.

Slide 8

Constraints on inflationary models: what drives inflation?

Two plots on models of inflation; plus plot on how Planck constrained di↵erent sce-

narios

Formula for r depends on model: Starobinsky R2 predicts r = 3(ns � 1)2 then r =

3⇥ 10�3 for ns = 0.968

Beyond single field -¿ spectator fields
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Figure 6

In the top figure we show a polarization pattern composed only of E modes and in the bottom one
composed only of B modes. As indicated on the right, it is seen that around hot spots (red) the
polarization pattern of the E mode is tangential and radial around cold spots (blue). The
polarization pattern surrounding hot and cold spots of the B mode show a characteristic swirling
pattern (with di↵erent orientation around hot and cold spots).

where

W`m(n̂)± iX`m(n̂) =

s
(l + 2)!
(l � 2)!

±2

Y`m(n̂), (44)

in terms of the spin-2 harmonics ±2

Y`m used in Seljak & Zaldarriaga (1997), Zaldarriaga

& Seljak (1997), and Hu & White (1997b). If we replace (Q,U) by (U,�Q), then E ! �B

and B ! E. This tells us therefore, that a pure-E polarization pattern becomes a pure-B

pattern if we rotate each polarization vector by 45�, and vice versa, as can be also inferred

from the flat-sky treatment. Examples of E and B type polarization patterns are shown

in Figure 6. The parity properties of T, E, and B found in the flat-sky treatment remain

valid on the full sky.

5. E and B modes from gravitational waves

We now return to the polarization pattern induced by a single gravitational wave, of +

polarization, of wavelength k propagating in the ẑ direction. The upshot of Section 3 is

that this gravitational wave induces a polarization tensor (Kosowsky 1996),

Pab
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T
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4
p
2
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`

(2`+1)P`(cos ✓)�̃Q`
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(45)

www.annualreviews.org

•
Cosmic B modes and Inflation 21

Thompson scattering ) linear polarization of CMB

[W. Hu]

[Thrane et al.]
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• Measure frequency dependence of the GW power spectrum,

and possible anisotropies of primordial origin

• Detect higher order correlation functions (non-Gaussianity)

...but one must take into account e↵ects associated with propagation over large

cosmological distances, that tend to erase non-Gaussianities of GWs

[Bartolo et al.]

GW from inflation – a challenge for observational cosmology

The inflationary paradigm predicts the existence of a

stochastic background of GWs from inflation

but many of its properties depend on the inflationary model

• Most of the e↵ort concentrates

on CMB B-modes...

• ... but there’re arising well motivated theoretical scenarios predicting primordial

GWs at interferometer scales – a possibility worth exploring!
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