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4 similarities between optics & general relativity

e lensing in matter with optical gradient
e lensing in tidal forces
Einstein 1919: Dann kénnt’ mir halt der liebe Gott leid tun.
(Then | would have to pity the dear Lord.)

e electro-magnetic waves e gravitational waves
Brinkmann 1925, Einstein & Rosen 1937:
exact plane wave solution

e birefringence in matter with optical gradient
Fedorov 1955, Imbert 1972
e birefringence in tidal forces
2 chapels: Pirani 1957, Tulczyjew 1959

¢ photons e gravitons



Birefringence in isotropic matter with optical gradient

Figure: The Fedorov-Imbert effect for reflection: A plane glass surface
reflects an incoming, circularly polarized light beam. The dashed lines
show the projections of the beams on the surface. The dotted line
(between the blobs) is the offset between incoming and reflected beams.
It is of the order of the wave-wength of the light.

Hosten & Kwiat, “Observation of the Spin Hall Effect of Light via
weak measurements”, Science 319 (2008) 787.

K. Bliokh, Niv, Kleinert & Hasman, “Geometrodynamics of spinning
light”, Nature Photonics 2 (2008) 748.



Birefringence in Schwarzschild’s metric (Tulczyjew)

Figure: The trajectory of a photon with positive helicity, y = +1,
Ay = scattering angle, 8 = angle out of geodesic plane



ro := perihelion > rg,
Ao := wavelength at perihelion, y := helicity = +1.

e Scattering angle of light Ay ~ 4GMy/ro (~ 1 arc” for ry ~ ry)
¢ Angle out of geodesic plane 8 ~ —yAo/(27 o)
e [ depends on Ag (‘rainbow effect’), but not on M.

' The projection of the photon on the geodesic plane moves with
the speed of light c.

1! Stable numerical and perturbative solutions exist only if sg =0.

Duval, Marsot & Schiicker 2018



Upper limit from VLBI of radio-sources ‘close’ to the Sun
Harwit, Lovelace, Dennison, Jauncey & Broderick, Nature 249
1974

Abstract:

“An upper limit is determined for the difference in the deflection of
beams of orthogonally polarised radiation passing through the
Sun’s gravitational field. A null result is anticipated by present
theories of gravitation but this prediction has never been tested.”

With a baseline of 3900 km and with
do=375cm, ryp=18.8",,
Harwit et al. find an upper limit of
I8l < 1073 arc”.

For the same values, general relativity with Tulczyjew’s choice
yields
B~+3-10%arc”.



Today

Martin Harwit Feb. 2020:
GRAVITY @ VLT 1, =2-10"°m, resolution =107° arc’,

Event Horizon T 1p = 1.5- 1072 m, resolution =2 - 107° arc”.

Astronomical lenses?

B does not depend on M.



Birefringence in a Robertson-Walker metric

Figure: The trajectory of photons is the helix. The dashed line is the null
geodesic. The transverse spin % at emission time t, is indicated by the
short arrow at the left.
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o Theix(t) ~ K =0, +1.

e The spin vector § rotates with the same period Theiix(t).

' The projection of the photon on the geodesic moves with the
speed of light ¢ (= 1). Therefore the speed of the photon on the
helix is ~ V2c.

1! |3+ is not conserved, but |34 Va2 + K is.



An exotic redshift formula in the Lemaitre diagram

The photon is a taciturn messenger: it tells us its incoming
direction (6, ¢) and its period today To. From this period we
compute the redshift,

TO - Te
Te )

If we admit that the photon has spin, then it carries one more
information: its period of precession Tjix o tempting us to try

Thelix 0~ Thelix e

Thelixe
This assumption leads to an exotic formula for the redshift,
a(t) 1+ Q(te) -aa”
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Duval, Pasquet, Schicker & Tilquin 2018



Birefringence in linearized gravitational wave
dr® = dt? — (1 - o cos[w(t - 2)]) dx®
— (1 4+ ocos[w(t - 2)]) dy? — dz> + O(c?)
LIGO/Virgo: w = 2n/Agw ~ 27 - 100 Hz

o ~10720 ‘strain’
Aphoton = 1 um

Marsot 2019:
/12
ATphoton(1 + o +o p2°t°”)
A
GW
no GW GW GW
no spin spin

~10% <2



3 axioms for general relativity

Ry — 3Ry — NGy = 87G T,

U if test particle has no spin
D d
— — xH = XM =
de de i x 0

dx# dx”
AT—gg g’”d_pd_pdp’ (+---)



Adding spin to the geodesic equation
Now add spin SI*I(7).

xH * P+ Einstein 1907 — 1915
Pt =0-1R*,,S®x”  Mathisson 1937, Papapetrou 1951
S = prYY — PYXH Dixon 1970, Souriau 1974

=  P,P*=: m?is conserved.

If S*” = 0 and if x* and P* do not vanish, the spin evolution implies:

x(7) = y(7) P*(7)

and we can reparametrize  to achieve y(7) = 1.
However, if S#” # 0 we only have 4 + 6 equations for4 +4 4 6
unknowns and we must add 4 “supplementary conditions”.



2 main chapels

Pirani 1957: S#,x¥ =0

e Massless particles move on geodesics, no birefringence of light.

Tulczyjew 1959: S¥,P¥ =0

e P,P* is conserved unless P,PH — 1R,,,38""S% = 0,
e P,x* =0,
e 15,,S" =: s?is conserved.

After a 1 + 3 split, the “spin scalar” s will become s = §-B/p =: yh
and § = s p/p + §*. Quantum Mechanics says: photons have
“helicity” y = +1 and |§*| = 7.



Equations of motion for massless test particles with spin

X4 = P42 S* R gpe S™ pB
Ruppo SBSPT
pro— g V—det(R7g,s S°7) pH
Ruppe SBST
SH = PHXY _ PYxH Souriau 1974, Saturnini 1976

3 delicate features:

» No flat space limit
(Non-vanishing cosmological constant A helps. Marsot 2021)

» No zero-spin limit
» Superluminal velocities: due to the anomalous velocity x* is
spacelike.



