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» Model named after John Hubbard describes
electronic correlations in narrow energy band

» Starting from the model: electrons in the static lattice
with the Coulomb repulsion

H= Z( —i—VX,) > Ve(Xi—X)
1<i<j<N
» Using the approximations:

» only 1 band nearest-neighbour electrons interact
» small range of Coulomb interaction = forbid double
occupancy
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» Second-quantized Hamiltonian in the basis of Iniroduction fo
Wannier states is :

HHUb__tZ Z C/acla+UanTn/1

<ij>a=1,l

Outlook

» Mott metal-insulator transition
» relevant to high-T; super-conductivity
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» Integrability o 3Jindependent Q; such that
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1D periodic Hubbard model is integrable!

Huup = C, aCit1,a T C, 1,aCa ) + U nitn; |
+

i=1 a=1,|

In general

» Integrability o 3Jindependent Q; such that
[Qi,H]=0fori=1,2,..
» R-matrix formalisme allows to construct Q;:

» If 3 matrix Ry2(u, u2) which satisfies some properties
and Yang‘BaXter equat|on R12R13R23 = R23R13R12
> Ria(ty, Uz) = To(u) = [Tj—y Roi(0, u) = 7(u) = Trp(To(u))

such that
[r(u), 7(v)] =

» Hamiltonian H is in 7(u): H = %( 7(0 ))
» Charges @ are also in 7(u): 7(u) = Z, o U'Q
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One-dimensional Hubbard model
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The Hubbard model’s R-matrix:
» 16 x 16 matrix

Rly (M, A2) = Rl,(Ar2) Rip(M2)+F(A1, A2, U)R],(Mp) Cri Riy(Nf) Ci5

» with R7,(\) - free fermion model’s R-matrix (XX spin
chain)

» 4 x 4 matrix associated with g/(2) algebra
» and f - coupling function — Hubbard model constant U
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We diagonalize directly the periodic Hamiltonian: iCIARE
Huw = Z Z <C, aCit1,a + CI+1 2Ci, a) + UZ ni 1N |
i=1 a=1,|

Coordinate Bethe Ansatz

Symmetry: [Huub, Z,; n;,»] =0 - number of particles is conserved
N;, N| are quantum numbers of eigenfunction
» |) we choose pseudo-vacuum:
¢o such that ¢; ,¢0 = 0, the energy E =0
» |I) N-particle eigenfunction

NG = Dgepny Wz (X) Hf\; cf(hgigi)o where & = (o1, ...,0N)
and X = (X1, ey XN)

> W;()?) - ?
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Schrodinger equation

The Hamiltonian applied on N-particle eigenfunction
(Huubpn,s = Edn,z):

N
D (s (X+80)+Vs(X—8)+U D 6(xk = X1)d(0k # o1)W5(X) =

k=1 k<l

We have conditions on Wz (X):
» periodic boundary conditions: Wz (X + exL) = Wz(X)

One-particle solution:

k
. 1
notation: ey - vector (0,...0,1,0,...0)

V5 (X)
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Schrodinger equation

The Hamiltonian applied on N-particle eigenfunction
(Huubpn,s = Edn,z):

N
D (Vs (X+8)+Vs (X—8)+U Y d(xk = X))d(ok # 0/)W5(X) = EV5(X)

k=1 k<l

Coordinate Bethe Ansatz

We have conditions on Wz (X):
» periodic boundary conditions: Wz (X + exL) = Wz(X)

» Pauli exclusion principle W5 (X) = 0 for two particles on the same
site with the same spin

One-particle solution:
» WU(X) — eikx
» Energy E = 2cos k, Bethe root k is to be determined

» Periodic boundary condition = et =1 — k = 277 with
n=-L/2..L/2

k
. 1
notation: ey - vector (0,...0,1,0,...0)
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Schrodinger equation

The Hamiltonian applied on N-particle eigenfunction
(Huubpn,s = Edn,z):

N
Z X+ek +\U (X ek +U26(Xk - X’)é(ak # U/)\U (X) ()?) Coordinate Bethe Ansatz

k=1 k<l

We have conditions on Wz (X):
» periodic boundary conditions: Wz (X + exL) = Wz(X)

» Pauli exclusion principle W5 (X) = 0 for two particles on the same
site with the same spin

One-particle solution:
» WU(X) — eikx
» Energy E = 2cos k, Bethe root k is to be determined

» Periodic boundary condition = et =1 — k = 277 with
n=-L/2..L/2
» Usual solid state physics result!
k
, !
notation: ey - vector (0,...0,1,0,...0)
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Bethe hypothesis
N-particles solution:

>

>

in the sector Dqg: Xq(1) < ... < Xo(n) With permutation Q € Gy
Bethe Ansatz: for ki < ko < ... < ky and X € Dqg

> UI(X) = Tpee  (—1)FPVA (P, QP 1) Eikrian,
Energy E =2 ZL cos k;, Bethe roots k’s and Az(P, QP ") are
to be determined
Schrodinger equation + Pauli exclusion principle — "S-matrix"

for N = 2: a) Identical particles or o1 = og, only 1 sector: Az (id, id) and Az (M42, My2),
b) Non-identical particles, oy # o5, 2 sectors: Az (id, id), Az (Mq2, M42), Az (id, M42) and
Az (M1, id)
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Bethe hypothesis
N-particles solution:

» in the sector Dqg: Xg(1) < ... < Xgvy With permutation Q € Sy

» Bethe Ansatz: for ky < ko < ... < ky and X € Dq

Coordinate Bethe Ansatz

> WPX) = Spee, (1) 1FPA(P, QP 1) el X1 keiran,
» Energy E =2 ZL cos k;, Bethe roots k’s and Az(P, QP ") are
to be determined
» Schrodinger equation + Pauli exclusion principle — "S-matrix"

» for N = 2: a) identical particles or o1 = og, only 1 sector: Az (id, id) and Az (M42, My2),
b) Non-identical particles, oy # o5, 2 sectors: Az (id, id), Az (Mq2, M42), Az (id, M42) and
Az (M1, id)

=
> Ar,1(M2P, P
Thus, Ap 1 (M2P, NP~

Ay (NP, P7T)

o+
N
ind
N
— O OO

A (P, 12P:1) '
ALYL(P,Pi )

Ar1(M2P, P Ar (P, PTY)
_ A, (P, P7T)

2i(sin kg —sin kp)

_ _2i(sinkg—sinkp) = _____—-u
where ty, = Ut 2i(sin kg —sin kp) * Tab = T3 2i(sin ka—sin kp)
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» All coefficients Az(P, QP~") with all possible spin & and
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Bethe equations )

N-particles solution: What are k’s and Az(P, QP~") ?

» forany N: A(MaP) = Sap(sin ka, sin ky)A(P)

» All coefficients Az(P, QP~") with all possible spin & and Coordnate Bethe Ansaiz
sectors Q are in A(P)
> Sap(sin ka, sin k) acts non-trivially on a and b particles.

» Periodic boundary conditions =- "Auxiliary problem"

Sji1j.--SnjSyj...S—1;A(id) = " A(id)

Physical chain — "small" chain

123 L-1L
ceoe o o R e e e spin up
tee o o o0 o seee soe e spin down

T T et Y Y M e
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» we choose pseudo-vacuum, for example spin down
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» we find the one-particle solution f,(a) of new Hamiltonian.
a - new Bethe root, y - coordinate on the small chain.
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ik;L HM sin ki—aq +iU/4

> e a=1 Sk —an —iU/4" forj=1,.,N




Coordinate Bethe Ansatz V Serninar

. Victor Fomin
Bethe equations )

N-particles solution: What are k’s and Az (P, QPf‘) ?

» Using Coordinate Bethe Ansatz approach to "Auxiliary problem"”

Coordinate Bethe Ansatz

» we choose pseudo-vacuum, for example spin down
particles

» we find the one-particle solution f,(a) of new Hamiltonian.
a - new Bethe root, y - coordinate on the small chain.

> Bethe hypothesis: W) (7) = Y s, B(P)TT, f(an()
with y1 < ... < ymand a; < ... < am.

» Periodic boundary conditions = "Bethe Equations"

ik L M sinki—aq+iU/4 P
Ha:‘] Slnk/—aQ—IU/4’ forl —_— 17..-7 N

sinki—an+iU/4 M ag—aqg+il/2 o
> T svi—a—wya = — i ao—ac—we fora=1,...M

> e
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We introduce the projectors: = and 7 such that # + 7 = Id

» Generalized XX spin chain model: R{,()\) depend on
choice of 7 and 7

The generalized Hubbard-like model’s R-matrix
associated with gl (n) @ g/, (m):

integrability

(G. Feverati, L. Frappat and E. Ragoucy arXiv:0903.0190 [math-ph])
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We introduce the projectors: = and 7 such that # + 7 = Id

» Generalized XX spin chain model: R{,()\) depend on
choice of 7 and 7

» C-matrix: C7 = 7% — 7°
The generalized Hubbard-like model’s R-matrix

associated with gl (n) @ g/, (m):
>

Rl (M, A2) = Rly(M2) Rip(M2)+f(A1, Az, U)RI,(N5) Cr1 Riy(Nip) Ca

» with R],()\) - generalized g/(n) XX model’s R-matrix
» with R},()\) - generalized g/(m) XX model's R-matrix
» the same coupling function f(\y, A2, U)

(G. Feverati, L. Frappat and E. Ragoucy arXiv:0903.0190 [math-ph])
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additional degree of freedom.
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The generalized Hubbard-like model's R-matrix :
» satisfies the Yang-Baxter Equation

» generates Hubbard-like integrable Hamiltonians
depending on the choice of C:

» 7-particles = electron-like particles with spin 7, | and
additional degree of freedom.

» m-particles = heavy particles with spin 1, | and
additional degree of freedom which only interact with
m-particles.

Seminar

Victor Fomin

generalized R-matrix and
integrability
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General case: gl(n) @ gl(m) 1d Hubbard-like model
The periodic Hamiltonian:

L
H=Y" ((ZP)T xxt1 +(ZP) ) xxs1 4+ U Cix C¢x>, mod L
x=1

» n+ m— 2 types particles

Coordinate Bethe Ansatz

Periodic boundary conditions — Auxiliary problem
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General case: gl(n) @ gl(m) 1d Hubbard-like model
The periodic Hamiltonian:

L
H=Y ((zP)T wxit - (ZP) | xxst + U Cix clx), mod L
x=1

» n+ m— 2 types particles
» ptypes of = 1-particles and n — p — 1 types of & 1-particles

Coordinate Bethe Ansatz

» qtypes of = |-particles and m — q — 1 types of 7 |-particles
Periodic boundary conditions — Auxiliary problem

» n+ m— 3types particles
» ptypes of = 1-particles and n — p — 1 types of & 1-particles
» g types of & |-particles and m — q — 2 types of 7 |-particles

» choice of the new vacuum brakes the symmetry between spin up
and down particles
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General case: gl(n) @ gl(m) 1d Hubbard-like model

Results:

kil _ 2mwid 7TM  sinki—aq+iU/4 .
> e] _e Ha:1m,f0r/—17,..7N

Coordinate Bethe Ansatz

(V.F,, L. Frappat and E. Ragoucy arxiv:0906.4512)
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General case: gl(n) @ gl(m) 1d Hubbard-like model

Results:

sink —an+iU/4
a=1 S|nk—aa—lU/4’

sinki—aa+iU/4 2“,\1; ag—an+iU/2 an+ilU/2 _
> H/ 1 smk —aq—iU/4 — HB 1 ag—aq—iU/2’ for o = 17""M

> elit = 2 TV forj=1,..,N

Coordinate Bethe Ansatz

(V.F,, L. Frappat and E. Ragoucy arxiv:0906.4512)
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» Application to N = 4SYM theory
» Application to condensed matter physics
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Thank you
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