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Highlights : Discovery

Given a statistical model P(data; y), define likelihood L(4) = P(data; u)

To estimate a parameter, use the value j that maximizes L(u) — best-fit value
L(H,)

To decide between hypotheses H, and H., use the likelihood ratio T (H )
1

To test for discovery, use g, = —2log
For large enough datasets (n >~ 5), Z = 4 (q,

For a Gaussian measurement, Z =

For a Poisson measurement,




Highlights: Confidence intervals "

Contain the true value with given probability

To obtain, compute the log-likelihood ratio  t, = —2log L(3)
as a function of .

Interval endpoints = p* for which - =1

T T ‘ T T T I T T T
ATLAS Preliminary

(s=13Tev, 361" ... Hoyy
6 HoyyandH->z2Z*—41 . Hs77% 4] o

m,=12508GeV  AT| AS_ CONF-20] 7\_Q47

-2In(A)

Gaussiancase : (1 + O

Works also to obtain contours in 2D:
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o £ % Bestft J
C [ SM prediction pET R ]
20 : =
e a— + E
10— q .... . —
5 '_'.v‘: """ ‘ 4
SM
3 . | | L1111 J 1111 | I - | | - J | | T - | ‘ I -
10 20 30 40 50 60 70 80



https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2017-047/

Highlights: Upper Limits

L(p=p,)

Confidence intervals: use  t, =—2log

L(ji)

— Crossings with T , = /2 for +/0 intervals (in 1D)

Gaussian regime: U = {0 + o, (1o interval)

Limits : use LR-based test statistic:

— Use CL, procedure to avoid negative limits

Poisson regime, n=0:§ =3 events

qs = —2log

95% CL Upper Limit on ¢ x B [fb]

L(S=

2 8 T T T T .I '| S LI I N B B B
= ATLAS Preliminary Combination
N 7T 5-13TeV,36.1 b e B
6 H-oyyand H->ZZ*—4 HoZ7* -4l ]
m,, = 125.09 GeV
57 -—
4_. o
3 |
27 —
- |
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o
w
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o
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o
T

L(S)

A S, > S

- ATLAS

= Vs=13TeV, 36.1 fb
F 99— X 2y

- Jy =0, NWA

s

Observed
Expected -
+1 std. dev. 3
+ 2 std. dev. ]
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Expected from 7
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Systematic Errors

The statistical model (PDF) is a way to express uncertainty on the
outcome of an experiment. e.g. 2D Gaussian ;

These uncertainties are also called Statistical Uncertainties — they are
the ones encoded in the model.



Systematic Errors

The statistical model (PDF) is a way to express uncertainty on the
outcome of an experiment. e.g. 2D Gaussian ;

These uncertainties are also called Statistical Uncertainties — they are
the ones encoded in the model.

However the model itself may be wrong : this is a systematic error
— To account for them, need a set of Systematic uncertainties

— Can often add them “by hand”, but how fo treat this in a general way ? .



Systematic Uncertainties

Likelihood typically includes

« Parameters of interest (POls) : S, oxB, m, ...

* Nuisance parameters (NPs) : other parameters
needed fo define the model
— |deally, constrained by data like the POI

What about systematics ?

= what we don’t know about the random processs
= Parameterize using additional NPs

= Add constraints in the likelihood

L(pn,0;data) = L u,0;data) C(9)

measurement (

A A L
Systematics Measurement NP (%onstrount
NP Likelihood erm

POI

C(0) represents extra knowledge about the NP

Entries / GeV

Data - fit
c (data)

Phys. Rev. Lett. 119 (2017) 051802

L JEERRRERERA REREN LALRIRE RS EERRN ELALE LAY B il EER ]

30/ VBF tight /s =13 TeV, 36.1 fo" ]
C x%ndof = 30.7/48 .
25— —
C —e— Data ]
Background model

a0 = Signal x 20

15

L

_4E -
110 115 120 125 130 135 140 145 150 155 160
My, [GeV]

'Systematic uncertainty is, in any
statistical inference procedure,
the uncertainty due to the
incomplete knowledge of the
probability distribution of the
observables.

G. Punzi, What is systematics ?



http://inspirehep.net/record/1599399
https://www-cdf.fnal.gov/physics/statistics/notes/punzi-systdef.ps

Frequentist Systematics

Prototype: NP measured in a separate auxiliary experiment
e.g. luminosity measurement

— Build the combined likelihood of the main+auxiliary measurements

Independent
measurements:

L(n,6;data) = L (0;aux. data)  =Justaproduct

main aux

(u,@;main data) L

Gaussian form often used by default: L, (0;aux. data) = G(6°*;0,0_,,)
In the combined likelihood, systematic NPs are constrained
— Now same as e.g. NPs consfrained in sidelbbands.

— Offten no clear setup for auxiliary measurements
e.g. theory uncertainties on missing HO terms from scale variations
— Implemented in the same way nevertheless (" pseudo-measurement”)



Likelihood, the full version (binned case)

(4 (6} E")}i‘:;::;:azz;’{ﬂ?bs}fﬂV
I[P’n.-;uei,k(é) NS,ik I HG 0$56/1\
=1

T\ *\ !

Expected
bin yield

POI '
Bin Yields or NPs | [ Systematics
Observable Sig/Bkg Shapes,
values efficiencies
/ \ / \ Auxiliary
Pseudo- Data MC Data

experiments \

x number of categories!



Reminder: Wilks’ Theorem

L(S=S,)
Consider tg=—2log =
° L(S)

— Assume Gaussian regime (e.g. large n

Central-limit theorem) : then:

Wilk’s Theorem: t is distributed as a x?

under H, (5=3,):

f(tSo | S=SO) = fxz(ndof=1)(t50)
= The significance is:

Z =4q,

evts’

0.5

Cowan, Cranmer, Gross & Vitells
Eur.Phys.J.C71:1554,2011
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0.15
0.1
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S<0
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https://arxiv.org/abs/1007.1727

Profiling

How to deadl with nuisance parameters in likelihood ratios ?

— Let the data choose = use the best-fit values (Profiling)

= Profile Likelihood Ratio (PLR) A
. .—0(8,) best-fit value for S=S5,
I ( S=§ 6(5 ) (conditional MLE)
t, =—2log il

L(S,0)

= 8 overall best-fit value
(unconditional MLE)

Wilks’ Theorem: same properties as plain likelihood ratio

f(tso | S= SO) = fxz(ndof=1)( tso) also with NPs present

— Profiling “builds in” the effect of the NPs

= Can use t, to compute limits, significance, etc. in the same way as before
12



Homework 7: Gaussian Profiling

Counting experiment with background uncertainty: n= S + B ;
— Signal region (SR): n__ ~G(S + B, 0

_ sa) L(S,B) = G(ng,;S + B,0,) G(B,,;B,0y)
— Control region (CR): B__ ~ G(B, O

bkg)

Recall: Signal region only (fixed B): ¢, =

stat

— Compute the best-fit (MLEs) for S and B
— Show that the conditional MLE for B is

A 2

B(S)= B, +——%_(§—s)
(0} +Gbkg

stat

— Compute the profile likelihood t
— Compute the 1o confidence interval on S

—_ 2 2 — 2 2
S = (nobs_Bobs) + Jostat + 0-bkg Os = JGStat + Gbkg

Stat uncertainty (on n) and systematic (on B) add in quadrature

13



Uncertainty decomposition

No systematics NPs included : statistical uncertainty only
All systematics NPs included: stat+syst uncertaintes

2In A\

ATLAS

H — yy, m,=125.09 GeV

\

— Total — Theory

— Stat

10 intervals

Subtraction in quadrature

_ 2
Gsyst,tot E Jototal — O

2
stat

1

0.7 0.8 ' 0.9

1 111 12 £ 13

y 1.4

u = 0.99 + 0.12 (stat) + 0.06 (syst) + 0.06 ( theo)

14




Pull/Impact plots

Systematics are described by NPs
included in the fit. Define pull as

(0-06,)/ o,

Nominally:

 pull =0:ie.the pre-fit expectation
 pull uncertainty = 1 : from the Gaussian

However fit results may be different:

« Central value # 0: some data feature

differs froon MC expectation
= Need investigation if large

- Uncertainty < 1 : effect is constrained
by the data = Needs checking if this

legitimate or a modeling issue

— Impact on result of + 10 shift of NP

dllows to gauge which NPs matter most .

ATLAS-CONF-2016-0568

Pre-fit impact on p:

Au
0,=+A0 | 8=A0 54 02 0 02 04
Post-fit impact on p: L L B I A e L
6,=+AB 0,=-AB | ATLAS Preliminary

—e— Nuis. Param. Pull s =13 TeV, 13.? fo

Jet-vertex association ' _ 4
200Thad/3¢ non-prompt sample variation L
ttH acceptance (QCD scale) Q
200Tha9/3€ non-prompt e transfer factor j @ .
Pileup modeling &
281ThHag non-prompt normalization 9

ttH cross section (QCD scale) *

ttW acceptance (QCD scale) ‘ : @

Jet Energy Scale variation 1

HW acceptance (NLO vs LO) : : &
280Thgg/3¢ non-prompt p transfer factor ‘ .:
#W cross section (QCD scale) : &
Luminosity ‘ +
2£0THag €M non-prompt CR stat. : @
Jet Energy Scale (flavor composition) E &

1111 I L1 11 i L1l I 1111 i 1111 | L1 11 :I || I 1111
-2 -15 -1 -05 0 05 1 15 2
(6-6,)/A0

15


https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2016-058/

13 TeV single-t XS (arXiv:1612.07231)

Ap

Pull/Impact plots

-06 -04 -02 0 02 04 06
Systematics are described by NPs "|"'|"'|"'|~'|m|w|~‘

included in the fit. Define pull as
Parton Shower generator W

(6_ 60) / O@ JES: flavour composition %

Nominally: JES: Efft // 5

* pull =0:ie. the pre-fit expectation £ VS //

« pull uncertainty = 1 : from the Gaussian — /
i / E

Wt ME generator

However fit results may be different:

JES: nintercal. model

« Central value # 0: some data feature //
differs from MC expectation or cemelvae %
= Need investigation if large JES: pileup p /

i Unceﬂ'CIini'y < ] . eﬁeCT iS COnSfl'Oined b-jet efficiency scale fac. 0
by the data = Needs checking if this
legitimate or a modeling issue

ATLAS —

{s=13TeV, 3.2 fb™! Pre-fit Impact on p

7///4 Post-fit Impact on n

— Impact on result of + 10 shiftf of NP sz 1012 3

(6 - 6,)/A6
dllows to gauge which NPs matter most . 15



https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2016-058/
https://arxiv.org/abs/1612.07231

Profiling Takeaways

When testing a hypothesis, use the best-fit values L(n= W, euo)
of the nuisance parameters: Profile Likelihood Ratio. L(ﬁ é)

Allows to include systematics as uncertainties on nuisance parameters.

Profiling systematics includes their effect into the total uncertainty.
Gaussian:

2
syst

_ 2
0‘total - Jostat +0

Guaranteed to work well as long as everything is Gaussian, but typically
also robust against non-Gaussian behavior.

Profiling can have unintended effects — need to carefully check behavior

16



Outline

Bayesian methods

Look elsewhere effect
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Bayesian methods

Probability distribution (= likelihood) :

— Same as frequentist case, but freat systematics by marginalization, i.e.
integrating over priors, instead of profiling:

 Integrate out 6 o get P(u):  P(u) = [ P(u,0)C(6) do

— Use probability distribution P(u) directly for limits & intfervals

e.g. 68% CL (*Credibility Level”) intersal [A, B i j P(u)n(p)dp = 68%

P(u)
P(n)

where 1(J) is the prior on . Uses Bayes’ Theorem: P(uln) = P(n|u)

e No simple way to test for discovery
e Infegration over NPs can be CPU-infensive (buft can use MCMC methods)

Priors : most analyses use flat priors in the analysis variable(s)
= Parameterization-dependent: if flat in oxB , them not flat in couplings....

— Can use the Jeffreys’ or reference priors, but difficult in practice 18



Homework 8: Bayesian methods and CL,

Gaussian countfing problem with sysfematic on background:n=S +B + 58

e’o‘stat) G(eobs=0;e’1)

— What is the 95% CL upper limit on S, given a measurement n___?

P(n;S,0)= G(n;S+B+o0

syst

1. CLs computation:

« Use the result of Homework 7 to compute the PLR for S

« Use the result of Homework 6 to compute the CLs upper limit

2. Bayesian computation:

 Integrate P(n; S, 8) over 6 to get the marginalized P(n| S)

« Use Bayes’ theorem to compute P(S|n) o P(N|S) P(S), with P(S) a flat prior over
S>0. _

. Find the 95% CL limit by solving [ P(S|n)ds =5%

Solution: . ., n—B _ _
IN bOTh cases Sups =n-B+ (I) L 005 (I) J()'z +02 \/OStat+ Gsyst

stat syst

19



Example: W —=lv Search

arXiv:1706.04786

NPs: syst on signal € (6 NPs), bkg (6), lumi (1) — integrate over Gaussian priors

Trigger Multijet background

Lepton reconstruction
and identification

Lepton momentum

scale and resolution

E,‘Fiss resolution and scale
Jet energy resolution

Top extrapolation
Diboson extrapolation
PDF choice for DY
PDF variation for DY
EW corrections for DY

* POIl: W oxB — use flat prior over [0, +oo|.
[ J
-.f_g 7 T T T T T | T T T T I_
3 10°E" ATLAS — W' (3TeV) e Data =
W 4 Vs=13TeV,36.1fb1 —W (4TeV) CI\TN .
W' — ev selection — W' (5 Tev) EMZTﬂ?;ar =
5
10 oz E
10 []Diboson —éu
10°E o
102 = -
1o =
1 E
e 2
o 1-4:_ T T T T T T T | 1 I“." T
b 125 t )
S
8 08 K
o 0.6 N L
o _ 14 [ %4
B E 12 L
o 8 1 i
© 208
S =06 L U
200 300 1000 2000

Transverse mass [GeV]

Pile-up Luminosity
1 O % T T T ‘ T T T T | T T T T | T T T | T T T é
= ATLAS =
- - E ted limit ]
- is=13TeV,36.1fp"  pectedlimit -
1 E W' = v Expected + 1o _E
95% CL Expected £ 26 E
107" E — Observed limit 3
- — Wissm -
1072 = E
10° g =
1 0—4 _I 1 1 1 | | | 1 ‘ 1 | 1 1 | | 1 1 1 | | 1 1 | 1 1 -‘I.-.l
1 2 3 4 5 6
m,,. [TeV]


../../home/nberger/Data/Applications/analysisDoc/PDF/1706.04786.pdf

Outline

Bayesian methods

Look elsewhere effect
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10*

Look-Elsewhere effect : oa :
a % —— Background-only fit %

L% 102 ;_ Spin-0 Selection _;

) . . = /s =13TeV, 3.2 b 3
Sometimes, unknown parameters in signal model 105 n -
e.g. p-values as a function of m, L * ‘ H §
= Effectively: multiple, simultaneous searches ol N
— If e.g. small resolution and large scanrange, @ e
many independent experiments g 104 # m =
LD T PV

i R

§ 10l "‘ L' =

400 600 80O 1000 1200 1400 1600 1800 2000

H®
II|IIIIII|III|IIIIIIIIIIIIIIIIIIIII 260

% 1 fl_()c _E m,, [GeV]
“ e -
10 E
- % 1 = More likely to find an excess
102 3 .
| 1 anywhere in the range, rather
B 36 --------------------------------------------------------------- ] i i i
107 AT AS - than in a predefined location
- /s =13TeV, 3.2 - = Look-elsewhere effect (LEE)
10* NWA =
S Spin-0 Selection .
10 6400 600 500 1000 1200 1400 1600 1800 2000

m, [GeV]
22



Global Significance

Probability for a fluctuation anywhere in the range — Global p-value.
at a given location — Local p-value

N
Global — pglobal =1- (1_plocal) ~ N plocal R E— Local
p-value 1 p-value

Trials factor

10* =1

= Pgiobal > Piocar = Lgiobal < Zioca + 9lOLAl fluctuation ¢ 1035 LT Pom 11 1]
more likely = less significant £ S;_Ozalkgt;d"'y“
B R e I
A PEL WAL T 1 1
Trials factor : naively = # of independent intervals: oo TR ‘ H =
?? Scanrange 10_1:15 |.E. E E |.E. E.|.:..|.:, |.:,_;
N viats = Ninaep = ; S ¢ B R R -
peak width I T S
E O I 1 1 1 1 1 1 1 g
However this is usually wrong — more on this later st A
T 105! 1 1 1 1 1 1 1 1

° 200 400 600 800 1000 1200 1400 1600 1800 5000

My [6928



Global Significance

Probability for a fluctuation anywhere in the range — Global p-value.
at a given location — Local p-value

For searches over a parameter range, the global p-value is the relevant one

— Accounts for the actual search procedure: look for an excess anywhere in

the scanned range ATLAS Preliminary  {s=13TeV, 32" Spin-0 Selection

S )
— Depends on the scanned £ 10 I3.5 %
parameter ranges SN il
2.5 2
6 T
2 g
e.g. X—Yyy: 4 1.5
« 200 < m,< 2000 GeV > ;5
« 0<T,<10%m,. |

QOO 400 600 800 1000 1200 1400 1600 0

m, [GeV]
= Dieal is what comes out of the usual formulas

How to compute p_ ., (or N,..) ?

24



Trials Factor

Trials factor N = # of independent searches:

N
Global — pglobal =1- (1_plocal) ~ N plocal R E— Local
p-value 1 p-value

Trials factor

10* e

2 O EamAs v 1 a1 a4 a4 d
o 1 1 1 1 ¢t Data 1 -
i :c:; 103? . . . p. L Balckgro:md-o;ly fit 1 E
Naively, one could expect PN bl shosead | b
§: L Ge13TeV,3eh’s .
PEL WAL T 1 1
22 scan range N b ) ‘: H: '
N giats = Nipaep = o SRRl S
peak width Iy e
.g 15;1;: ,':I ‘=: “:: ,I:I “:1',!:5',':I ,':l_i
g o0Mll a4 =
However this is only correct for a discrete 5 gj-: LT S
Number of experiments (i.e. 10 different regions) % -t Fof o
T 105" 1 1 1 1 1 1 1 13
° 500400 600 8001000 1200 140016001800 3000

m, 625



Gross & Vitells,

Trials Factor for continuous variables ERJ.CT0:525-

Asymptotic limit : trials factor (1 POI) is N trials — 1+ 1/ N 1ndep Zocal

— Trials factor is not just N, also dependsonZ___ ! N _ scan range

indep’ dep —
neP peak width

Why ? Slicing range info N, ., regions misses 3 10' A Data R
peaks sitting on edges between regions T S A
True N IS > N | 2 § : : : : Backgropnd o?ly fit : E
~ s naee’ i\ @ SehoSpecin i
= o ' ' ' . o1l '
. 80, & o M "V v B
& of ¢ - S
0 L (&) L 1 1 1 1 1 1 [
S o e Matis e 1 th 0 =
O PP o T ‘: H: S
501 Toy data O L T T
40;_ , _§ 15;T'€: IE Ii: I:.Ii:.:::!i::li..li.é
30} # Search in 10 fixed D t0ale : -
_. bins: Ntriqls = ]0 3 55 : I :+ : : : : _;
20E | Ej 0F— : ii Q: : -
101 . . o : Lo
R ! | ! & _105_": : , : b

00 1 2 3 4 5 6 200 400 600 800 1000 1200 1400 1600 800 2000

Local Z m, [GeYG



Gross & Vitells,

Trials Factor for continuous variables ERJ.CT0:525-

Asymptotic limit : trials factor (1 POI) is N trials — 1+ 1/ N 1ndep Zocal

— Trials factor is not just N, also dependsonZ___ ! N _ scan range

indep’ dep —
neP peak width

Why ? Slicing range into N____ regions misses 3 10

peaks sitting on edges between regions & ok oo v ]
_I_ N N | :;,,_‘ = . . . . Background -only fit =
= True trials s > indep’ L% 102;_ ) E E ESpin (;Selelt:tlon E E 1'2
~ Ml e-faTesat' b
5 80r \‘.‘ o o B 1 1 1 |V_ ? © 1 3 b 1 N
L ¢ ’ - P e b b
270? o - 1 1 1 1 1 1 IZ
S Lo h S
:‘-’9040 S ~_ | | o+ o
S0 Toy data e TNl
40:_ ° ?":l1'Illll‘l-l!l‘-l:llllill'lll'Il‘l-.:
z / o 2|
30 “ Searchin lOfbxed 2 ool ror e
- binS' N . — ] ® 5 1 1 & 1 1 1 1 1 =
Fo e frial L 1 " I 1 1 1 (=
200 R B o .* A
10P— .. . i A
0] | | I = i L T T T T T T T =

0 1 2 3 4 5 6 200 400 600 800 1000 1200 1400 1600 1800 2000

Local Z m, [GeYG



104§ \\\\\\\\\\\\\\\\\\\\\\\\\\\ 3

* Data

10° . =
E —— Background-only fit 3

Global Significance from Toys

Events / 20 GeV

102 — Spin-0 Selection

Local 3.90 (6 =13 TeV, 321"
— e (T E
Principle: repeat the analysis in toy data: e — \ H .
— generate pseudo-dataset 10“; IIIIIIIIIIIIIIIIIIIIIIIIIIII 3
— perform the search, scanning over parameters @ 12;?“ | E
as in the data - 9l LI

— report the largest significance found il A
— repeat many times e

= The frequency at which a given Z; is found is the global p-value

e.g. X=»yySearch:Z =390 (=>p_, ~510°,

— However we are scanning 200 < m,< 2000 GeV and 0< T, < 10% m, !

local

— Toys : find such an excess 2% of the time somewhere in the range

= Pgiopat ~ 2 1072, ZglomI = 2.10 Less exciting, and better indication of true /!

® Exact treatment

e CPU-intensive especially for large Z (need ~O(100)/p toys)

global
27



Conclusion

Significant evolution in the stafistical methods used in HEP
Variety of methods, adapted to various situations and target results

Allow fo

— model the stafistical process with high precision in difficult situations
(large systematics, small signals)

— make optimal use of available information

Implemented in standard RooFit/RooStat toolkits within the ROOT
framework, as well as other tools (BAT)

Still many open questions and areas that could use improvement
— €.g. how to present results with all available information

28



Homework solutions for Lecture 3
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Homework 1: Gaussian Counting

Count number of events n in data
— assume n large enough so process is Gaussian
— assume B is known, measure S

2

1[ n—(S+B)

2| Js+B

L(S; n)=e
Likelihood :

2

n—(S+B)

vS+B

A(S;n) =

MLE forS:S=n-B
Test statistic: assume S > 0,

L(S=0)

g, = —2log — —k(SZO)—k(S)Z

L(S)

J(S+B
y o

S+B

2

n—B
VB

A Known formulal

Finally:

hﬁﬁ%

— Strictly speaking only
valid in Gaussian regime



Homework 2: Poisson Counting

Same problem but now not assuming Gaussian behavior:

L(S;n) = e *?(s+B)"

AM(S;n)=2(S+B)—2nlog(S+B)

MLE: S = n - B, same as Gaussian

Test statistic (for S > 0):

g0 = M(S=0) — A(8) = —25-2(5+B) log

B
S+B

Assuming asymptofic disfrioution for g,

(S+B) log

1+§ - S
B

See G. Cowan'’s slides for case with B uncertainty

31


http://www-conf.slac.stanford.edu/statisticalissues2012/talks/glen_cowan_slac_4jun12.pdf

Homework solutions for Lecture 4
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Homework 3: Gaussian CL.,

Usual Gaussian counting example with known B: 3 G
n—(S+B)|’ 3 -

A(S) = G, 3 E
Reminder: - :
Best fit signal : S=n-B : lsl.u.
Significance: Z = S/+/B +B
Compute the 95% CL upper limit on S:

for
L(S=S,) & n—(S,+B)|" _[S—S S >S5
= —21] — — — = — 0

qSO Og L(S) }\'(SO) }\’(S) GS GS

so (s =2.70 for §,= S ++/2.70 o,

And finally Su = S + 1.640, at 95% CL

33



Homework 4 : Gaussian CL_

Usual Gaussian counting example with known B: g
2 -

Reminder 3
Best fit signal : S=n-B S AT T S
CL,,, limif: N
S, =S+ 1640, at 95% CL & oS o o
o [ 8,=S8]* (fors, > $) (5.9
CL, upper limit : sfill have qs, = G, UnderH (S =$,) :

SO need 1o solve

1-®(yqs,)

Ps
P = ? = — = 5%
- P l_q)(‘/QSo — Solos)
forS =0, — —>
Sup = S+ <I>_1(1 — 0.05 @(3/05)) o, at 95% CL

T~

Vg, ~ G(0,1)
Ps, = l_q)(‘/qiso)
Under H (S = 0) :

Vs ~ G(S,)/04,1)

Pg = (I)(\/q_so_so/os)

34



Homework 5: Poisson CL,

Same exercise, for the Poisson case

Exact computation sum probabilities of cases “af least as extreme as data” (n)

S+B +B) pS (n)
Z e and one should solve p,, = —= =5% for §_
s Po(n) P
0
Forn=0: pg = ps“p( ) =e "=5% = S, =log(20)=2.996 ~ 3
s Po(o)

= Rule of thumb: when n__ =0, the 95% CL_limit is 3 events (for any B)

S,+B
n

Asymptotics: as before, qs = r(S,) — ?»(3) =2(S,+ B— n)—2n log

Forn=0, qs(n=0)=2(S,+B)

1-® =0
Pcr. = Ps - (Jqso(n )) =5%

Po 1_(1)(\/‘150(":0)_‘/‘150(":

= S,, ~ 2, exact value depends on B
= Asymptoftics not valid in this case (n=0) — need to use exact results, or foys
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Homework 6: Gaussian Intervals

Consider a parameter m (e.g. Higgs boson mass)
whose measurement is Gaussian with known
width o_, and we measure m___:

2
m—m,,
}\'(m;mobs)= O'mos
— Best-fit value (MLE):. m=m__.
2
m—m
— Test statistic: n=|"0c_
- lointerval m = m, g, * O,

m

9 CMS H>» yy 19.7 o' (8 TeV) + 5.1 b (7 TeV)
g A\ M, = 124.70 +0.34 GeV Y
'\ 124.70 +0.31 (stat) +0.15 (syst) GeV | [/ - T
7\ a0 T
= Floating (g vy and W gghin ] U
6 { —_—
] —_—

5 -
C 1
N RN
F " —— Total uncertainty 1 O
= “‘ - - Statistical only ] —
3 0~
N N
= = El

0 L I R ) | | .

124 1245 125

‘125.5‘
m, (GeV)
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http://dx.doi.org/10.1007/JHEP11(2017)047

Homework solutions for Lecture 5
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Homework 7: Gaussian Profiling

Counting experiment with background uncertainty: n= S + 0 :

— Signal region: n ~ G(S + 0, 0__) L(5,8) = G(n;S +6,0..) G(6™;6,0..)
— Control region: 8°> ~ G(8, o, )
(s+0)|> [o™—0l Fﬁ/'lrLSE c §’tmr$I ’°|'2f‘°'
| _[n— — as it shou
Then:  A(S,0) = o o ) l
R 2
MLEs: §=n— @™ Conditional MLE:  §(s) =g + — % (§_ g)
6 _ eobs that+ Giyst

A R Y

PLR ts=—210gL(S’AG(AS)) = (S,8(S)) —A(8,8) = (25 S)z
L(S,G) 0'stat + Gsyst

_ 2 2
GS - \/Ostat + Gsyst

Stat uncertainty (on n) and systematic (on 8) add in quadrature

lointerval § = S =+ \/ Gsmz T Oy
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Homework 8: CL. computation

Gaussian counting with systematic on background:n=S + B + o6

L(n;S,0)=G(n;S+B+0,,0,0,,) G(6,,=0;6,1)
R N\
MLE: S = n—B
2
N A o, > PLR: A(u)=[22E="
Conditional MLE: 6(p) = —' —(n - S—B) Jol +ol,
stat syst

This boils down to the Gaussian case of HW 6, so the CL_limit is

CL.: s%=n-B+|o|1-0050[- =B Vol +ol,

S up \/ 2 2
O TO syst

39



Homework 8: Bayesian computation

Gaussian counting with systematic on background:n=S +B + o6

P(n|S,8)=G(n;S+B+0,,0,0,,) G(0]0,1)

Bayesian: G(0) is actually a prior on 8 = perform integral (marginalization)

P(n|S)= G(S; n—B, ‘/Gftaﬁﬁiyst) same effect as profiling!
Need P(S|n) = a prior for S — take flat PDF over S > 0 0.47
= Truncate Gaussian at S=0: 0.35]
P(S|n)=P(n|S)P(S) o3
r 1 o.25§—
P(S|n) = G(S;n—B, /ol +ol,)| @] || <&
‘/Gstat"' O syst 0351
Bayesian Limit: 0_05;
2 S, —(n—B _ e e
J.P(S|n)dS=5%= 1— | 2w (n ) n—B 4 -3-2-10 1 2 3 4
Sup Jo’:tat-l-ozyst Joztat-l-o'iyst
Bayes -1 n—B 2 2 |
so = n-B+|® (1~ 005 0| ———]||| Vo, +0), someresultasCL|
Jcstat-l-csyst
40




	Slide: 1
	Slide: 2
	Slide: 3
	Slide: 4
	Slide: 5
	Slide: 6
	Slide: 7 (1)
	Slide: 7 (2)
	Slide: 8
	Slide: 9
	Slide: 10
	Slide: 11
	Slide: 12
	Slide: 13
	Slide: 14
	Slide: 15 (1)
	Slide: 15 (2)
	Slide: 16
	Slide: 17
	Slide: 18
	Slide: 19
	Slide: 20
	Slide: 21
	Slide: 22
	Slide: 23
	Slide: 24
	Slide: 25
	Slide: 26 (1)
	Slide: 26 (2)
	Slide: 27
	Slide: 28
	Slide: 29
	Slide: 30
	Slide: 31
	Slide: 32
	Slide: 33
	Slide: 34
	Slide: 35
	Slide: 36
	Slide: 37
	Slide: 38
	Slide: 39
	Slide: 40

