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Physics Modeling : Summary of Lecture 1 .-

Physics measurement data are produced through random processes, -._.7,1~'.\‘ & =
Need to be described using a statistical model:

Description Observable Likelihood
Counting n Poisson ( S+ B)n
P(n;S,B) = ¢ 5*"
n!
Binned shape [\ i=1..N,_ Poisson product
analysis ' " N (s fsig B fbkg)n.
bins _ sig bkg . + . '
P(n;S,B) = [Jem?=—t—2"
i=1 n;:
Unbinned m., i=1..n Extended Unbinned Likelihood
shape analysis ' evis
e—(S+B) Ny
P(mi;S,B) — o HS Psig(mi)"'B Pbkg(mi)
evts*©  i=1

Model can include multiple categories, each with a separate description
Includes parameters of interest (POIs) but also nuisance parameters (NPs)

Next step: use the model to obtain information on the POls 5



Model Parameters

Model typically includes:

* Parameters of interest (POIs) : what we want to measure

— S, oxB, m,. ...

* Nuisance parameters (NPs) : other parameters needed to define the model

— B
— For binned dataq, f9, , foke

— For unbinned data, parameters needed

fo define P,

e.g. exponential slope a of H—pu background.  °f

NPs must lbe either
— known a priori (possibly within systematics) or

— constrained by the data (e.g. in sidebands)
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Multiple analysis regions offen used: 10 :
e.g. for different decay modes, etc. 102: —

— Useful to model these separately if better
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— Similar to a-posteriori combination of the various regions, but allows proper

Data / Pred

handling of correlated parameters (e.g. systematics). 4


http://inspirehep.net/record/1644900

Categories for H->yy Property Measurements

Categories also useful to provide measurements of separate kinematic regions

— e.g. differential cross-section measurements
ATLAS Preliminary H —yy, m_=125.09 GeV
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Most categories aimed at one particular truth region
— also cross-feed from other regions (detector acceptance, pileup, etc.)

= Combined analysis for optimal use of all information 5


https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2017-045/

ATLAS Higgs Combination Model

Atlas Higgs combination model (23.000 functions, 1600
parameters)

Model has ~23.000 function objects, ~1600 parameters
Reading/writing of full model takes ~4 seconds
ROOT file with workspace is ~6 Mb

W. Verkerke, SOS 2014 6/



https://indico.in2p3.fr/event/9742/contribution/16/material/1/0.pdf

Statistical computations

Now that we have a model, can use it

tfo compute analysis resulfs:

* Discovery significance: we see an excess —
is it a (new) signal, or a background

fluctuation ?

* Upper limit on signal yield: we don’t see an
excess — if there is a signal present, how small

must it be ?

 Parameter measurement: what is the
dllowed range for a model parameter ?

("confidence interval®)

— The Statistical Model already contains all the

needed information — how to use it ?
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Plan for today

Today:

Computing statistical results:
Estimating a parameter
Testing hypotheses
Discovery testing



Discovery Testing

We see an unexpected feafure in our
dataq, is it a signal for new physics or a
fluctuation ?

e.Q. Higgs discovery : “We have 50” |
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http://www.sciencedirect.com/science/article/pii/S037026931200857X

Discovery Testing n

Say we have a Gaussian measurement with
a background B=100, and we measure n=105

Do we have a signal ?

Probably noft :

S =5, uncertainty on Bis /B = 10

= we are only ~ 0.50 away from S=0.

Gaussian quantiles : happens ~31% of the time for S=0, so not exceptional

Obs: 105

®(z) = fz G(u;0,1) du B=100 N,




Discovery Testing
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Evidence

Discovery
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Straightforward in this
Gaussian case

In more complex
cases, also need to
e Determine S

« Compute Zand p,
11/



Outline

Computing statistical results

Estimating the value of a parameter

12/



Using the PDF

Model describes the distribution of the observable: P(data; parameters)
= Possible outcomes of the experiment, for given parameter values
Can draw random events according to PDF : generate pseudo-data

P(A=5) mmmp 253749 ..

Each entry = separate “experiment”

Generate -
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5 - r r I .
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@ r N : i - "
2 B . N - F N e
s % Unbinned s % b M
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Likelihood

Model describes the distribution of the observable: P(data; parameters)
= Possible outcomes of the experiment, for given parameter values

We want the other direction: use data to get information on parameters

P(A="?) - 2

Estimate _ 3000-
3 F ORI ¥
O .025L 5 25000 Fa
o - Q B i“lﬁ
B 2 2000 o+
2 00z ; - A
® 0.015F © 15000 R
8 B 8 L *‘i“".“'ii
N B N - L Y
= 0.01: = 1000: v,
- r S r
5 0.005F S 500
prd - prd -
$00 10 120 130 140 150 160 000110120 130 140 150 180
m (GeV) m (GeV)

Likelihood: L(parameters) = P(data; parameters)

— same as the PDF, but seen as function of the parameters 14 |



Poisson Example

s S"
Assume Poisson distribution with B = 0: P ( n, S) =e m

Say we observe n=5, want to infer information on the parameter S

— Try different values of S for a fixed data value n=5

5
— Varying parameter, fixed data: likelihood L ( S;n= 5) =e” %
LN
0.8 Observed
E Value n=5
0.6
0.4}
0.2

ST

10 15 20 25 30
15/



Poisson Example

s S"
Assume Poisson distribution with B = 0: P ( n, S) =e m

Say we observe n=5, want to infer information on the parameter S

— Try different values of S for a fixed data value n=5

5
— Varying parameter, fixed data: likelihood L ( S;n= 5) =e” %
06;: Read L(S, n=5) here
0.5H Observed
P(S = 0.5) - Value n=5
Low 0.4:—
likelihood 0.3;—
0.2F
0.1
N |—L v w | | | |
5

SP

10 15 20 25 30
15/



Poisson Example

Assume Poisson distribution with B =0:

P(n;S)=e

n!

Say we observe n=5, want to infer information on the parameter S

— Try different values of S for a fixed data value n=5

— Varying parameter, fixed data: likelihood

0-6;: Read L(S; n=5) here
0.5H Observed
P(S =0.5) - Value n=5
Low 0.4:—
likelihood _ _F| P@S =9)
0.3p High
0.1; JI—I—LLL‘k
:J_|—||—1v|||| [ T T T (N TR SO TN S AR SR
% "5 10 15 20 25

. —_ — —S SS
L(S;n=5)=e Y

30
15/



Poisson Example

s S"
Assume Poisson distribution with B = 0: P ( n, S) =e F

Say we observe n=5, want to infer information on the parameter S

— Try different values of S for a fixed data value n=5

5
— Varying parameter, fixed data: likelihood L ( S y 11— 5) — e_S %
0.6;: Read L(S; n=5) here
0.5H Observed
P(S = 0.5) - Value n=5
Low 0.4
likelihood _ _f PG =) =
0.3 High 6=
- likelihood Low
0.2:— likelihood
0.1 JI

15/



Poisson Example

s S"
Assume Poisson distribution with B = 0: P ( n, S) =e m

Say we observe n=5, want to infer information on the parameter S

— Try different values of S for a fixed data value n=5

5
— Varying parameter, fixed data: likelihood L ( S;n= 5) — e_S %
O-GE: Read L(S; n=5) here 0.187
5es - 0.8 0.5( Observed oy L(S; n=5):
5 =0.5) - Value n=5 0.12f Likelihood
low  0.4f 0.1 of S for n=5
likelihood - PG =39) 008
0.3 = High 0.06
0ok likelihood pu
- 6 8 10 12 14 16 18 20
0.1 < : >
C LY
5

°F;

0 15 20 25 —30
(n) 15/



Maximum Likelihood Estimation

To estimate a parameter g, find the value [ that maximizes L(J)

Maximum Likelihood A
=arg max L
Estimator (MLE) i: n=arg ()

$=0.5
0.6F %\ 0.18F
~ i 0.16
@ st Observed c 014k L(S) max
3_5 0.4k Value n=5 g, 0.12F ® § _5
- 0.1
0.3 : )
: 0.08/- given n=5
0.2 0.06-
0.1 0.04[
=l 0.021- S
% S

' RN AR A [N BN B A
G274 6 8 710 12 14 16 18 20

MLE: the value of u for which this data was most likely to occur
The MLE is a function of the data - itself an observable
No guarantee it is the frue value (data may be “unlikely™) but sensible estimate

16 /



MLEs in Shape Analyses § o 4TS Py b
600_— Slngle Lepton %E : ';%';t B
wopkat G
. Is: 4003— Iiﬂgtr:retftainty_:
Binned shape analysis: N o tiH (norm) 1
L (S ; nl) — P (nl ; S) — H POiS (ﬂl ; S fl + Bl) e =———u a} 1

i=1

—_
n

a oo a
TTT

#%%%%@@%#@@%%%7%73

Maximize global L(S) (each bin may prefer a different S)
In practice easier to minimize R °§|ais.f?c§t.3n“s%?f,’u?pui

o
oy

Data / Pred.

Mpo (S) = —210gL(S) = —2 Z log Pois(n,;Sf;+ B.)  Needsacomputer..

i=1
In the Gaussian limit
c Y In,—(Sf,+ B,
7\Gaus(5> = Z‘ZlOgG(ni;Sfi+Bi,0 = Z f ) x2 formulal!
i=1 i=1

— Gaussian MLE (min x? or min A__ ) : Best fif value in a x? (Least-squares) fif
— Poisson MLE (min A, ) : Best fif value in a likelihood fit (in ROOT, fit option “L")
In ROOFiT, A, & RooAbsPdf::fitTo(), A, = ROOAbsPdf: :chi2FitTo().

In both cases, MLE & Best Fit
17/



H->YY

Events / GeV

Events - fitted bkg
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|
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¢ Data

------ Background
—— Signal + Background

—— Signal

-
L.
-

T T T | T T T T | T T T T
ATLAS Preliminary
Vs =13 TeV, 36.1 fb’’

m, = 125.09 GeV

VBF-enhanced

150" 160

Estimate the MLE § of § ?

— Perform (likelihood) best-fit of
model to data
= fit result for S is the desired §.

In particle physics, often use the
MINUIT minimizer within ROOT.

ATLAS-CONF-2017-045
18/


https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/CONFNOTES/ATLAS-CONF-2017-045/

MLE Properties
(s
20;

+

Standard deviation of the distribution of [

forn » «©

- Asymptotically Gaussian P(fi) o exp|—
[ and unbiased (i) =p forn > o« |

|

for large enough datasets

'

« Asymptotically Efficient : o is the lowest possible value (in the limit N—o0)

among consistent estimators.

— MLE captures all the available information in the datfa

n=»o

* Also consistent: I converges to the true value for large n, T M*

* Log-likelihood : Can also minimize A = -2 log L
— Usually more efficient numerically
— For Gaussian L, A is parabolic:

« Can drop multiplicative constants in L (additive constants in ) 19/



Extra: Fisher Information

Fisher Information:
I(n)=

aulogL( )

2

62
o

;log L(u)

Measures the amount of information available in the measurement of u.

Gaussian likelihood:

I(n)=—

1

Gauss

— smaller o = more information.

Gauss

Cramer-Rao bound: Var( )

For any estimator [,

( )

Gaussian case:
« For a Gaussian estimator [
~ *\2
(X—pn)
2
205

P (i) oc exp|—

 MLE: Var(p) = o,?

Cramer-Rao: Var(il) 2 o 2= o[f

Gauss

— cannot be more precise than allowed by information in the measurement.

Efficient estimators reach the bound : e.g. MLE in the large dataset limit.

20/




Outline

Computing statistical results

Testing hypotheses

21/



Hypothesis Testing

Hypothesis: assumption on parameters of interest, say value of S (e.g. H, : $=0)

— Goal : decide if H, is favored or disfavored using a fest based on the data

gﬁ%ﬂg'ﬁe& Data disfavors H, Data favors H,
(Discovery claim) (Nothing found)
H, is false -
(New Discovery! (\ J\)
physics!)
H, is true False discovery claim _
: Tvoe-1 error No new physics,
(Nothing new) | yP L none found
(= p-value, significance)

"... the null hypothesis is never proved or established, but is possibly disproved, in the course of
experimentation. Every experiment may be said fo exist only to give the facts a chance of
disproving the null hypothesis.”" — R. A. Fisher

22 1




Hypothesis Testing

Hypothesis: assumption on model parameters, say value of S (e.g. H, : $=0)

Data disfavors H,

Data favors H0

(Discovery claim) (Nothing found)
H, is false : “ | Type-ll error
(New physics!) Discovery: W (Missed discovery)
H, is true Type-I| error No new physics,
(Nothing new) (False discovery) none found

Lower Type-| errors & Higher Type-ll errors and vice versa: cannot have

everything!
0.4;—
03f
— Goal: test that minimizes Type-l :
errors for given level of Type-I error. 0.15F
0.1F
0.052
25

BSM

pe-| error

Discriminant observable




Hypothesis Testing

Hypothesis: assumption on model parameters, say value of S (e.g. H, : $=0)

Data disfavors H,

Data favors H0

(Discovery claim) (Nothing found)
H, is false _ S Type-ll error
(New phys|cs|) Dlscovery. \ /7 4 (Missed discoverY)
H, is true Type-I| error No new physics,
(Nothing new) (False discovery) none found 599

Lower Type-| errors & Higher Type-ll errors and vice versa: cannot have

everything!

— Goal: test that minimizes Type-l| 025

0.4
0.35
0.3

0.2

errors for given level of Type-I error. 0.15

0.1
0.05

0 L

|
U'I_\IH‘HII|IIII|IIII|IIII|IIII|IIH‘HH|\

w

|
o

BSM

pe-| error
Type-Il Error

Discriminant observable




ROC Curves

—

“Receiver operating
characteristic” (ROC) Curve:
— Plot Type-l vs Type-ll rates for
different cut values

— All curves monotonically
decrease from (0,1) to (1,0)

— Better discriminators more
bent towards (1,1)

1- €pe-i (=1-¢)

Increasingly

Better

Better

— Goal: test that minimizes Type-li
errors for given level of Type-| error.

— Usually set predefined level of
acceptable Type-l error (e.g. "507)

0.35F
0.3
0.25E
0.2F
0.15
0.1F
0.05F
ok

discriminators

BSM

pe-| error

Discriminant observable




ROC Curves

—

“Receiver operating
characteristic” (ROC) Curve:
— Plot Type-l vs Type-ll rates for
different cut values

— All curves monotonically
decrease from (0,1) to (1,0)

— Better discriminators more
bent towards (1,1)

1- €pe-i (=1-¢)

Increasingly

Better

— Goal: test that minimizes Type-li
errors for given level of Type-| error.

— Usually set predefined level of
acceptable Type-l error (e.g. "507)

0.35
0.3
0.25
0.2
0.15
0.1
0.05

discriminators

0_ L

BSM

pe-| error

Discriminant observable




ROC Curves

“Receiver operating
characteristic” (ROC) Curve:
— Plot Type-l vs Type-ll rates for
different cut values

— All curves monotonically
decrease from (0,1) to (1,0)

— Better discriminators more
bent towards (1,1)

1- €pe-i (=1-¢)

Increasingly

—
]

Better

— Goal: test that minimizes Type-li
errors for given level of Type-| error.

— Usually set predefined level of
acceptable Type-l error (e.g. "507)

0.35
0.3
0.25
0.2
0.15
0.1
0.05

discriminators

0_ L

BSM

pe-| error

Discriminant observable




Hypothesis Testing with Likelihoods

Neyman-Pearson Lemma

When comparing two hypotheses H. and H,, the
J ’ ' L(H,;data)

optimal discriminator is the Likelihood ratio (LR) I ( H. - data)
0

L(S = 5;data)
e.g Caveat: Strictly true only for simple
~ L ( S=0 5 data) hypotheses (no free parameters)

As for MLE, choose the hypothesis that is more likely given the data we have.

— Minimizes Type-Il uncertainties for given level of Type-l uncertainties
— Always need an alternate hypothesis to test against.

— In the following: all tfests based on LR, will focus on p-values (Type-| errors),

trusting that Type-Il errors are anyway as small as they can be... 26 |



Outline

Computing statistical results

Discovery significance

27 1



Discovery: Test Statistic Cowon, Cranmer, Sross & Vel

Discovery : S=I0

« H,:background only (S = 0) against H -’-» H]

0

« H.: presence of asignal (S > 0)

— For H,, any S>0is possible, which to use ? The one preferred by the data, S.

L(S=0)
= Use Likelihood ratio: L(§)
L(S=0)
_ In fact use the test statistic g, = —2log ~
L(S)

Note: for S < 0, set q,=0 fo reject negative signals ("one-sided test statistic”)

28 /


https://arxiv.org/abs/1007.1727

Discovery p-value
data data

21 L ( S= O) . prefer ﬁ prefer
Large values of — 4108 ~ ’ - $>0
d L(8) S=0 >

= observed S is far from O

0.5

= H,(5=0) disfavored compared to H,(S#0). 0.45
0.4

0.35

0.3

How large g, before we can exclude H, 7 0.25
0.2

(and claim a discovery!) 0.15
0.1

— Need small Type-| rate (falsely rejecting H,) 0.05

S<o0 f(q0|3=0)

’/Observed

value g

RGN R TR R R IR RIS R I N R R IR Y

large S

FLIRTIRTY

Sr
N
N
wof
N
o1 B
(@)
ol
(0]
O

- Type-l rate, ak.a. the p-value : p, = f f(q0|S= 0) dq,

= Fraction of outcomes that are 1o

at least as extreme (signal-like) as data, when H, is frue (no signal).

29 /



AsymptOﬁC diS'I'ribU'I'ion Of qO Cowan, Cranmer, Gross & Vitells

Eur.Phys.J.C71:1554,2011

Gaussian regime for S (e.g. large n_, . Central-limit theorem) :

Wilk’s Theorem (*) : forS =0 0.5~
0.45[ | $<0
q, Is distributed as x?* (n_,) 0.4) (n. =1)
o _ 0.35¢ dof
>n_, =1: yq,is distributed as a Gaussian 0.3/ Observed
0.25¢ value g °bs
. 2 0
= Can compute p-values from Gaussian 0.2f
quantiles 0.15F p-value
[ A
=1— 0 g
E 1
= Even more simply, the significance is: O

Z=y 4o
Typically works well already for for event counts of O(5)
and above = Widely applicable

*) T-line “proof” : asymptotically L and S are Gaussian, so

1{s-8Y 5\’ S
L(S’:e""[‘a(T)l = a= (8] = Va=E~6t01) = 4 ~ (num)


https://arxiv.org/abs/1007.1727

Homework 1: Gaussian Counting

Count number of events n in data

— assume n large enough so process is Gaussian £

— assume B is known, measure S 5

2 —

M- I I I I N = = = =N = = E = . -

1[ n,,,—(S+B) -
likelihood:  L(S;n,)=e '\ " g
— Find the best-fit value (MLE) S for the signal S+B

(can use A = -2 log L instead of L for simplicity)

— Find the expression of g, for S>0.

A
_ S
— Find the expression for the significance / = ﬁ

31/



Homework 2: Poisson Counting

Same problem but now nof assuming Gaussian behavior:

. _ —(S+ B) n
L ( S ’ n) — € ( S+ B) (Can remove the nl constant since we’re only

A dealing with L ratios
— As before, compute 5, and g, o )

— Compute Z = +/q,, assuming asymptotic behavior

Solution: . Eur.Phys.J.C71:1554,2011
’ N =, N
Z={ 2|(S+B)log|1+=]|—S§ g o
B
\ | >
Exact result can be obtained using 4
pseudo-experiments — close to \/q0 result >
2
Asymptotic formulas justified by Gaussian -
. . . 0 , e , L e TS
regime, but remain valid even for small 107" 1 10 10
See G. Cowan’s slides for the b

values of S+B (down to 5 events!) case with B uncertainty 32/


http://www-conf.slac.stanford.edu/statisticalissues2012/talks/glen_cowan_slac_4jun12.pdf
https://arxiv.org/abs/1007.1727

Some Exqmp|es High-mass X—-Yyy Search: JHEP 09 (2016) 1

> 10 g T T T 1AL BUSAE A R
8 E ATLAS I
Higgs Dlscovery Phys. Lett. B 716 (2012) 1-29 S - ——
% N Daltal | L T L%) 102é Spm‘o Selection
3 \ ATLAS 1 g Vs =13 TeV, 3.2f0"
‘,_pﬁ25_—-Background ZZ H—)ZZ{ }_)4| 7] 102_ ++++
= -Background Z+jets, tf ] - *
% 20 [] Signal (m =125 GeV) E e ’ H
%/ Syst.Unc. ] -
i T 107
1505 = 7 TeV: [Ldt = 4.8 fb! _- = ]
"{s=8TeV:|Ldt = 5.8 b ] 3 I E
107
5k p E
I 8 -
o m,, [GeV]
100 150 200 G 650
m e
o T T T T | T T T T ‘ T T T T I T T T T | T T T T ‘ T T T Tll[ T T ]I I T LI | ATLAS 2 - ; Spin_o SeIECtion
o = —
= ATLAS 2011-2012 T 10 ‘B
§ (s=7TeV: [Ldt=4.6-4.8fb" e Exp. S 35 9
(s=8TeV: [Ldt=58-59fb" M +ic < 8 §
1 et agiaiugaur= = - =Supuiaieleiuiuieiufeeiuiepeiupupeiepuiupapepupupugeepue e papegeupupu e e Oo [—1 3 E
OIS T T T e s e TR e 2 1o S)
102 Bremeee, T 20 6 Iz
103 Bt 35 5 ©
10»4 o
0 e (5 46 -l
10 4 1.5
O e T
107 56 1
108 2
107 o rmmmmrmmrmom oo oo M e oo 6c 0.5
0°E P = 8% 107 & 2% 5.90 0
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m,, [GeV] m, [Gev] 33/


http://link.springer.com/article/10.1007/JHEP09%282016%29001
http://www.sciencedirect.com/science/article/pii/S037026931200857X

Discovery Thresholds

Evidence : 30 < p, = 0.3% <> 1 chance in 300

Discovery: 50 < p, =3 10-7 < 1 chance in 3.5M

Why so high thresholds ? (from Louis Lyons):

& ATLAS . Daa %

- Look-elsewhere effect : searches typically cover £ mosmem
E Vs =13 TeV, 3.2 fb” 3

multiple independent regions = Higher chance tog { " E

to have a fluctuation “somewhere” ‘ H E

N, .~ 1000 :local 56 <« O(10*#) more reasonable § EJT S

O |

* Mismodeled systematics: factor 2 error in e R :
syst-dominated analysis = factor 2 erroron Z... 0000 B0 B0 O 0 TR O e

* History: 30 and 40 excesses do occur regularly, for the reasons above

Extraordinary claims require extraordinary evidence!
34/


https://arxiv.org/abs/1409.1903

Takeaways

Given a statistical model P(data; y), define likelihood L(4) = P(data; u)

To estimate a parameter, use the value j that maximizes L(u) — best-fit value

L\H
To decide between hypotheses H, and H., use the likelihood ratio ( 0)

L(H,)
L($S=0) .
To test for discovery, use q,= —2log ( ~ ) S$=>0
L(S)
For large enough datasets (n >~5),  Z =4/q,
. S

For a Gaussian measurement, £ = 7B

. _ . S|
For a Poisson measurement, Z =4 2| (S+B) log|1 + Bl S
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