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DHOST theories

8 Degenerate Higher-Order Scalar-Tensor (DHOST) theories are scalar-tensor
theories with one scalar degree of freedom depending on a scalar field, its gradient
and also second derivatives, such that they don't lead to Ostrogradsky ghosts.

® They are the most general such theories which lead to second order equations of
motion for the scalar field.

® Most studies of these theories have so far focussed on explaining the late time
universe (dark energy).

® [hey generals the Beyond Horndeski theories, which are themselves a generalisation
of Horndeski theories.

® Based on how many power of the second order derivatives are present, they can be
quadratic, cubic, etc...Here we concentrate on quadratic theories.

® The results that | am presenting now look at the early universe, creating a viable
inflationary model.
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DHOST action

® Most general action involving up to second-order interaction in the scalar field

5
5 = Jdm /=8 |Fo(@. X) + Fy(, X) Db+ Fh. OR + 3 A, X)L |
i=1

where L, = ¢, ¢""
L, = (O¢)
Ly = ¢ 4,0, X =g, b=V,
L= ¢"b, "¢,
L5 = (¢y¢yn¢;7)2

® There are several degeneracy conditions in this action, coming from constraints of not
having ghosts and from GW decay into DE:

6F22, ¥

SpHOST = {délx\/—_g [FO(X) +Fi(X) ¢ + Fr(X)R + O b, ",

2
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Scordatura corrections

: ® \We add small corrections to this action, the scordatura corrections, as one of the L;

terms. We choose Lo.
S¢ = Sprost + S5

with

a (Cp)°
Se= |d*x/—g| —
S [ v g[ 2 M3 ]
where a is the a small dimensionless parameter that breaks the degeneracy condition
and Mgis a mass scale related to the strong coupling scale of the EFT

B \We rewrite the action in terms of dimensionless coordinates and variables

= Ar, X = Ax', \2
p=Mp,X=MAX,F,= A, F, Eﬁfl,FZEAzfz,H:Ah.

® Models are low energy well beyond the Planck scale
B \We consider A & mp;, M < mip,

® In order to have a consistent expansion in powers of X, we need H. =V MA < mp,

- _J
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DHOST background

: ® \We start with an action A
ds? = N2| - dP* + a(i %6 d ¥ |
® \We write the 00 and ii Einstein equations.
B \We expect inflation to be driven by an energy density below ., hence we impose
h<1.
® \We define the following parameters, first order in the perturbations of f;
Oy = sz’x o —1¢Xfl’x+a A = ~ fo’x+a +a
H= "2,/ Op=7T H> 9K =" H T 3B
b 2 by fr 6hy 1>
and
b %
bE féa,th_=h_faH
b @
- y
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2nd order DHOST perturbations

s

® The line element for scalar perturbations is given by

ds? = A2< _ (1 + 24)dP + 23.Bdidx + a*(1 + 21//)5l-jd5cid5cj>

® [he second order DHOST action can be written a

DHOST —
® Ve perform the change of variable { = y + a4 A to get

gg) — 2f2< — 36134’2 + 6a3hb(1 + aB)éA _ 2CZI~€2CB + ai{’zcz
+2a(1 + ap)k*CA = 3a’h; A + 2ahy,(1 + apk’AB )

§@ = [di’d%?gmp, w, A, A, B)

with
s@ = [dfd3l~<M49§)(é, £, A, B)

DHOST
where
x> Jox 1+ 6ay, — 3a2)ax — 22 — 6y + 3a
=== +(1—aH)(1+3aB)+ﬂB+( i~ 3%)ag — 2 H x)PH
fiXX f‘ZXX
Pp= px*——, fy=x""—.
g hy, f " fr

9
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® We cantreat A and B as Lagrange multipliers, solve for them and put the solutions
back into the second order action to find

where

55[:6[1— Pr ], 9_3’=—2[1— 1 d~<af21+aH>]
(1 + ap)? af, df \ hy 1+ ag

® The equation of motion for { is

~

C+ <3h +%ln(f2.§f)>é+ (Csk)zzj =0

a

B

where, 53 =

- _J

Andrei Lazanu 13 October 2021 Action Dark Energy 2021



2nd order scordatura perturbations

: ® We can similarly expand the scordatura action at second order to get A

SO = 5<k11§2 + oy A2 + 2R nCA + 28(7i 0 A + i 3K2B) + 27p5 k2 AB — ity 2
247yl A — iy A2 — iy KA — 2Ty k2 AB + 1 J2B + m3381}432)
® [he total Lagrangian is

. . - k?
PO = H [gz - (cg(k)Z + am2>(:2]

i B o k\2RB
where, csz(k)EE§+2ji< . —E§—1+( > _2>
2

|y aw/4 A _ A S
and m? = <_ —E?é),%zd<l+a<_l+~ - _2>>
2H \ oA /4 hoNd K2+ akk A

\_ _
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de Sitter solutions

. ® \We consider an expanding universe with constant Hubble parameter. By choosing A
@(f) =1, X = —1,the Friedmann equations become
Jox + 3has(Ahysfrx —f1x) =0
® The functions f are now evaluated at x=-1 and hence they are constants.
B We get:
— [O
ds =
6/
; 3(1 + 2az + ag — Px)
- D
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Quantisation

" m We consider the creation of primordial fluctuations from the Bunch-Davies vacuum A
® T[he scale factor is
1
a() = ———
hast
® The second order action can be expressed in conformal time as
- [ - k?
S = Jdﬂd3kz2 [z:Z — a2<c3(k)—2 + am2)52]
a
where 7% = a2f2% and hence
&27 1 1 Ro/4
- Jhd 1_|_ ' _2)
hdS 2fz h 3?2+ akz, o
B \We define the Mukhanov-Sasaki variable v = z{, which satisfies
_ k2 Z//
V' + [ < 2(k) +am2> ——]v =0
Z
) 54,
where = 2+2 Py B Qa
<
. m o hisi* (k= + akiy) )
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® We can write the equation for v as
v'(y) + K*()v(y) = 0

where
2 b d
K2(y):c"§——2+a — 1 + 1+el+f1y2

y V*+acy?)  y?
where b1, ¢4, dy, €1 and f1 are constants.
B The equation K2(y)=0 has a unique root in (—00,0)

- _J
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4 )
® [n the absence of scordatura, there is an analytical solution,
- 1 l .
vk, y) = = | 1 ——=— |exp(=icyy)
\/2¢.k €sY
72
higy? (1 + ap)?
B Fora # 0, we apply the improved WKB method [Weinberg]
Root of K? as a function of a
y1 L L | L L L | L L L | L L L | L L L |
15 : 0.02 0.04 0.06 0.08 0.10 a
u ),
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Y1
B \We define ¢p(y) = [ K(y)dy'.
y
® Around the root y4 of K2, we can approximate the function as

K(y) = ﬁE\/)’l -y

where f; = /= (K (1)

9) K2 /
n Expansion is valid in interval, y; — 5E <y< v, where 5E _ ( 2 1 ()’1)
(K<) (y1)

- 2
® Inthisinterval ¢@(y) ~ %(yl —y)¥2.
d*v 1 dv
— +——+
dp> 3¢ do
v o A PH} (@) + Ay PH {7 () 1
B Around y; — O we can use the WKB approximation to find vygg+
VK()

Valid when ‘K”/K" <K, K’/K‘ <K

v=20

exp(£ig)

® From the canonical quantisation condition,

1 ] ~
exp(i)
\V 2k VK(O)

\_ y,
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® By matching the two approximations, we find
1/6
V7 2 57\ - ~
1@0=—f:< ) ®m<—ﬂ>¢m@ﬁﬁkﬂw)
21/ k —3S1 12

d(K*(y))
dy

\ 1.4x107 |
where s, =

Y=V
—— Exact
Numerical

Hankel

® [he power spectrum and is given by

2 ! 1/3r1/32
vi (3_1> (173)

h3” 2 26\ & W lpa_Pk _ d

8f>(1 + ap)?

]'23

g’g(l’é, yl) _ > V(yl)

z(1m)

T2

Independent of scale!
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Shift-symmetry breaking
perturbations
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Models

-

\

® We start with the DHOST background and we consider a perturbation of the form

B |f ¢ < f, we can expand this action as

m?2 A
4 —g PhYS phys 4

where

4 4

» M _H
mphys——f—2<0 Aphys—f_él_

® |n reduced units we have

Sv— d4x\/7[——(p ——(p]

® Also \/|7 \/|7

Q14

| m?|

Vi

and we have the constraint ¢ S

J
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® \We proceed as in the first part, to get a second order equation for

v’ + Kz(y, kyv =0

® K2and z have complicated expressions (written in the paper).
B \We still have mz,}t < | and hence the turning point of K2 still exists and we can use
the same methods as before, and in particular the asymptotic matching.

® The power spectrum and its first three derivatives are
2

- i3 v(l%, y ,mz, A)
ng(kayH) — > ~ i
2” Z(ka yHa mza ﬁ)
i d log(P(k,yy))
(&, yy) = 1 + A
d log(k)
- dns(ic, Vi)
ay(k, yy) = 2
d log(k)
- das(ic, Vi)
(K, yy) = -
Pl T d log(k)

Where yH Is the horizon position yn=-1

- _J
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Tensor perturbations

® |n a similar fashion to scalars, we investigate the tensor perturbations in these models.
We write the second order tensor perturbation action

Séensor = Jdﬂd3k [azszi’jE’f — azfzszijElf + ﬁEl-jE’faz“(12mzq)2 + /1404)]

B Using pr = zpL and z% = a’f, , we get the equation of motion for yi;

11 1 ) ! D\ 2
pr+ | k 12m=(c + P log(—hyem))™ + Alc + P log(=hg))* | —— | ur =0

24f2 h(%sﬂz ds ds 772
solved by | ;
pr(k,y) = —— <1 - —> exp(—iy)
V 2k Y
72
- i
zr(k,y) =
r(k,y) hgsy2
® Hence the tensor power spectrum and the tensor to scalar ratio become (for the DHOST
case
) 73 2 hiy? (1 +%>
~ Hr y
’@T(ka y) — > — )
2n4 | zp 471'f21
ot = 218D o T (e )
DHOSTX» @C(i@ y) 1+ _21 2 (1 + ag)?
- Y y,
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Numerical results

® Planck constraints on inflation (Planck 2018 data release)

ns = 0.9625 £ 0.0048,
as = 0.002 = 0.010,
Bs = 0.010 £ 0.013,

In(10'°4,) = 3.044 £ 0.014

at k. = 0.05 Mpc‘l.

Planck + Bicep2/Keck constrained r < 0.044.

In the future, LiteBird could lower this to 10-3

Observable scales correspond to 107* Mpc™! < k < 107! Mpc!.
We fix A = mp; and hence k. = 2.62 x 107/ hy,.

\_ v,
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ag=1
1.20

1.10

1.05

1.00

3

Parameter space where
the Planck CMB
constraints are satisfied

Plot showing how the allowed
space is harrowing as r is
decreased
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Model 1: r ~ 0.04

® Parameters
ag = 1,ay = 1.04, fr = 3.97343

fax = 2.81, fix = —6.48 x 107°, fox = —2.97x 107
foxx =278,  fixx=—81x107°Bp,  foxx = —2.97 x 1078 (B — 48y — 4.133)

his=3%x107, f =27
Perturbations fixed at m? = — 1.6 X 10723 and A = 1072°,

Parameters for the potential f/M =4 x 10%,  u/A = 0.004.
Results for inflation:

R A =204x107"
® 1 =0.966

= o = 0.00059

® 3 =0.000019

= r=0.0074

\_ y,
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Potential

V(p)
—1x10’ —5x10°8 i 5x10°
-8.x10° "

1x10’

_1.8x1071°

—2.8x10710}

-3.8x107"° Amplitude of the potential at horizon exit

_4.8x10710F 2.x107°¢

Potential for the model 1.x107°}

considered _105 — V()|
5.x10° 71 3 hyo2

2.x10710F

@ at horizon exit E—e—————— ——
¢ " 5.x107% 5.x107°°
4.00x108F

—_—

Pl

5.x107°°

Amplitude of the potential at
horizon exit is negligible
compared to the background

3.95x10°F
3.90x10°%F

3.85x10°%}

3.80x10%F

o o O . The scalar field at horizon exit
5.x107 5.x10™ 5.x10™ showing that the condition of
small perturbations is satisfied
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Scalar power spectrum

2.9)(10_9 0.966
28x10°° '
2.7%x10 0.965
2.6x107° 0.964
2.5x107°
2.4x107° _ 0.963 B
'5.x10°5 5.x10"® 5.x10°55 k '5.x10°57 5.x10"® 5.x10°55
ds :Bs
0.00075 b — — k
[ _0000020 5.)(10_57 5.)(10_56 5)(1 ~
0.00070} -0.000022
§ -0.000024
0.00065 -0.000026
f ~0.000028
0.00060 S o N bt -0.000030
5.x10% 5.x10%% 5 x107%°
Tensor power spectrum r
[ 0.04 F
1.763x 107" : 0035
1762x10°" N
i 0.02F
1.761x10 "} i
[ 0.01F
1.76x107" 3 : -
5.x10% 5.x10% 5.x10755 k 5.x10% 5.x10% 5.x10755 k
nr r/(8 [nt|)
0.000352
0.000350
0.000348
0.000346
0.000344
0.000342
'5.x10°5 5.x10"® 5.x10°55 k '5.x10°5 5.x10"® 5.x10°55 k
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Model 2: r ~ 0.001

a )
® Parameters
rprost = 1077, &, = 0.976
fox = 8.809, fix=—-176x10"",  fo,.=—1.05x 107"
fopx =88Bm,  fiuc=—0.0000888p,  foxx =2.64 x 1077 (Bp — 48y — 4.0033)
R =107, £ = 8.8
B Perturbations fixed at m? = — 1.5 X 1070 and 1 = 5 x 107,
B Parameters for the potential f/M = 1.73 x 108, u/A = 0.0046.
® Results for inflation:
R A =276%x10"°
® 1 =096716
® o =0.00065
® 5 =—0.000022
® ,=39x%x10"*
- J
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Potential

V(p)
-4x10°  -2x10° : 2x10°  4x10°
£2.x10710F
~4.x10710F
~6.x10710F
o Amplitude of the potential at horizon exit
~8.x10710F '
1.x107°F
Potential for the model 5.x107" |
considered | — V@)
1.x107"} 3 hgs"2
. : 5.x10712}
@ at horizon exit .
¢
2x108T | _ . . ~
' | PN _55 _54 K
1.x10 1.x10 1.x10
1x10%F

| Amplitude of the potential at
5107 horizon exit is negligible
compared to the background

2x10"F

-1

The scalar field at horizon exit
showing that the condition of
small perturbations is satisfied
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3.4x107°}
3.2x107°9}
3.x1079}

2.8x1079}

Scalar power spectrum

0.00080 |
0.000751

0.00070}

1.x10™%° 1.x107%*

Us

6.1366x 107" |
6.1365x 1072 |
6.1364x‘|0‘13§
6.1363x10‘13§

1.x107%% 1.x107%

Tensor power spectrum

9.6x107°
9.5x 1078
9.4x1078
9.3x107®
9.2x107°

1.x10™%° 1.x107%*

nrt

1.x107% 1.x107%

0.967
0.966
0.965
0.964

Xt

1.x10™° 1.x107%

Bs

-0.000025 |

-0.000030}

-0.000035 ¢

X

0.0010}

0.0008}

0.0006 |

0.0004 |

1.x10™%% 1.x10°%

Xt

3.0F

2.8}

2.6f

1.x10™° 1.x107%

r/(8 [nrl)
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Non-Gaussianities

® |n order to make an estimate of the level of non-Gaussianities produced by these
models, we need to perturb the action to third order, where the most general action can

be expressed as
3 - = = ~ ~ ~ ~ ~ -
S; = [dﬂ(H d3]~<i)5( ki+ ky+ k 3)a2(COC(k1)C(k2)C(k3) + C,{'(k)C(ky)C(k3)
i=1 . - . . . -
+ Gy (k) (kp)C(ks) + Csl'(ky)E (hp)E (k)

® \We aim to calculate

(0| L(k)Ehr)E (R3) | 0) = — i[dmo | [E(h)E(hy)E (K), Hy]| 0)

Where Hs is the interaction picture Hamiltonian given by
3 = = = ~ ~ ~ ~ ~ ~
H; = — J(Hd3ki)5( ki+ k,+ k 3)512(C()C(k1)§(k2)5(k3) + C{'(k)C(ky)C(k3)
i=1

+Col (kp)E (ky)E(k3) + C3C'(kp)E (ky)E (k3))

® Full bispectrum can thus be determined for each of the 4 terms, e.gQ.

f
By(ky, ky, k3, mp) = — Re [—21’[ dnaCyu(ky, np)ulky, neulks, neu*(ky, mu*(ky, mu*(ks,n) | + 5 perm.

—oo(1—ie)
|

B Cs maX(kl, kz, k3)

N =

\_ y,
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® \We have 6 additional parameters which are not fixed: pg, by, f1»> foxxx Jixxx J2,
® Standard PNG shapes

XXX*

BY(ky, ko, k3) = 2[Pa (k1) P (k) + 2 perms] | 95% CL Planck constraints
B(ky, kg, k3) = 6 {—[Ps (k1) P (k) + 2 perms]
— 2[Py (k1) Po (k2) P (ks)]*/* + [Py (k1) Py (k2) P (k3) + 5 perms] }
BY™ (ky, ko, k3) = 6[3(Py’° (k1) Pa'® (k2) Po(k3) + 5 perms)
— 3 [Pp(k1)Po(k2) + 2 perms] — 8(Py (k1) Po (ka) Po (k3))*/?] .

—11.1 < i1 < 9.3
—120 < el < 68
—86 < fIh <10

Shapes of DHOST bispectrum depend on the 6 parameters
We can choose them such that the shape correlations between the DHOST

bispectrum and all three standard shapes are small, and hence the Planck
constraints are satisfied.

® However, the overall bispectrum remains large

L v,
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B(ky, ky, k)

B \We plot the reduced bispectrum Q. k,, k;) = P(k))P(ky) + P(ko)P(ks) + P(ky)P(ky)

Model 1: ki=ko=k Model 2: ky=ky=k"
A Q

100

200000 -

-100 -200000 |-

200 ~400000 -

~600000 |-

-300

for isosceles triangles with equal sides k*, in terms of the angle between them.

® Model1(r=0.04): as=1,0,=1.04 and k= 3.97343, f,= 2.7, hee= 3 X 105, fo= 2 X
10-5, f,.= —0.16, f,..= 150, f;= 0.0076, B:= 0, Bx=0

® Model 2 (r=10=): as= 1, a,= 1.001, Bx= 3.9993, hye= 105, f,= 8.8, fo.u= 7 x 105, T, 0=
0.12, fa= —2675, ;= -0.013, B:=0, B+=0.1.

® Plots show that overall amplitude of the bispectrum is large - a careful comparison
with data from Planck is required.

- _J
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Field excursion

® Inflation must end !
® Number of e-foldings between the time when k* enters the horizon and the end of

inflation H
d
N* = |In enk* Nmodell — 5952
1/2 12 model 2 __
H, H, N, = 58.97
where a4 = —
H,,q hysmp

® \We define the field excursion as

A¢k = | ¢(tend) - ¢(tk) |

® Distance conjecture: A@, <K [y = My,

® Distance conjecture is satisfied as longas M S 10_6mpl; as M is still a free parameter
of the model, we can fix it such that the conjecture is satisfied

1

Ayl (r =0.04) Agyl (r=107)
1.85x10°%¢ 5.4x10°¢
s b 5.3x10%f
1.80x10" [ 59 1063
L 2 X C
1.75%10°| 5.1x10°¢

5.0x10°%F
4.9x10°%F
4.8x10°%F

1.70x108F

1.65x10°F

_ ' ' ' ' ' k [Mpc] ' ' ' ' ) k [Mpc]
L 0.0003 0.001 0.003 0.01 0.03 0.1 - 0.0003 0.001 0.003 0.01 0.03 0.1 D
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The trans-Planckian censorship conjecture

( )

® Irans-Planckian censorship conjecture: the length scales observed today originate
from modes that were larger than the Planck length during inflation

® [n slow roll inflation, modes can become Trans-Planckinan unless all modes of length
scale the Planck scale satisty

a(tend)

in

® We satisfy the conjecture, we need

Iy < H™!

Uend
Ny =1In—=2 < —In(hy)
Uin

® But ol <1041

Npodel2 < 11.51

® Hence, we would require a much lower number of e-foldings
B As there are no free parameters, hyq is fixed, our models do not evade this issue.

- _J
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Conclusions

4 B

First look at DHOST theories in the early universe.

Study of inflationary consequences of scordatura models, showing that they all produce
scale invariant spectra in de Sitter universes.

Analysis of shift-symmetry breaking perturbations to DHOST models.

Built inflationary de Sitter models with m?¢? and A¢* interaction terms that yield nearly
scale invariant power spectra.

The parameters of these models can be tuned such that they are compatible with
inflationary constraints on n,, a, and S, and also to current and future constraints of the
tensor-to-scalar ratio.

M The non-Gaussianities that they produce can be tuned to be small in the usual
templates (local, equilateral and orthogonal), and they might be detected with Planck
and future experiments.

€ g gd

\_ J
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