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The theory of renormalisation

Quantum Field Theory

Description of nature mixing field theory, quantum description
and special relativity

Quantities O can be computed by looking at Feynman
diagrams
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Problem : loops diagrams gives infinities → Renormalisation
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The renormalisation group equations

Scale invariance of the scaling function

The theory of renormalisation implies that it exists a
scale-invariant function β such that for any coupling O :

∂O
∂Lnµ

= β(O) (1)

Famous equations for QED and QCD at one-loop :

dαe

dLn(µ) =
2

3π
α

2
e (2)

16π
2 dαs

dLn(µ) = (2

3
nf − 11)α2

s (3)
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Comportment and fixed points

Running of the coupling constants

Solving the equations for αe(mZ ) = 1
127.5

and
αs(mZ ) = 0.115, we find :

Non-
perturbative

QCD

Landau
Pole

Asymptotic
Freedom

αe

αs

0 200 400 600

0.0

0.2

0.4

0.6

0.8

1.0

t = ln(μ/mZ)

A
lp
ha

Two Landau poles : one in UV for αe one in IR for αs →

QED and QCD are effective theories
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Comportment and fixed points

Fixed points

β(α∗) = 0→ α∗ fixed point

Fixed points are the sign of a scale-invariant theory.

dα

dt
= aα − bα

2
= aα (1 −

b
aα

2)→ α∗ = 0 or
a

b
(4)
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Classical Grand Unification

The Standard Model

GSM = SU(3)c × SU(2)W × U(1)Y

3 couplings associated to the 3 gauge groups : g1, g2 and g3.

Gauge couplings
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Coupling constants cross each other at different scales.

Classical unification = Intersection point.

Problem : Couplings unify at 2 different scales.
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Extra-dimensionnal models

5-th dimension

Extra-dimensions cannot be seen as they are compactified →
Papersheet rolled on itself.

R

y =
R

2

±

y = 0 ±

5-th dimension
Orbifold

Orbifold S
1/ (Z2 × Z

′
2) of radius R → 2 parity symmetries at

points y = 0 and y = πR
2

.

5D dimension fields
Fourier
⟶ Sum of 4D fields with mass 2n

R
.

Only zero-modes (so (+,+) fields) can be seen at the SM
energy scale.
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Asymptotic Grand Unification Theory

SU(5) Unification

The Symmetry group SU(5) contains SU(3)× SU(2)×U(1).

Fermion content :

φ5 = (H
φh

) , ψ5L/R = ( b
L
c)

L/R
, ψ5L/R = (B

c

l
)
L/R

, (5)

ψ10L/R =
1√
2
(T

c
q
T c)

L/R
, ψ10L/R =

1√
2
(t Q

c

τ
)
L/R

, (6)

Small letters are SM fields and capital letters are new fields
called Indalo (”creation” in Zulu) fields (noted �m−∩) with the
same SM quantum numbers as their associated SM field.
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Asymptotic Grand Unification Theory

Renormalisation Group Equation for aGUT

Renormalisation group equation for the one-loop factor gauge
coupling constants :

2π
dαi

dt
= b

SM
i α

2
i + (mZRe

t
− 1) b5α

2
i (7)

with b
SM
i = ( 41

10
,−19

6
,−7) and b5 = −

52
3
+ 16

3
ng .
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All couplings constants are going to the same non-zero UV
fixed point (−2π

b5
) asymptotically. (If ng < 3)

Scale of Unification ≠ Scale of compactification
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Asymptotic Grand Unification Theory

Advantages of the model

Bottom and tau yukawa can be added by considering them
localised on the brane y = πR

2
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No proton decay.

Dark Matter candidate (the lightest �m−∩-field)

Baryogenesis and Leptogenesis.

SU(5) Simplest model → More complete models as SO(10).
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Compartmental models to study pandemics

Covid-19 pandemics raging over the globe

In the end of 2019, SARS-Cov2 virus appeared, creating
pandemics across the World in 2020.

Number of infected cases behaving like waves
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Epidemic Renormalisation Group

The framework basis

The main equation :

dI

dt
= γI (t) (1 −

I (t)
a ) (8)

Two parameters needed to reproduce a wave : γ the
”infection rate per time unit” and a the total number of cases.
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Figure: Logistic function for Japan with γ = 0.123 day
−1

and a = 16479.
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Epidemic Renormalisation Group

Interactions between countries

Basis equation for each country + interaction term

dIi
dt

= γi Ii(t) (1 −
Ii
ai
) +∑

j

kij (Ij(t) − Ii(t)) (9)

kij represent the number of traveller from country j to country
i per time unit (of order 1,000 to 10,000 per week).

Figure: https://www.nature.com/articles/s41598-020-72611-5
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Epidemic Renormalisation Group

Endemic phase and multiwave pattern

dI

dt
= γI (t) [(1 −

I (t)
a )

2

− δ0]
p0 w

∏
ρ=1

[(1 − ζρ
I (t)
a )

2

− δρ]
pρ

Constant new number of cases = complex fixed point δ.
pρ = steepness of wave ρ, ζρ = total number of cases ratio
between wave 1 and wave ρ.

Figure: https://arxiv.org/abs/2011.12846
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Epidemic Renormalisation Group

eRG formalism achievements

Using the eRG approach, we were able to achieve :

Prediction of the timing of the second wave in Europe.

Using Google and Apple mobility data, we were able to see a
2-4 weeks effect of the Social Distancing measures.

More precise predictions on the third wave in various countries
around the world using complex fixed point framework.

Understand the geographic spread of the virus in the US by
using the interaction between US division and flight data.

Link the eRG formalism with other epidemiological models
from lattice and percolation models to compartmental models
in a coherent way.
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Conclusion

Renormalisation Group Equations permitted me to :

Develop a new Grand Unification scheme getting rid of proton
decay, having a DM candidate and reproducing the
baryogenesis/leptogenesis.

Study the spread of the Covid-19 pandemic using fixed points
to simulate the future of an ongoing pandemic wave and to
understand the effect on the spreading of social distancing,
vaccination, interaction between countries...
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Thanks

Thank you for your attention !
And special thanks to Lucrezia, Shahram and all the ”Equipe

Séminaire” for organizing this conference !
Let’s go for the questions !
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Appendix A : Fields quantum numbers

Figure: Quantum numbers for the fields considered in the model.
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Appendix B : SU(5) aGUT equation

2π
dαt

dt
= 2π

dαt

dt

»»»»»»»SM
+(S(t)−1) [15α

2
t + 9 (αb + ατ)αt −

66

5
α5αt] .

2π
dαb

dt
= 2π

dαb

dt

»»»»»»»SM
+(S(t)−1) [11α

2
b +

27

2
αtαb + 8αταb −

57

5
α5αb] .

2π
dατ
dt

= 2π
dατ
dt

»»»»»»»SM
+(S(t)−1) [11α

2
τ +

27

2
αtατ + 8αbατ −

57

5
α5ατ] .
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Appendix C : Running for differents ng and R

Figure: Running of the top-yukawa for 2 differents values of R
−1

and 3
differents values of the number of fermion generations ng
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Appendix D : Relic Density plots

Figure: Mass density of the DM candidate (N ) divided by the baryon

density for 1
st

order (left panel) and 2
nd

order (right panel) phase
transition. Values of the relic density as a function of the mass for T

=vSM

(solid black), vSM/2 (dashed red) and 2vSM (dashed blue). The green
shaded region is excluded by the over-closure of the Universe, while the
orange shaded one is excluded by XENON1t. The dashed orange
indicates the projected exclusion from LUX-ZEPLIN.
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Appendix E : Process for the second wave

Figure: Couplings considered for the second-wave simulation in Europe.
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Appendix F : Process for the second wave

Figure: Epidemiological data (red), adjourned to the 30th of August, for
six sample countries compared to an updated simulation. For all
countries, except Croatia, the second wave from case (e) simulation is
anticipated by 4 weeks, thus in agreement with the results of case (a).
The bands are generated by varying the infection rates i within 10%.
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Appendix G : Mobility in Europe and US

Mobility data from Google (Residential and Workplaces %)
and Apple (Walking and Driving %)

Figure: https://www.researchsquare.com/article/rs-76030/v1

Start of SD measures = 20% workingplaces reduction

2-4 weeks effect of the SD measures
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Appendix G’ : Mobility in Europe and US

Figure: Tadpole-like plots showing correlations between the four mobility
reduction categories: Residential and Workplaces from Google, Driving
and Walking from Apple. The head of the tadpoles correspond to the
average over 6 weeks after social distancing begins, while the tail
indicates a 8 week average.
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Appendix H : Social distancing effect time shift

Figure: ∆t and ∆γ for the countries and states studied.
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Appendix I : Geographical uniformity indicator

χ
2 (t) = 1

nr

nr

∑
i=1

( I
′
i (t)

< I ′(t) > − 1)
2

(10)

Figure: Geographical uniformity indicator for countries where regional
data is available.
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Appendix J : Third wave simulation

Figure: Simulation of the 3
rd

wave in European countries using CeRG
framework.
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Appendix K : US flight kappa matrix

Figure: Kappa matrix based on flight data between the 9 divisions of US.
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Appendix K : US division simulation

Figure: Number of infected for the 9 US division and the simulation using
flight kappa matrix.
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