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Introduction: conformal field theories

e Conformal field theories (CFT): quantum field theories (in d
dimensions) invariant under conformal transformations

@ Conformal transformations: preserve angles, e.g. translations,
rotations, dilations

@ Important quantities in CFT: N-point correlation functions

@ Decompose into elementary building blocks
— conformal blocks

@ Bootstrap program: use conformal blocks decomposition to constrain
the properties of CFT

@ Important to study conformal blocks
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Introduction: multipoint conformal blocks

@ 4-point conformal blocks: well understood, explicit expressions

@ Common eigenvectors of a complete set of commuting differential
operators [Dolan Osborn '03]

@ Integrable system, equivalent to Calogero-Sutherland model
[Isachenkov Schomerus '16]

e Multipoint conformal blocks: not much known for N > 4

@ Goal: characterise multipoint blocks as common eigenvectors of a
complete set of commuting differential operators

@ ldea: construct these operators using a limit of the Gaudin model
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Conformal field theories:
Synopsis
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Conformal transformations

@ Space-time RP9 of dimension d = p + g and signature (p, q)

e Transformations preserving the metric (and thus the angles):

e d translations x* — x* 4 a#
o d(d — 1)/2 rotations/boosts x* — A¥ x”

@ Transformations preserving the angles:

e dilation x* — Ax*
e d special conformal transformations
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Conformal transformations

@ Space-time RP9 of dimension d = p + g and signature (p, q)

e Transformations preserving the metric (and thus the angles):

e d translations x* — x* 4 a#
o d(d — 1)/2 rotations/boosts x* — A¥ x”

@ Transformations preserving the angles:

e dilation x* — Ax*
e d special conformal transformations

Infinitesimal transformations 7, with a=1,--- ,(d +1)(d +2)/2

@ Commutation relations of the conformal Lie algebra

g~so(p+1,9+1)

Conformal field theory: QFT invariant under g
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o For simplicity, consider Euclidian R3, hence g ~ s0(4,1)
o CFT described by quantum fields (operators) O(X) on R3
@ Action of g on fields?

Translations O(X) — O(X + &), with generators
P, =0,
Dilation: O(X) — A2O()\X) with generator
D = x"9, + Ald

o A € R: conformal weight, measures internal behaviour under dilation
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@ Rotations: O(X) can have internal rotational degrees of freedom
— spin £ € 5 (£ =0 for scalar field, £ =1 for vector field, ...)

e For scalar fields: O(X) — O(RX) with generators
Ly = x,0, — x,0,

@ For spinning fields (¢ # 0), L., include internal transformations
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Rotations: O(X) can have internal rotational degrees of freedom
— spin £ € 5 (£ =0 for scalar field, £ =1 for vector field, ...)

For scalar fields: O(X) — O(RX) with generators

Ly = x,0, — x,0,

For spinning fields (¢ # 0), L., include internal transformations

A and / characterise the behaviour of O under g

Generators T, = P,, D, L,,,--- form a representation Va ¢ of g

Spectrum: different values of (A, /) appearing in the CFT
— one of the characteristic of the theory
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Casimir operators

@ How to measure the conformal weight A and spin ¢7
— Casimir operators

@ Simpler example: rotations s0(3) with infinitesimal generators L
o Possesses a Casimir operator [2 = [2 + L2+ 12 ([, L] =0)
@ On a representation of spin ¢:

[2=¢(+1)ld
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Casimir operators

@ How to measure the conformal weight A and spin ¢7
— Casimir operators

Simpler example: rotations s0(3) with infinitesimal generators L
Possesses a Casimir operator [2 = [2 + L2+12 ([, L] =0)
On a representation of spin ¢:

[2=¢(t+1)ld

Back to the conformal algebra g ~ so(4,1)

@ Two Casimir operators D, and D4, quadratic and quartic

Dy =r3*ToTo  and  Da= kPPOTTT T

Take values 5" and C{*") on Vi

A = A(A = 3)+ (0 +1)
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Correlation functions and
conformal blocks
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Correlation functions and Ward identities

e Correlation function of N scalar fields O; (with weights A)):
GN()?I: T 7)?/\/) - <Ol()?1) T ON()?N)>

@ Conformal Ward identities: Gy invariant under conformal
transformations acting simultaneously on all O;

N
TSPE Gy = (Z Tp) Gy =0
i=1

° T;Si) conformal generators acting on the field O;(X;):

T‘g’) — 8ﬂvi s leauJ‘i‘Ai Id )

Sylvain Lacroix Multipoint conformal blocks and Gaudin integrable models February 2



2-point and 3-point correlation functions

@ For scalar fields, conformal Ward identities completely fix the form of
2-point and 3-point functions

@ For 2-point functions: rj = |X; — Xj|

on,A

- - o 1A,

Go(%1,%2) = Ra,
2
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2-point and 3-point correlation functions

@ For scalar fields, conformal Ward identities completely fix the form of
2-point and 3-point functions

@ For 2-point functions: rj = |X; — Xj|

0
Go(%1, %) = a0

A1+Ar
N2
e For 3-point functions:
A0,0,0
e . 10203
G3(X1’ X2 X3) - pB1+Bo—Az Ai+A3—Ar Dot Az—Ly
12 13 23

@ Structure constants A0,0;0,: characterise the CFT together with the
spectrum (A;, ¢;)
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4-point correlation functions

@ For 4-point correlation functions, Ward identities are not enough to
completely fix the form:

Ga(X1, X2, X3, Xa) = %) F(u, v)

@ Kinematical prefactor:

A1—A A3—A
Q%) = 1 rog \ "5 g\ T3
Xi) = TA1+D, Asth,
34

ro rg rs
@ Cross-ratios u, v: conformal invariants constructed from X;

2 2 2 2
_ Mo d _ Ny
2 2 an V="5>%
M3r24 314

o All the dynamical information in G4 is contained in F(u,v)
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Operator product expansion

@ Operator product expansion (OPE):
OI()_(')OJ()_/‘) - Z )\OinOAI C()? - )77 ay“')OA7é(y)
Al
@ In principle, can be used to reduce any correlation function
Gy = (01 --- Op) to 2-point correlation functions
@ For instance, applying the OPE to the product O;0; in G3 gives back

A010,05
rAl +A2—A3 rAl +A3—-A> rAz +A3-A;
12 13 23

G3(X1, X2, X3) =

— OPE coefficients )‘O;OjOk = structure constants in 3-pt functions

o CFT completely characterised by (A;,£;) and A\o,0,0,
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Conformal block expansion of 4-point functions

e Apply OPE to the products O10, and O30, in Gy = (0102030,):
2 3

@ Conformal block decomposition:

F(uv V) - Z )\OIOZOA,Z)\O3O4OA,Z gA,f(uv V)
AL
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Conformal block expansion of 4-point functions

@ Crossing identity: G, independent on the choice of OPE channel
2 3

Al - > At

N AL

@ Example for all O; equal to scalar field ¢:

Vi Z )‘édﬁoA,e gA,z(U, V) = ut Z )‘35¢(9A,e gAvf(V’ u)
AL AL

@ Bootstrap: use crossing to constrain the possible values of Ap,0,0,
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Conformal blocks as eigenvectors of Casimir operators

e How to compute conformal blocks ga ¢(u, v)?
— approach of [Dolan Osborn '03]

Before factoring out the prefactor €Q:

Gs =Y X0,0,0n 2030040 hirp: hao(Xi) = Q%) gn,e(u, v)
A

Operators T§12) = T,—,Sl) + T,—,Sz) also satisfy commutation relation of g

Corresponding Casimir operators

D£12) _ Kgb -,—;12) T1§12) and D§12) _ &Zbcd T§12) T1§12) Tc(lz) T§12)
: (12) (12), (12) (12)7 _

@ hp ¢ common eigenvector of Dy~ and D, 7:  ([Dy ., D, '] =0)

D£12) hA,€ = CI(JA’E) hA,Ka for p = 2, 4
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Conformal blocks as eigenvectors of Casimir operators

° DE,H) acting on hp ¢: differential operators in coordinates X;
@ Since D,(Jl ) commutes with T3¢ = p T
TdEy(z)=0 =  TIE(DIDV) (%) =0,
V(%) = QR)V(u,v) = DIDU(R) = Q%) (DI (u, v))
with 25,(,12) differential operators in the cross-ratios u, v

® g common eigenvector of D(12) and D(12) ([ﬁglz),ﬁgm] =0)

DI gpp = CP gay, for p=2,4
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Casimir equations for conformal blocks

15,(;12) gap = C,(,A’Z) 8A 0 for p=2,4

Quadratic Casimir: a= 3(A2 — Aq) and b= (A3 — Ay)
2ﬁ£12): (1—-u—v)o,(vOy, + a+ b) + ud,(2ud, — 3)
—(1+u—v)(ud, + vo, + a)(ud, + vo, + b)

@ Casimir equations can be used to study ga ¢

@ Eigenfunctions of 2 commuting differential operators in 2 variables
— complete (maximal) set of commuting operators
— quantum integrable system

Equivalent to BC, Calogero-Sutherland: [Isachenkov Schomerus '16]
° ﬁglz) ~ CS Hamiltonian (Casimir equation ~ Schrédinger equation)
° 131(‘12) ~ additional quartic conserved charge
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Multipoint conformal blocks

@ Multipoint correlation functions: for N > 4, not much is known about
the general conformal blocks with arbitrary exchanged fields
e Main goal:
o generalise the approach of [Dolan Osborn '03] to multipoint blocks
o characterise these blocks as eigenvectors of a complete set of
commuting operators / integrable system
@ use this to study the properties of these blocks
@ First progress in [Buri¢ SL Mann Quintavalle Schomerus '20]
@ Main difficulty: Casimir operators alone are not sufficient anymore
@ For this talk: simplest example of N =5 in 3d
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Conformal block expansion of 5-point functions

@ 5-point function depends on 5 cross-ratios uy, - - - , Us:
Gs(X1,- -+ ,X5) = (O1(X1) - Os(%6)) = QX )F(ur, -+, us)
@ Apply OPE to the products O10> and O40s:
2 3 4

N
/Aa,ﬁa Ab,zb\

1 5
. ~(12) ~(123) ,
o Ayl measured by the Casimir operators Dy ~/ and Dy =’ (p = 2,4)

@ 4 operators for 5 variables u;
— one operator missing: measures tensor structures at the vertex
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Missing vertex operator in 5-point conformal blocks

@ Goal: find a fifth operator % commuting with the Casimir operators
25/(312) and ﬁI(J123)

° ﬁf,u) and 75[(3123) come from the operators ijn) and D,(,123) in terms

of X; by factorising out the kinematical prefactor Q2

e Equivalently find an operator V in terms of X; that commutes with
D,(312), D/(:’123) and Tglag
— integrable system with a global g-symmetry

@ We will construct V' using a well-chosen limit of Gaudin models
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Gaudin models and applications
to conformal blocks
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The Gaudin model as a spin system

@ Gaudin model historically introduced as a spin system [Gaudin 76']

C . .
LT o Sites z1,2,-- ,zy in C

ZN

zZ] %

22

Sylvain Lacroix Multipoint conformal blocks and Gaudin integrable models February 25th, 2021



The Gaudin model as a spin system

@ Gaudin model historically introduced as a spin system [Gaudin 76']

.(C. o Sites z1,20,--- ,zy in C
_'(N)?Z’V e Spins SO
) N el i
[Se(: )a 51(71)] = 5U€abc5£)
21?§(1) — Lie algebra su(2)
5242
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The Gaudin model as a spin system

@ Gaudin model historically introduced as a spin system [Gaudin 76']

.(C. o Sites z1,20,--- ,zy in C
_'(N)?Z’V @ Spins s
S ; ; I.
[Se(: )a 51(71)] = 5U€abc5£)
21?5(1) — Lie algebra su(2)
@ Hamiltonian of site i:
5242 20) . 50)

Z,'—Zj

Sylvain Lacroix Multipoint conformal blocks and Gaudin integrable models February 25th, 2021



The Gaudin model as a spin system

@ Gaudin model historically introduced as a spin system [Gaudin 76']

.(C. o Sites z1,20,--- ,zy in C
_'(N)?Z’V @ Spins s
S ; ; I.
[Se(: )a 51(71)] = 5U€abc5£)
21?5(1) — Lie algebra su(2)
@ Hamiltonian of site i:
5242 20) . 50)
A
[HivHJ'] =0
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Gaudin models on simple Lie algebras g

Finite-dimensional simple Lie algebra g:
e Basis {7,}, structure constants f,, <: [T, Tp| = £, T¢
e Invariant bilinear form r.p, inverse x2°:

fdeameb + fdebKJae -0

Gaudin model on g: [Gaudin '83] (with sites z;,--- , zy in C)
@ Observables A = U(g)®N: N independent copies of g, generators T()
(790, 7] = 036 ° TE)
o Commuting quadratic Hamiltonians:

abT( )T( J)
Hi = Z [(Hi, H;] =0

# AT
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Gaudin models on simple Lie algebras g

@ Lax matrix: (z auxiliary complex parameter: spectral parameter)
N0

Li(z) = Z 2

r=1

zZ — Zj
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Gaudin models on simple Lie algebras g

@ Lax matrix: (z auxiliary complex parameter: spectral parameter)

N ()
Li(z) = 2
&)=Y
r=1
i . . abT()T(J)
® Quadratic Hamiltonians H; = 3_;,; — >, extracted from

N (i) ,
H(z) = 5 La(2)Colz) = 3 (i ot )

—1 Z — Zj

with DY) = k3 T T Casimir operator of site i

e Commutation:
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Higher order Hamiltonians

@ Higher order invariant symmetric tensors: (k3" = x?b)

a; Cax-ap ap aicaz-ap ap arap-1c

@ Remark: directly related to Casimir operators of g

aj--a,
DP:HP p7;1"'7;p

@ Higher order Hamiltonians: [Feigin Frenkel Reshetikhin '94, Talalaev '04,
Chervov Talalaev '06, Molev '13, Molev Ragoucy Rozhkovskaya '16]

HPN(z2) = kg Loy (2) - Lay(2) + ...

with ... quantum corrections involving derivatives of £(z)

e Commutation:

[(HP)(2),1HD(w)] =0, VzweC, Vp.q
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Diagonal symmetry and representations

@ Diagonal generator:
N
T;“ag — Z Ta(l)
i=1
@ Commute with Gaudin Hamiltonians:

[Tgiag./fH(P)(Z)} — O, Vze (C, VP

Gaudin model: integrable system with g-diagonal symmetry

So far, T{" abstract generators in A = U(g)®N

@ One can make Tgi) acts on a representation V; of g. Hilbert space:

— H(P)(z) operators on H
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Gaudin model and 5-point conformal blocks

Applications to 5-point conformal blocks:

e Gaudin model with 5 sites on the conformal Lie algebra g = so(4,1)
@ Representations V), o corresponding to the scalar fields O;
5 T differential operators O,x, x!'Op + A;ld, - -

o Commuting differential operators: coefficients of #(?)(z) and H*)(z)

@ To relate to conformal blocks, we want these operators to contain the
Casimir operators D,(,lz) and D,(,123)
— particular limit of the parameters z;
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Gaudin model and 5-point conformal blocks

Applications to 5-point conformal blocks:

e Gaudin model with 5 sites on the conformal Lie algebra g = so(4,1)
@ Representations V), o corresponding to the scalar fields O;
5 T differential operators O,x, x!'Op + A;ld, - -

Commuting differential operators: coefficients of #(?)(z) and H*)(z)

To relate to conformal blocks, we want these operators to contain the
Casimir operators D,(,lz) and D,(,123)
— particular limit of the parameters z;

@ More precisely, consider o — 0, with

3 2 1
71 =w", Zp = w", 73 = w, zy =1, Z5 = —

g
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Gaudin model and 5-point conformal blocks

1

71 =wS, 2 = w2, 73 = 1w, zy =1, Z5 = —

w
. - I kT TY)
@ Quadratic Casimir operators from Hamiltonians H; = Z#,-#'

2 0
(Z Ai(A ) ld + 202 H, =% DY)
i=1
(123)

3
(Z Ai(A; — 3)) Id + 2% H, + 2w H3 =222 DS

@ Similarly, one obtains Dl(llz) and Dz(;123)

@ We also get a fifth independent commuting operator:

V=rb45,5,5.Sq, Sa=TH 4+ 7@ TG
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Summary and generalisations

e Limit of s0(4, 1)-Gaudin model: 5-point conformal blocks in 3d
— differential operators D), D{?3) D12 D) 'y in x#
— five commuting differential operators in cross-ratios u;
— conformal blocks eigenvectors of these operators

@ Generalises for 5-point conformal blocks in higher dimension d
— still 5 five cross-ratios and 5 commuting operators
(Gaudin model based on the algebra so(d + 1,1))

— d appears polynomially in the coefficients of the operators

@ Generalisation to higher number of points
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Higher number of points

@ Generalisation to higher number of points and other topologies:
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Perspectives and open questions
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Perspectives and open questions

@ Use of integrability techniques (separation of variables, ...) to study
these integrable systems?

e Spectrum of the operators?

e Expression of the multipoint conformal blocks?
o Series expansion?

]

@ Limit related to bending flows [Kapovich Millson '96, Falqui Musso '03]

@ Vertex operator related to elliptic Z/47 Calogero-Moser system of
[Etingof Felder Ma Veselov '10]

@ Applications to multipoint conformal bootsrap?

@ Recently: light-cone multipoint bootstrap in conformal gauge theories
[Vieira Goncalves Bercini '20]
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Thank you for your attention!
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