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Outline

1.    Dim-6 and dim-8 SMEFT operators at future lepton colliders

2.    Positivity bounds

3.    Applications
★ Testing positivity and core QFT principles
★ Inferring BSM in a model-independent way

4.    Summary
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Theoretical context: the SMEFT

✦ The SMEFT: new physics is parametrised as small deviations to the SM

✤Solely involves the SM fields
✤Leading effects usually assumed to be dim-6
✤UV-complete setups also yield higher-order operators 

★No a priori reason to neglect them
★Other types of powerful constraints

[to which dim-6 operators are insensitive]

✦Choice for the Wilson coefficients
✤Coefficients are dictated by the UV

★Taken as free parameters in the SMEFT
★Not all arbitrary values physical (positivity bounds)

L = LSM +
X

i

c(6)i

⇤2
O

(6)
i +

X

i

c(8)i

⇤4
O

(8)
i + . . .

<latexit sha1_base64="vY+wi6ngZ0ZuIDLyH0VOMtFZ3BM="></latexit>

UV-complete
BSM models

The SMEFT

[ Top-down ]

[ Bottom-up ]

The SMEFT

UV-complete
BSM models

x x



Benjamin Fuks - 21.01.2021 - Probing QFT bedrock principles and the inverse problem @ the FCC-ee  4

Four-electron operators

✦Four-electron operators
✤Barely constrained (LEP+SLD): at best 1TeV bounds on dim-6 operators
✤Excellent case for future lepton colliders (e+e- ￫ e+e- scattering)

✦Relevant operators at the dim-6 and dim-8 level
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Dim-6

✤Other dim-8 operators omitted
★𝜓4𝟇2: dim-6 structure (when 𝟇 ￫ v) 
★𝜓4D𝟇: ignored from flavour symmetry

[ Han & Skiba (PRD`05) ]

https://arxiv.org/abs/hep-ph/0412166
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Constraining the SMEFT at future ee colliders

✦Differential e+e- ￫ e+e- cross section at the dim-8 level
✤ Interferences between the SM and the SMEFT operators
✤Squared dim-6 contributions (no interferences for me → 0)

d� = d�SM +
X
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✦Setup for computations of the cos 𝜃 spectrum
✤LEP2: measurements at 2% 
↝ Assumption: 1% at future colliders for each cos 𝜃 bin

✤25 bins, we ignore the most forward bin
✤All future colliders considered (except √s = mZ), full luminosity
✤Statistical uncertainties included 

[ ILC white paper (2013) ]
[ De Blas, Durieux, Grojean, Gu & Paul (JHEP`19) ]

✦Constraints on the vector of Wilson coefficients C
✤Hypothesis C0

✤Would-be observation C
↝ 𝝌2(C, C0) ↝ [Cmin, Cmax] range at 2𝝈 ↝ BSM scale 𝜦c



Benjamin Fuks - 21.01.2021 - Probing QFT bedrock principles and the inverse problem @ the FCC-ee  6

Results for the SM hypothesis C0 = 0

✦Dimension-6 coefficients
✤Sensitivity to very large scales

★1–2 orders of magnitude larger than √s
✤Similar findings as for LEP2
✤Marginalised limits a factor of a few weaker

★OK wrt to the EFT validity
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✦Dimension-8 coefficients
✤Sensitivity to scales of 1–10 TeV 

★5 times larger than √s
✤Marginalised limits a factor of a few weaker

★CEPC/FCC-ee: smaller than √s for C1/C4

↝ almost identical LLLL and RRRR cross sections
↝ almost flat direction

★The EFT is valid (check of the next terms in d𝝈)
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e)@↵(ē�µe)

O2 = @
↵(ē�µ
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✤ Implications for UV physics: positivity bounds
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Positivity bounds: generalities

✦Not all SMEFT scenarios ≡ UV completions
✤Wilson coefficients not arbitrary
✤Some non-physical regions in the SMEFT parameter space

[ Bottom-up ]

The SMEFT

UV-complete
BSM models

x x

✦Core QFT principles (analyticity, unitarity, locality, Lorentz)
✤The optical theorem + dispersion relation: positivity bounds
✤Constraints on the allowed SMEFT scenarios

✦Positivity bounds and future measurements: applications
✤Measurement of a positivity bound violation 
↝ breakdown of the fundamental principles of QFT
↝ the SMEFT invalid (TeV scale new physics)

✤Observations in agreement with the positivity bounds
↝ Inferring / excluding the existence of UV new physics model-independently
↝ Towards solving the inverse problem [ Zhang & Zhou (2020) ]

https://arxiv.org/abs/2005.03047
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Positivity bounds - interpretations

✦Conditions on the Wilson coefficients
✤We can compute Mijkl in the SMEFT

★From any elastic fwd scattering amp.
★The second-order derivative > 0
★Arbitrary superpositions
★Constraints on the coefficients 

✤We can use convex geometry
★The rhs written with C(8) (for given r)
↝ {cr} forms a convex cone

★The lhs written with C(8): C
↝ C ∈ cone(cr)

M ijkl =

Z 1

(✏⇤)2
dµ

X

Z in r

0 | hZ|M|ri |2

⇡
�
µ� 1

2M
2
�3P

i(j|k|l)
r

<latexit sha1_base64="QuP1tVQ7ql77j5drhwATqOS2jew="></latexit>

PositiveQuadratic 
in C(8)

Direct calculations: derivation of the viable SMEFT 
space regions 

 
Geometry: additional model-independent 

constraints on new physics
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Positivity bounds for e+e- ￫ e+e- collisions

The constraints define a cone in the SMEFT space
Distance of a point outside ≡ amount of positivity violation

M(eReR ! eReR) ! C1  0

M(eLeL ! eLeL) ! C4 + C5  0

M(eRēL ! eRēL) ! C3 � 0

M(eL⌫L ! eL⌫L) ! C5  0

<latexit sha1_base64="sQvY4bmi7ymiAubABHGtvuuRoI0="></latexit>

|f±i /(C4 + C5)
1/4|eRi+ C1/4

1 |ēLi

<latexit sha1_base64="VKY9pUxmu1KAlxkQOD9+/6uL9WU="></latexit>

2
p

C1(C4 + C5) > C2

2
p

C1(C4 + C5) > �(C2 + C3)

<latexit sha1_base64="2AVDDA4+bLfOFnn1akYvUFJ8FxI="></latexit>

From given superpositions

From specific helicities

✦Direct computations (reproduced with convex geometry)
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Positivity bounds at the FCC-ee

✦Assumptions
✤Assumption 1: nature picks a given C0 = (C1, C2, …, C5) [within the bounds or not]
✤Assumption 2: Cexp is measured at the FCC-ee and is consistent with C0

✦Strategy
✤The measurements yield bounds for positivity violation 
✤The lower bound is a conservative estimate

★= 0: Compatible with the positivity bounds
★> 0: Observation of positivity violation

<latexit sha1_base64="Qp4r4s5jgP2T3WUmKqGq/ddWFcM="></latexit>

��1 2 [��1
low,�

�1
high]

✦FCC-ee sensitivity to a positivity violation scale 𝚫 [scan over C0]

✤Smallest 𝚫-1 for a non-zero (𝚫low)-1

★Positivity violation occurring below 1.2 TeV 
has a chance to be detected

✤Largest 𝚫-1 for a zero (𝚫low)-1

★Positivity violation occurring below 
360 GeV is guaranteed to be detected

✤𝚫 connected with the scale at which QFT 
bedrock principles are violated
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UV physics from precision at future ee colliders

✦Assumptions
✤Assumption 1: nature picks a given C0 = (C1, C2, …, C5) [blue dot]
✤Assumption 2: Cexp is measured at some lepton collider [green area]
✤The positivity bounds define a convex cone in the SMEFT space [yellow cone]

✦Towards excluding a class of particle X’
✤The extremal ray corresponding to X’: cX’

[black dot]
✤We determine Cmax so that 𝝀 is maximised

<latexit sha1_base64="myHgkqF1kjCChIgFL7Hi4j2B1ow="></latexit>

max
�

h
~C(8)
exp � �~c (8)

X0 2 C
i

[brown dot; red dot]

✤𝝀max ≡ the max X’ contribution to C0

<latexit sha1_base64="wHNXt1osnhkW4v1biH5dVfIO7dU="></latexit>

X 0 �max MX0/
p
gX0

12 scalar 0.7257 � 1.08 TeV

10 vector 0.3627 � 1.29 TeV

10 axial-vector 0.3551 � 1.30 TeV

<latexit sha1_base64="LE/m22+QJRM/BAaY/C23zhQXtWw="></latexit>

X 0 �max MX0/
p
gX0

21/2 scalar 0.4267 � 1.23 TeV

11 scalar 0.6897 � 1.09 TeV

2�3/2 vector 0.2427 � 1.42 TeV

Model-
independent 

bounds!

✦Examples: the no new physics case C0 ≡ (0,0,0,0,0) @ FCC-ee



Benjamin Fuks - 21.01.2021 - Probing QFT bedrock principles and the inverse problem @ the FCC-ee  12

Summary

✦The SMEFT parameter space not entirely physical
✤Wilson coefficients not arbitrary
✤Some configurations have no UV completion

[ Bottom-up ]

The SMEFT

UV-complete
BSM models

x x✦Positivity bounds built from:
✤Core QFT principles (analyticity, unitarity, locality, Lorentz inv.)
✤Optical theorem and dispersion relation

✦Applications
✤Testing fundamentals of QFT
✤Model-independent inference of the existence of new physics
✤Solution to the inverse problem

✦Example: ee￫ee scattering at the FCC-ee
✤Probing positivity violation at 360 GeV (guaranteed) and 1.2 TeV (possible)
✤Exclusion of UV physics model-independently (for scales up to about 1 TeV)
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Backup
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Derivation of the positivity bounds

✦Context: forward scattering amplitudes Mij￫kl(s)
✤Dispersion relation from Cauchy's integral formula, analyticity, unitarity of Mij￫kl

✤Subtraction of the poles and the low-energy part (Q ≪ 𝜖𝜦)

✦Final formula

M ijkl =
1

2

d2

ds2
Mij!kl(s = Q2/2)� poles� low energy

=

Z 1

(✏⇤)2

dµ

2i⇡

DiscMij!kl(µ)�
µ� 1

2Q
2
�3 + [j $ l]

<latexit sha1_base64="HfL85LUgai+0hgKyMHuOOOUzlhk="></latexit>

Positive

Mij!kl(s� i✏) = M⇤
kl!ij(s+ i✏)

<latexit sha1_base64="mbezXMTHjXQ1us7p++kIVnt/OA4="></latexit>

Mij!kl �Mkl!ij = i
X

X

0
Mij!XM⇤

kl!X

<latexit sha1_base64="thri2EuZNR2FvQ1SQ7A8q/m7M0I="></latexit>

✦Re-organisation of the dispersion relation
✤Hermiticity 

✤Optical theorem

✤Sum over intermediate Z-states
✤Decomposition over SO(2) rotation 

reps. around the scattering axis

[ Zhang & Zhou (PRD`19) ]

<latexit sha1_base64="c0rQm5AQkkml/iQGaIISL9eInGw="></latexit>

M ijkl =

Z 1

(✏⇤)2
dµ

X

Z in r

0 | hZ|M|ri |2

⇡
�
µ� 1

2Q
2
�3P

i(j|k|l)
r

https://arxiv.org/abs/1808.00010
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Convex geometry an its link to UV completions

✦More about convex geometry
✤Positivity defines a convex cone in the SMEFT space

[set closed under additions and positive scalar multiplications]

✤Two representations
★Faces: the positivity bounds themselves
↝ Hahn-Banach separation theorem: a convex cone can be 

specified by a set of linear inequalities
★Convex hull of extremal rays (Krein-Milman theorem)

[An extremal ray cannot be trivially split into other cone elements]
↝ The extremal rays are the cone generators [ Bi, Zhang & Zhou (JHEP`19) ]

✦Extremal rays and physics
✤Convex hull of {xi} (xi denoting the extremal rays)

<latexit sha1_base64="zTY9kFz0Hxpq7NxZZ541Lyz1d4I="></latexit>

all x such that x =
X

i

!ixi

with !i � 0 and
X

i

!i = 1

★Extremal rays ≡ generators of all UV-completable SMEFT 
setups

★Extremal ray ≡ SM + one particle species

https://arxiv.org/abs/1902.08977
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Seeking UV physics with convex geometry

✦ ‘SM + n particles’ setup
✤ Integrating out ↝ C = (C1, C2, …, C5)

★n >1: not an extremal ray (extremal rays cannot be split)

✤UV models generated from ‘SM + 1 particle’ extensions
✤Localisation within the cone

★Extremal rays: one particle SM extensions 
↝ One ray for different EW/spin reps.

★Faces of the cone: two-particle SM extensions
★ Inside the cone: more complex SM extensions
★Outside the cone: violation of positivity, QFT core principles

C

Model-independent conclusions after adding future lepton collider expectations


