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● Most of the oscillation parameters                             are 
measured with precision at the level of a few percent,  

or we are in an era of precise measurement

Introduction

 ●Currently almost all the neutrino data are explained very  
well by the standard 3 neutrino flavor scheme (!SM)  

without New Physics beyond neutrino mass and mixing 
( Some exceptions: LSND/MiniBooNE, Reactor/Ga anomaly, etc)

● More precice measurements will be performed by coming  
new experiments such as JUNO, DUNE, Hyper-K, ORCA, 

PINGU, etc, whose goal includes the determination of neutrino 
mass ordering and CP phase 
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● Any deviation from !SM implies New Physics Beyond SM  
or new discovery

● Test of Unitarity would be one way to go because it can 
be done in a relatively model indepent way and several 

New Physics scenarios imply (or induce effectively as in the 
case of NSI) Violation of Unitarity to some extent

● In order to be sure about the measurements of the mass 
ordering, CP phase, θ23 octant, etc, it is crucial to test  

the standard 3 flavor neutrino paradigm (!SM) 

Introduction
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mixing matrix U is unitary if

For 3 flavor of mixed neutrinos
Introduction

or normalisation

or
closure 

of unitarity 
triangle

9 indep. eqs.

(3 eqs.) 

(6R eqs.) 
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Where the Non-Unitarity (NU) effect can manifest?

● Decay Processes

● Neutrino Oscillation

Universality test

Introduction

W decay
Invisible Z decay

Rare charged lepton decay

Disappearance mode
Appearance mode

See e.g.  Antusch et al, JHEP10, 084 (2006)

In this talk we focus on  
NU effect for oscillation

6



(Incomplete) List of relevant references on  
Non Unitarity Effects for Neutrinos 

Parke and Ross-Lonergan, PRD93, 113009 (2016)

Antusch et al, JHEP10, 084 (2006)

Ellis et al, JHEP12, 068 (2020)

Escrihuela et al, PRD92, 053009 (2015)

Hu et al, JHEP12, 124 (2021)

Introduction

Ge et al, PRD95, 033005 (2017)

Fong et al, JHEP02, 114 (2017)

Fong et al, JHEP02, 015 (2019)

there are many more works! 

Qian et al, arXiv:1308.5700 [hep-ex]

Escrihuela et al, New J. Phys. 19, 093005 (2017)

Goswami and Ota, PRD78, 033012 (2008)
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How many free parameters (for oscillation) we  
have for U if Unitarity is not assumed? 

18 - 3 - 2 = 13 free parameters

 or 4 + 9 = 13 free parameters

3 phase can be removed by redefinition of charged lepton fields

2 Majorana phases

Non-Unitarity U can be parametrised, e.g., as, 

How to parametrise the Non-Unitary mixing matrix? 

by relaxing normalisation (3) and closure (6) conditions
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Another possible parameterisation 
Miranda et al, PRL117, 061804 (2016)

standard 3x3 unitary matrixnon-unitary if the triangular α matrix is not "
implies unitarity violation  

normalisation

closure (of the 
unitarity triangle)
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Abstract: If leptonic unitarity is violated by new physics at an energy scale much lower

than the electroweak scale, which we call low-scale unitarity violation, it has different

characteristic features from those expected in unitarity violation at high-energy scales.

They include maintaining flavor universality and absence of zero-distance flavor transition.

We present a framework for testing such unitarity violation at low energies by neutrino

oscillation experiments. Starting from the unitary 3 active plus N (arbitrary positive

integer) sterile neutrino model we show that by restricting the active-sterile and sterile-

sterile neutrino mass squared differences to ! 0.1 eV2 the oscillation probability in the

(3+N) model becomes insensitive to details of the sterile sector, providing a nearly model-

independent framework for testing low-scale unitarity violation. Yet, the presence of the

sterile sector leaves trace as a constant probability leaking term, which distinguishes low-

scale unitarity violation from the high-scale one. The non-unitary mixing matrix in the

active neutrino subspace is common for the both cases. We analyze how severely the

unitarity violation can be constrained in νe-row by taking a JUNO-like setting to simulate

medium baseline reactor experiments. Possible modification of the features of the (3 +N)

model due to matter effect is discussed to first order in the matter potential.
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Abstract: We present a comprehensive study of the three-active plus N sterile neu-

trino model as a framework for constraining leptonic unitarity violation induced at en-

ergy scales much lower than the electroweak scale. We formulate a perturbation theory

with expansion in small unitarity violating matrix element W while keeping (non-W sup-

pressed) matter effect to all orders. We show that under the same condition of sterile

state masses 0.1 eV2 ! m2
J ! (1–10)GeV2 as in vacuum, assuming typical accelerator based

long-baseline neutrino oscillation experiment, one can derive a very simple form of the os-

cillation probability which consists only of zeroth-order terms with the unique exception

of probability leaking term Cαβ of O(W 4). We argue, based on our explicit computation

to fourth-order in W , that all the other terms are negligibly small after taking into ac-

count the suppression due to the mass condition for sterile states, rendering the oscillation

probability sterile-sector model independent. Then, we identify a limited energy region in

which this suppression is evaded and the effects of order W 2 corrections may be observ-

able. Its detection would provide another way, in addition to detecting Cαβ , to distinguish

between low-scale and high-scale unitarity violation. We also solve analytically the zeroth-

order system in matter with uniform density to provide a basis for numerical evaluation of

non-unitary neutrino evolution.

Keywords: Beyond Standard Model, Neutrino Physics
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As a possible origin of non-unitarity, let us assume that there is(are) 
extra (beynd 3) neutrino state(s) which must be sterile 
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In the rest of this paper, we construct a model of low-scale unitarity violation which can

be used to test leptonic unitarity in neutrino experiments. Although the constraints from

beta and muon decays etc. just mentioned above are relevant, we do not try to elaborate

the discussions already given in [20] and the references cited therein.

3 A model of unitarity violation at low energies

Now, we introduce our model of unitarity violation at low energies. But, one recognizes

immediately that there is no big room for this. Precision measurement of Z decay width

at LEP [10] dictates that there is only three active neutrinos. Therefore, extra fermions we

introduce which mix with neutrinos must be SM singlets, which we call “sterile neutrinos”

in this paper. Then, we are left with the unique possibility, the system of three active

neutrinos plus arbitrary number of sterile neutrinos which mix with each other. We denote

the number of sterile neutrino states as N . We assume that our system of the three active

neutrinos and N sterile neutrinos are complete, which we call the (3 +N) space unitary

model hereafter.

Though we deal with the particular model we want it as model-independent as possible

within the framework of the (3+N) space unitary model. Therefore, we shall always keep

number of sterile neutrinos N arbitrary in this paper. Toward constructing a framework

for leptonic unitarity test, however, we must make additional requirement on our (3 + N)

space unitary model. We want to avoid the situation that experimental predictions of the

model depend very sensitively on details of the N sterile neutrino sector, for example, on

the mass spectrum of sterile states. In the rest of this section, we discuss how it can be

achieved, and what are the conditions for this.

3.1 3 active +N sterile unitary system

To define the notation and for definiteness, we introduce the (3+N) space unitary system

in vacuum. The Hamiltonian which governs the evolution of 3 active and N sterile state

vector in flavor basis, ν = [νe, νµ, ντ , νs1 , νs2 , · · ·, νsN ]
T , as i d

dxν = Hν is given by4

H = U





∆1 0 0 0 0 0

0 ∆2 0 0 0 0

0 0 ∆3 0 0 0

0 0 0 ∆4 0 0

0 0 0 0 · · · 0

0 0 0 0 0 ∆3+N





U† (3.1)

where

∆i ≡
m2

i

2E
(i = 1, 2, 3), ∆J ≡ m2

J

2E
(J = 4, · · ·, 3 +N). (3.2)

4For simplicity, we assume that sterile states do not decay along its length of flight in neutrino oscillation

experiments. If sterile states have decay length much shorter than the baseline, and if the decay products do

not include the three active neutrinos, the oscillation probabilities converge to those of “high-scale unitarity

violation” discussed in the previous section.

– 4 –

let us assume N (arbitrary) extra states which are heavy (more  
than ~O(0.1) eV) but “light” enough to participate in oscillation

ignoring the matter effect

(3+N)x(3+N)
3x3
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Let us assume that oscillation driven by extra heavier 
neutrino states are averaged out

then we have equation for vacuum oscillation similar to what 
we naively expect apart from the “leaking” term 

If violation of unitarity is small (if U is close to unitary matrix),  W matrix should be 
small, therefore,          is excpected to be quite small

if W < O(0.1), then 

we call this “leaking” term 

most of the previous works consider the eq. w/o        term 
though in practice we can ignore it at 1st approximation

note that U is non-unitary
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model in vacuum. In the appearance channel, α != β, it reads

P (νβ → να) = Cαβ +

∣∣∣∣∣∣

3∑

j=1

UαjU
∗
βj

∣∣∣∣∣∣

2

− 2
∑

j "=k

Re
(
UαjU

∗
βjU

∗
αkUβk

)
sin2

(∆k −∆j)x

2

−
∑

j "=k

Im
(
UαjU

∗
βjU

∗
αkUβk

)
sin(∆k −∆j)x, (4.6)

and in the disappearance channel

P (να → να) = Cαα +




3∑

j

|Uαj |2



2

− 4
3∑

k>j

|Uαj |2|Uαk|2 sin2
(∆k −∆j)x

2
, (4.7)

where

Cαβ ≡
3+N∑

J=4

|WαJ |2|WβJ |2, Cαα ≡
3+N∑

J=4

|WαJ |4. (4.8)

One should notice that after averaging over high-frequency sterile oscillations, the ex-

pressions in (4.6) and (4.7) have terms which look like the “zero-distance flavor transition”.

But, it cannot be the correct interpretation because the averaging procedure (even though

it is on energy spectrum) inherently contains certain distance scale to observe destructive

interference which leads to cancellation of oscillatory behavior.

The expression of the oscillation probabilities in (4.6) and (4.7) look similar to the

ones in the standard three-flavor mixing. But, there are two important differences:

• The active space mixing matrix U is not unitary,

• There is a probability leaking term to the sterile neutrino sector, Cαβ in (4.6) and

Cαα in (4.7).

The former is a common feature of the theories in which unitarity is violated in active

neutrino subspace. In the unitary case the second term in (4.6) is δαβ . On the other hand,

the second point above, the existence of probability leaking term, is the characteristic

feature of the low-scale unitarity violation. However, the term is omitted in the expression

of the oscillation probability in the literature, e.g., in refs. [5, 27], and was considered only

for some specific models of sterile neutrinos, e.g., in [9, 28].

Does the leaking term introduce a heavy model-dependence into the prediction by

our (3 +N) model? The answer is no: though it indeed displays some sterile sector model

dependence, it is only a mild one. That is, the term can be treated as the channel dependent

constant Cαβ when this formula is used to analyze leptonic unitarity violation in vacuum.

We emphasize that the clearest evidence for low-scale unitarity violation is the demon-

stration of existence of probability leaking constant Cαβ ≡
∑3+N

J=4 |WαJ |2|WβJ |2. Unfor-

tunately, it would not be easy to carry out for the two reasons: (1) the term is small in

size because it is the fourth order in unitarity-violating elements WαJ , and (2) it is just a

constant term and hence it could be confused by the uncertainty in the flux normalization

of neutrino beams.

– 10 –

we also developed a formalism to take matter effect into account,  
see Fong et al, JHEP02, 015 (2019)
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respectively), with jUe1j taking the majority of the dis-
crepancy in the νe sector, with an increase of allowed range
of 68%, primarily due to the weaker bounds from
KamLAND compared to the SBL reactors. The entire ντ
sector, however, may contain substantial discrepancies
from unitarity with shifts in allowed regions of 37%,
46% and 104% respectively.
We must stress that even if the 3σ ranges of the UPMNS

elements agree closely with the unitarity case, this does
not equate to the neutrino mixing matrix being unitary. In
the unitary case the correlations are much stronger and
choosing an exact value for any one the mixing elements
drastically reduces the uncertainty on the remaining ele-
ments. One can address this issue by looking at the row and
column unitarity triangle closures and the row and column
normalizations to better understand the level at which we
know unitarity is violated or not.
For the case of the six neutrino unitarity triangles, we

present, for the first time, the allowed ranges for their
closures in Fig. 2. For the three row unitarity triangles the
bounds originate from a combination of the corresponding
Cauchy-Schwartz inequalities along with appearance data
in the respective channel. The column unitarity triangles,
being bound primarily by the geometric constraints and not
direct measurement, are less known. Only one unitarity
triangle does not contain a ντ element, the νeνμ unitarity
triangle, and hence it is the only unitarity triangle in which
it is constrained to be closed by ≤0.03 at the 3σ CL,
compared to ≤0.1–0.2 at the 3σ CL for the remaining
unitarity triangles. This hierarchical situation will not
improve unless precise measurements can be made in

the ντ sector. We also plot the resultant ranges for the
normalizations in Fig 3. We see that the νe and νμ normali-
zation deviations from unity are relatively well constrained
(≤0.06 and 0.07 at 3σ CL respectively), primarily by reactor
fluxes and a combination of precision measurements of the
rate and spectra of upward-going muonlike events observed
at Super-Kamiokande [27]. We note the νμ normalization
deviation from unity is constrained slightly (≈1%) better
than the νe normalization. This is due to the large theoretical
error, 5%, on total flux from reactors assumed [28]. The
remaining normalization deviations from unity are all con-
strained to be ≲0.2–0.4 at 3σ CL.
If one wishes to proceed with measurements of unitarity,

without the assumption of an extended UPMNS matrix and
its subsequent Cauchy-Schwartz constraints, then prospects
for improvement are essentially limited to measuring the νe
normalization. Improvement of all νe elements is possible,
especially if the new generation reactor experiments, JUNO
[29] and RENO50 [30], proceed as planned; see [10].
Improvements due to indirect sterile neutrino searches

are promising; the Fermilab Short Baseline Neutrino [31]
program, consisting of the SBND, MicroBooNE and
ICARUS experiments on the Booster beam, will be capable
of probing a wide range of parameter space for 3þ N
models, increasing both the appearance and disappearance
bounds. Subsequently, the long baseline program DUNE
[32] will also be able to significantly extend the constrained
region of νμ → νe appearance to lower mass differences,
leading to increased constraints on the νeνμ unitarity
triangle in this regime. An understanding of the neutrino
flux and cross-sectional uncertainties are crucial for
unitarity measurements. However, no one experiment
can probe all scales and complementarity is vital to
definitively make a statement about unitarity from new low-
energy physics. Perhaps crucially for ντ measurements,

FIG. 2. 1-DΔχ2 for the absolute value of the closure of the three
row (solid) and three column (dashed) unitarity triangles when
considering new physics that enters above jΔm2j ≥ 10−2 eV2.
There is one unique unitarity triangle, the νeνμ row unitarity
triangle, in that it does not contain any ντ elements and hence is
constrained to be unitary at a level half an order of magnitude better
than the others. By comparison to Fig. 3 one can clearly see that the
Cauchy-Schwartz constraints are satisfied.

FIG. 3. 1-D Δχ2 for deviation of both UPMNS row (solid) and
column (dashed) normalizations, when considering new physics
that enters above jΔm2j ≥ 10−2 eV2.

STEPHEN PARKE and MARK ROSS-LONERGAN PHYSICAL REVIEW D 93, 113009 (2016)
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Ignoring the leaking term, our oscillation formulas are the same in 
several papers, for example, the one by Parke and Ross-Lonergan 

who derived NU bounds using neutrino data around 2016

 Current (around ~2016) limits on Non-Unitarity

Parke and Ross-Lonergan, PRD93, 113009 (2016)

respectively), with jUe1j taking the majority of the dis-
crepancy in the νe sector, with an increase of allowed range
of 68%, primarily due to the weaker bounds from
KamLAND compared to the SBL reactors. The entire ντ
sector, however, may contain substantial discrepancies
from unitarity with shifts in allowed regions of 37%,
46% and 104% respectively.
We must stress that even if the 3σ ranges of the UPMNS

elements agree closely with the unitarity case, this does
not equate to the neutrino mixing matrix being unitary. In
the unitary case the correlations are much stronger and
choosing an exact value for any one the mixing elements
drastically reduces the uncertainty on the remaining ele-
ments. One can address this issue by looking at the row and
column unitarity triangle closures and the row and column
normalizations to better understand the level at which we
know unitarity is violated or not.
For the case of the six neutrino unitarity triangles, we

present, for the first time, the allowed ranges for their
closures in Fig. 2. For the three row unitarity triangles the
bounds originate from a combination of the corresponding
Cauchy-Schwartz inequalities along with appearance data
in the respective channel. The column unitarity triangles,
being bound primarily by the geometric constraints and not
direct measurement, are less known. Only one unitarity
triangle does not contain a ντ element, the νeνμ unitarity
triangle, and hence it is the only unitarity triangle in which
it is constrained to be closed by ≤0.03 at the 3σ CL,
compared to ≤0.1–0.2 at the 3σ CL for the remaining
unitarity triangles. This hierarchical situation will not
improve unless precise measurements can be made in

the ντ sector. We also plot the resultant ranges for the
normalizations in Fig 3. We see that the νe and νμ normali-
zation deviations from unity are relatively well constrained
(≤0.06 and 0.07 at 3σ CL respectively), primarily by reactor
fluxes and a combination of precision measurements of the
rate and spectra of upward-going muonlike events observed
at Super-Kamiokande [27]. We note the νμ normalization
deviation from unity is constrained slightly (≈1%) better
than the νe normalization. This is due to the large theoretical
error, 5%, on total flux from reactors assumed [28]. The
remaining normalization deviations from unity are all con-
strained to be ≲0.2–0.4 at 3σ CL.
If one wishes to proceed with measurements of unitarity,

without the assumption of an extended UPMNS matrix and
its subsequent Cauchy-Schwartz constraints, then prospects
for improvement are essentially limited to measuring the νe
normalization. Improvement of all νe elements is possible,
especially if the new generation reactor experiments, JUNO
[29] and RENO50 [30], proceed as planned; see [10].
Improvements due to indirect sterile neutrino searches

are promising; the Fermilab Short Baseline Neutrino [31]
program, consisting of the SBND, MicroBooNE and
ICARUS experiments on the Booster beam, will be capable
of probing a wide range of parameter space for 3þ N
models, increasing both the appearance and disappearance
bounds. Subsequently, the long baseline program DUNE
[32] will also be able to significantly extend the constrained
region of νμ → νe appearance to lower mass differences,
leading to increased constraints on the νeνμ unitarity
triangle in this regime. An understanding of the neutrino
flux and cross-sectional uncertainties are crucial for
unitarity measurements. However, no one experiment
can probe all scales and complementarity is vital to
definitively make a statement about unitarity from new low-
energy physics. Perhaps crucially for ντ measurements,

FIG. 2. 1-DΔχ2 for the absolute value of the closure of the three
row (solid) and three column (dashed) unitarity triangles when
considering new physics that enters above jΔm2j ≥ 10−2 eV2.
There is one unique unitarity triangle, the νeνμ row unitarity
triangle, in that it does not contain any ντ elements and hence is
constrained to be unitary at a level half an order of magnitude better
than the others. By comparison to Fig. 3 one can clearly see that the
Cauchy-Schwartz constraints are satisfied.

FIG. 3. 1-D Δχ2 for deviation of both UPMNS row (solid) and
column (dashed) normalizations, when considering new physics
that enters above jΔm2j ≥ 10−2 eV2.

STEPHEN PARKE and MARK ROSS-LONERGAN PHYSICAL REVIEW D 93, 113009 (2016)
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normalisation bounds are limited by flux uncertainty (see later discussion) 

a few % ~ 1%
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Most Updated Constraints by Ellis et al,  JHEP12, 068 (2020)
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Figure 10. Left: constraints (and projected constraints) on the row normalizations Ne, Nµ, and Nτ

at 95% (dark) and 99% (faint colors) credibility. Right: constraints on the column normalizations
N1, N2, and N3 at 95% (dark) and 99% (faint colors) credibility. All results here are obtained
under the agnostic assumption.

Best-fit (current) 3σ (current) 3σ (future)

Ne 1.00 [0.94, 1.05] [0.97, 1.03]

Nµ 0.99 [0.96, 1.04] [0.96, 1.03]

Nτ 1.12. [0.32, 1.82] [0.79, 1.23]

N1 1.01 [0.84, 1.22] [0.89, 1.12]

N2 1.05 [0.75, 1.27] [0.92, 1.10]

N3 1.05 [0.67, 1.40] [0.90, 1.10]

Table 3. Summary of current and expected future constraints on the row (Nα) and column (Nk)
normalizations, under the agnostic assumption.

to the fact that these constraints are limited by the measurement of the tau-row elements,

|Uτk|2. Future data will improve the constraint on each column normalization by a factor

of roughly 3.

Table 3 summarizes the current and expected future measurements of the row and col-

umn normalizations of the LMM. Here, we give the current best-fit (maximum likelihood

point) value of each normalization, as well as the extents of its current 3σ CR. We also

show the projected future 3σ CR, assuming a true value of NX = 1, demonstrating the im-

provement attributable to future data. Our projected constraint on Ne is 1.1%, consistent

with the official JUNO analysis, which reports a 1.2% constraint on Ne.

Figure 11 presents the results on the closures of different triangles tαβ and tkl. Each

panel in this figure presents constraints on the real and imaginary part of tαβ (top row)

– 33 –

(1) Normalisation

Based on data coming from solar neutrinos, KamLAND, Daya Bay, OPERA, 
T2K, NOvA, MINOS/MINOS+, short baseline accelerator experiments 

(KARMEN, NOMAD, CHORUS)

Consistent with 1

~ a few % (1 σ)
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Current 3σ Upper Limit Future 3σ Upper Limit

|teµ| 3.2× 10−2 2.5× 10−2

|teτ | 1.3× 10−1 No Improvement

|tµτ | 1.6× 10−2 No Improvement

|t12| 2.5× 10−1 1.0× 10−1

|t13| 3.2× 10−1 1.2× 10−1

|t23| 3.3× 10−1 1.1× 10−1

Table 4. Summary of current and expected future constraints on the row closures |tαβ | and column
closures |tkl|, under the agnostic assumption.

6 Secondary results with alternate assumptions

As discussed throughout this work, different assumptions regarding the origin of unitarity

violation, as well as which datasets are included in the analysis, can have significant impact

on the resulting constraints on the unitarity of the LMM. The primary results of our work,

where we analyzed all possible data under the agnostic case, were shown in section 5. In

this section, we explore two alternate assumptions. In section 6.1, we repeat our analysis

without including any short-baseline sterile neutrino searches (discussed in section 3.7 and

table 2). In section 6.2, we conduct an analysis in the sub-matrix case of section 2.2,

comparing the results with those obtained in the agnostic case presented above.

6.1 Impact of short-baseline sterile neutrino searches

In the bulk of the analyses performed in our work, we have included results of short-

baseline sterile neutrino searches, with results adapted from these sterile neutrino searches

reinterpreted as limits on unitarity violation (see table 2 for a summary of these results).

To better understand how unitarity constraints rely on sterile neutrino searches, we repeat

the analyses of the main text surrounding figure 11 without short-baseline results.

Figure 12 shows the results. Here we note that the ranges on each of the panels in

figure 12 measuring tαβ and tkl are much larger than the corresponding ranges in figure 11.

However, it is apparent that in the absence of sterile searches, future data from IceCube,

DUNE, JUNO, and T2HK would nevertheless allow us to understand the closure of all

triangles of the LMM considerably better than current data allow. As in figure 11, we

draw lines of constant |tαβ |2 and |tkl|2 = 10−1 and 10−2 in each panel, where the outer

(inner) dashed line corresponds to a constant 10−1 (10−2) in these planes.

Table 5 summarizes the numerical results. Comparing tables 4 and 5, the improvement

in the absence of sterile searches is much more dramatic, highlighting the importance of

such experiments. We have not included any additional short-baseline searches in our

future projections, as we do not expect any upcoming experiments to provide stronger

sensitivity in the “averaged-out” regime [109, 117, 122, 123] (as discussed in section 3.7)

than those summarized in table 2.

Comparing the measurements of the individual matrix-elements-squared |Uαk|2, as well
as the row and column normalization conditions Nα and Nk, is difficult in this scenario.
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(2) Closure

Consistent with 0

~ 1% (1 σ)
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Future Expectation by Ellis et al,  JHEP12, 068 (2020)
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Figure 10. Left: constraints (and projected constraints) on the row normalizations Ne, Nµ, and Nτ

at 95% (dark) and 99% (faint colors) credibility. Right: constraints on the column normalizations
N1, N2, and N3 at 95% (dark) and 99% (faint colors) credibility. All results here are obtained
under the agnostic assumption.

Best-fit (current) 3σ (current) 3σ (future)

Ne 1.00 [0.94, 1.05] [0.97, 1.03]

Nµ 0.99 [0.96, 1.04] [0.96, 1.03]

Nτ 1.12. [0.32, 1.82] [0.79, 1.23]

N1 1.01 [0.84, 1.22] [0.89, 1.12]

N2 1.05 [0.75, 1.27] [0.92, 1.10]

N3 1.05 [0.67, 1.40] [0.90, 1.10]

Table 3. Summary of current and expected future constraints on the row (Nα) and column (Nk)
normalizations, under the agnostic assumption.

to the fact that these constraints are limited by the measurement of the tau-row elements,

|Uτk|2. Future data will improve the constraint on each column normalization by a factor

of roughly 3.

Table 3 summarizes the current and expected future measurements of the row and col-

umn normalizations of the LMM. Here, we give the current best-fit (maximum likelihood

point) value of each normalization, as well as the extents of its current 3σ CR. We also

show the projected future 3σ CR, assuming a true value of NX = 1, demonstrating the im-

provement attributable to future data. Our projected constraint on Ne is 1.1%, consistent

with the official JUNO analysis, which reports a 1.2% constraint on Ne.

Figure 11 presents the results on the closures of different triangles tαβ and tkl. Each

panel in this figure presents constraints on the real and imaginary part of tαβ (top row)
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(1) Normalisation
Based on additional data coming from IceCube, JUNO, DUNE, T2HK

improvement is not so dramatic apart from tau sector which is not so good anyway
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Current 3σ Upper Limit Future 3σ Upper Limit

|teµ| 3.2× 10−2 2.5× 10−2

|teτ | 1.3× 10−1 No Improvement

|tµτ | 1.6× 10−2 No Improvement

|t12| 2.5× 10−1 1.0× 10−1

|t13| 3.2× 10−1 1.2× 10−1

|t23| 3.3× 10−1 1.1× 10−1

Table 4. Summary of current and expected future constraints on the row closures |tαβ | and column
closures |tkl|, under the agnostic assumption.

6 Secondary results with alternate assumptions

As discussed throughout this work, different assumptions regarding the origin of unitarity

violation, as well as which datasets are included in the analysis, can have significant impact

on the resulting constraints on the unitarity of the LMM. The primary results of our work,

where we analyzed all possible data under the agnostic case, were shown in section 5. In

this section, we explore two alternate assumptions. In section 6.1, we repeat our analysis

without including any short-baseline sterile neutrino searches (discussed in section 3.7 and

table 2). In section 6.2, we conduct an analysis in the sub-matrix case of section 2.2,

comparing the results with those obtained in the agnostic case presented above.

6.1 Impact of short-baseline sterile neutrino searches

In the bulk of the analyses performed in our work, we have included results of short-

baseline sterile neutrino searches, with results adapted from these sterile neutrino searches

reinterpreted as limits on unitarity violation (see table 2 for a summary of these results).

To better understand how unitarity constraints rely on sterile neutrino searches, we repeat

the analyses of the main text surrounding figure 11 without short-baseline results.

Figure 12 shows the results. Here we note that the ranges on each of the panels in

figure 12 measuring tαβ and tkl are much larger than the corresponding ranges in figure 11.

However, it is apparent that in the absence of sterile searches, future data from IceCube,

DUNE, JUNO, and T2HK would nevertheless allow us to understand the closure of all

triangles of the LMM considerably better than current data allow. As in figure 11, we

draw lines of constant |tαβ |2 and |tkl|2 = 10−1 and 10−2 in each panel, where the outer

(inner) dashed line corresponds to a constant 10−1 (10−2) in these planes.

Table 5 summarizes the numerical results. Comparing tables 4 and 5, the improvement

in the absence of sterile searches is much more dramatic, highlighting the importance of

such experiments. We have not included any additional short-baseline searches in our

future projections, as we do not expect any upcoming experiments to provide stronger

sensitivity in the “averaged-out” regime [109, 117, 122, 123] (as discussed in section 3.7)

than those summarized in table 2.

Comparing the measurements of the individual matrix-elements-squared |Uαk|2, as well
as the row and column normalization conditions Nα and Nk, is difficult in this scenario.
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(2) Closure

improvement is again not so dramatic

17



Summary of the current/future constraints  
studied by Parke-Ross-Lonergan and Ellis et al.

normalisation NU parameters for e/µ rows 
can be constrained ~1% level (1σ)

Their results seem to be consistent with each other if we take 
into account some differences regarading assumptions and 

used data set

closure (of unitarity triangle) parameters for e/µ 
rows can also be constrained ~1% level (1σ)

18



Expected sensitivity of JUNO for the unitarity (normalisation) test
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Fong et al,  JHEP02, 114 (2017)

Let us compare with our analysis done only considering JUNO

19



10-5

10-4

10-3

10-2

C
ee

1σ (w. restrictions)
2σ (w. restrictions)
3σ (w. restrictions)

0.62

0.64

0.66

0.68

|U
e1

|2

0.280

0.290

0.300

|U
e2

|2
1-3σ (w. unitarity)

0.92 0.94 0.96 0.98 1.00
|Ue1|

2 + |Ue2|
2 + |Ue3|

2

0.95

1.00

1.05

1.10

1.15

f no
rm

10-5 10-4 10-3

Cee

0.62 0.64 0.66 0.68
|Ue1|

2
0.28 0.29 0.30 0.31

|Ue2|
2

(a)

(b) (c)

(d) (e) (f)

(g) (h) (i) (j)

0 < Cee < [1-(|Ue1|
2+|Ue2|

2+|Ue3|
2)]2

restrictions: |Ue1|
2+|Ue2|

2+|Ue3|
2 < 1

∆m2
ij are fixed

6% flux uncertainty
6% flux uncertainty is assumed

Expected sensitivity of JUNO for the unitarity (normalisation) test

Our results seem to be consistent with Ellis et al 
Fong et al,  JHEP02, 114 (2017)
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Non-Unitarity studies (in partucluar, normalisation NU effect),  
are dominated by “absolute” (not relative) FLUX knowledge

Not too surprising since most neutrino oscillation experiments 
use multi-detector to cancel this effect 
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Figure 5. Constraints on the non-unitarity. Left: the normalization deviations from unity of each
row and column. Right: the deviations of unitarity triangle closure. Any non-zero terms among
these quantities indicate non-unitarity. No signal of unitarity violation is found. The curves show
upper bounds on the corresponding non-unitary terms.

We also present tests of the unitarity by verifying the following quantities:

δα = 1 − |Uα1|2 − |Uα2|2 − |Uα3|2, for α = e, µ, τ,

δi = 1 − |Uei|2 − |Uµi|2 − |Uτ i|2, for i = 1, 2, 3,
(4.8)

and
ζαβ = Uα1U

∗
β1 + Uα2U

∗
β2 + Uα3U

∗
β3, for α,β = e, µ, τ, α "= β,

ζij = UeiU
∗
ej + UµiU

∗
µj + Uτ iU

∗
τj , for i, j = 1, 2, 3, i "= j.

(4.9)

The normalization deviations from the 3ν unity condition for each row and column are
defined in eq. (4.8), and the unitarity triangle closure deviations from zero are defined in
eq. (4.9). If the 3ν unitarity holds, these quantities are zero.

In figure 5, we plot 1-D ∆χ2 for δα(δi) on the left panel, and 1-D ∆χ2 for ζαβ(ζij) on
the right panel. No signal of non-unitarity is found. We find the violation from unitarity
in the νe sector (δe) and in the νµ sector (δµ) well constrained to be less than 0.003
and 0.02, at 3σ CL. These have benefited from the precision measurements to reactor ν̄e
disappearance oscillations, accelerator νµ(ν̄µ) disappearance oscillations, and the solar 8B

νe flavour conversions. δτ is less known with an upper bound of ∼ 0.2, for our lack of
knowledge to the ντ sector. Two out of three elements in a column, |Uei| and |Uµi|, can
be measured. Therefore, δi for each column is constrained better than δτ , being less than
0.06–0.2 at 3σ CL.

The non-closure of the e − µ unitarity triangle ζeµ is constrained to be less than
∼ 0.005. With little (no) experimental data for the νµ → ντ (νe → ντ ) channel, ζµτ and
ζeτ are known to be ! 0.05 and < 0.02, worse than ζeµ. The precision measurements in
the νe and νµ sectors provide dominant constraints to ζeτ and ζµτ via Cauchy-Schwarz
inequalities. The remaining three column-wise unitarity triangles, bounded only by the

– 20 –

by Hu et al,  JHEP01, 124 (2021)Most Updated Constraints (2)

~1 order of magnitude better than results by other works!

Due to different assumptions? 

done based on the current neutrino data 
which obtained stronger bounds beyond our expectation
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Can we improve more the NU bounds? 

Let us adopt the alpha parameterisation and 
consider only electron row for now

I. PRELIMINARIES

In the case of the standard 3 flavor neutrino scheme, the flavor and mass eigenstates are
related by the unitariy mixing matrix U as
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Here we are interested to test if the matrix U is unitary or not. For this purpose, let us
consider the parameterization considered in Ref. [1, 2]. In order to parameterize the non-
unitarity, let us define the 3⇥ matrix V (let us use V not to be confused with U which is
defined as the unitary matrix from now on) as the product of the ↵ matrix and the unitary
matrix U as below,
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This parametrization is useful to study the unitarity of electron row as the expression
for the probabilities for ⌫e ! ⌫e and ⌫̄e ! ⌫̄e oscillations become particularly simple (not
essentially di↵erent from the unitary case apart from the overall normlization) as we will see
below, though the expressions of probabilities for other oscillation channels would be more
complicated.

Note that in this notation,

|Ve1|2 + |Ve2|2 + |Ve3|2 = ↵
2
11(|Ue1|2 + |Ue2|2 + |Ue3|2) = ↵

2
11, (3)

or the deviation from unitary for the electron row can be given by
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The survival oscillation probabilities of electron neutrino in vacuum is expressed as 1
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1 Here I am ignoring the small di↵erence between the formulas give in [1, 2] and my works [3, 4] by ignoring

the small constant (energy independent) term C↵� considered in [3, 4].

2

unitarynon-unitary

I. PRELIMINARIES

In the case of the standard 3 flavor neutrino scheme, the flavor and mass eigenstates are
related by the unitariy mixing matrix U as

2

4
⌫e

⌫µ

⌫⌧

3

5 = U

2

4
⌫1

⌫2

⌫3

3

5 =

2

4
Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

U⌧1 U⌧2 U⌧3

3

5

2

4
⌫1

⌫2

⌫3

3

5 . (1)

Here we are interested to test if the matrix U is unitary or not. For this purpose, let us
consider the parameterization considered in Ref. [1, 2]. In order to parameterize the non-
unitarity, let us define the 3⇥ matrix V (let us use V not to be confused with U which is
defined as the unitary matrix from now on) as the product of the ↵ matrix and the unitary
matrix U as below,

V =

2

4
Ve1 Ve2 Ve3

Vµ1 Vµ2 Vµ3

V⌧1 V⌧2 V⌧3

3

5 ⌘

2

4
↵11 0 0
↵21 ↵22 0
↵31 ↵32 ↵33

3

5

2

4
Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

U⌧1 U⌧2 U⌧3

3

5

=

2

4
↵11Ue1 ↵11Ue2 ↵11Ue3

↵21Ue1 + ↵22Uµ1 ↵21Ue2 + ↵22Uµ2 ↵21Ue3 + ↵22Uµ3

↵31Ue1 + ↵32Uµ1 + ↵33U⌧1 ↵31Ue2 + ↵32Uµ2 + ↵33U⌧2 ↵31Ue3 + ↵32Uµ3 + ↵33U⌧3

3

5 . (2)

This parametrization is useful to study the unitarity of electron row as the expression
for the probabilities for ⌫e ! ⌫e and ⌫̄e ! ⌫̄e oscillations become particularly simple (not
essentially di↵erent from the unitary case apart from the overall normlization) as we will see
below, though the expressions of probabilities for other oscillation channels would be more
complicated.

Note that in this notation,

|Ve1|2 + |Ve2|2 + |Ve3|2 = ↵
2
11(|Ue1|2 + |Ue2|2 + |Ue3|2) = ↵

2
11, (3)

or the deviation from unitary for the electron row can be given by

1� (|Ve1|2 + |Ve2|2 + |Ve3|2) = 1� ↵
2
11. (4)

The survival oscillation probabilities of electron neutrino in vacuum is expressed as 1

P (⌫e ! ⌫e) = P (⌫̄e ! ⌫̄e)

= ↵
4
11

2

4
 

3X

j=1

|Uej|2
!2

� 4
3X

k>j

|Uej|2|Uek|2 sin2

✓
�m

2
kj

4E
L

◆3

5

= ↵
4
11

"
1� 4

3X

k>j

|Uej|2|Uek|2 sin2

✓
�m

2
kj

4E
L

◆#

= ↵
4
11


1� 4|Ue2|2|Ue1|2 sin2

✓
�m

2
21

4E
L

◆

�4|Ue3|2|Ue1|2 sin2

✓
�m

2
31

4E
L

◆
� 4|Ue3|2|Ue2|2 sin2

✓
�m

2
32

4E
L

◆�

= ↵
4
11P

(std)
ee , (5)
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2

A. Cabrera and H. Nunokawa, work in progress

non-unitary effect manifests only as a overall normalisation
23



Since the number of events 
error (uncertainty) for NU parameter is given by

Let us focus on the NU normalisation parameter 

Even if we know cross section and           very well 

in the limit of large statistics

NU normalisation bound is limited by flux uncertainty as

For 3 (6)% flux uncertainty, unitarity would be at most 
constrained to be ~1.5 (3)% level

Looks consistent with our results and that by Parke and Ellis et al.
Fong et al,  JHEP02, 114 (2017)
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For the purpose of NU test, the problem of the uncertainty 
of the source neutrino flux seems to be rather complicated

Because, no matter how accurately the neutrino flux is measured 
by observing neutrinos, once we assume the possible presence 
of Non-Unitary effect, the flux can not be determined separately 

from the NU effect

number of events

Namely, we can not distinguish the following situations

If we want to test NU (if         is 1 or not)  we need to use some neutrino 
source whose flux is known/determined not by using neutrino!

where

a good example: ILL reactor neutrino flux was 
determined by the measured beta spectrum
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Summary
 ● Testing unitarity is one way to go in order to verify the 

standard 3 flavor neutrino paradigm 

 ● If unitarity is violated, it is a new discovery of BSM physics

 ● Current bounds on normalisation/closure which involve only 
electron and/or muon neutrino is ~1% level (see however,  

Hu et al work which obtained ~0.1% bound), but  
the normalisation bounds depend on the assumption  

of the flux uncertainty 

 ● We need a new strategy using different neutrino source 
whose flux is well known and/or new detector (LiquidO?) which  

is currently under investigation, so stay tuned!
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Oscillation Probabilities with matter effect
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2.3 Non-unitary evolution of neutrinos in matter to all orders

Given the fact that setup of some of the next generation accelerator LBL experiments

require consideration of the matter effect comparable with the vacuum mixing one, it is

clear that a better treatment is necessary to understand the influence of the matter effect

in the (3 + N) model. Then, we formulate in this paper the small unitarity-violation

perturbation theory, a systematic and controlled way of treating small unitarity violation

effect while including all order matter effect. We derive a simple expression of the oscillation

probability in matter which retains the favourable feature of the vacuum formula (2.2), the

sterile sector model independence under the same sterile neutrino mass condition as in

vacuum. That is, the model-dependent terms are either averaged out, or made small due

to large sterile state mass denominator suppression. We must note here that our treatment

of the matter effect in this and the previous papers is restricted to the case of uniform

matter density.

The resulting oscillation probability in matter between active flavour neutrinos in the

(3 +N) space unitary model to fourth order in W can be written as

P (νβ → να) = Cαβ +

∣∣∣∣∣∣

3∑

j=1

UαjU
∗
βj

∣∣∣∣∣∣

2

− 2
∑

j "=k

Re
[
(UX)αj(UX)∗βj(UX)∗αk(UX)βk

]
sin2

(hk − hj)x

2

−
∑

j "=k

Im
[
(UX)αj(UX)∗βj(UX)∗αk(UX)βk

]
sin(hk − hj)x, (2.6)

where hi (i = 1, 2, 3) denote the energy eigenvalues of zeroth-order states of active neutrinos

in matter, and X is the unitary matrix which diagonalizes the zeroth-order Hamiltonian

used to formulate our perturbation theory. Cαβ is the same as we have in the vacuum

case in (2.3). The expression is valid under the same restriction on sterile neutrino masses

we have in vacuum, 0.1 eV2 ! m2
J ! (1 − 10)GeV2 for |W |4 " 10−4 assuming neutrino

energy and baseline (and the associated matter density) which correspond to accelerator

LBL experiments. For more precise conditions we require and for the restriction needed

on the sterile state masses for smaller W , see section 3.5.

The expression (2.6) is a very transparent result in the sense that (1) the vacuum

non-unitary mixing matrix U is “dressed” in a simple way by the matter effect represented

by X, and (2) the probability leaking term Cαβ and the normalization term stay as they

are in vacuum. The latter feature is perfectly natural, given the nature of these terms as

probability leaking and (mis-) normalization at zero distance.7 The detailed derivation of

eq. (2.6) is carried out in section 3. While in section 4, we derive an exact analytic expres-

sion for the matter dependent part of the oscillation probability (2.6). The combinations

7A comment is ready for the normalization term, the second term in (2.6). Its original form is∑3
j=1(UX)αj(UX)∗βj , which is natural because it comes from the contribution of zeroth-order Hamilto-

nian with all orders effect of the matter potential. It is easily reduced to the vacuum form in (2.6) (or

in (2.2)) by using unitarity relation
∑3

j=1 XkjX
∗
lj = δkl.
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X: matrix which diagonalize zeroth order (in W) Hamiltonian

Assuming Non-Unitary effect (or W) is small, we can perform  
a perturbation theory

hi (i=1,2,3): energy eigenvalue of zeroth order neutrino states in matter

See Fong et al, JHEP02, 015 (2019) for more details
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perturbation theory can be written as in eq. (2.6) in section 2. We hope that it serves as

a useful tool to test leptonic unitarity in various ongoing and future neutrino oscillation

experiments.

4 Analytical and numerical methods for solving non-unitary evolution
in matter

In this section, we describe the numerical and analytical methods for calculating the neu-

trino oscillation probability by solving non-unitary evolution in matter.

4.1 Numerical method for calculating neutrino oscillation probability

We describe a numerical method for computing the oscillation probability in matter. This

method can be used, assuming adiabaticity, in cases with varying matter density. We

show that in zeroth order in W the system simplifies to an evolution equation in the 3× 3

active subspace.

We solve the Schrödinger equation in the vacuum mass eigenstate basis (“tilde basis”),

ν̃z = (U†)zζνζ with Hamiltonian H̃ in (3.18):

i
d

dx

[
ν̃i
ν̃J

]
=

[
∆a + U †AU U †AW

W †AU ∆s +W †AW

][
ν̃i
ν̃J

]
, (4.1)

where i = 1, 2, 3 and J = 4, 5, · · ·, 3 +N denote mostly active and mostly sterile neutrino

mass eigenstate labels, respectively. The initial condition with only active component

implies

ν̃i(0) =
∑

α

(U †)iανα(0), ν̃J(0) =
∑

α

(W †)Jανα(0). (4.2)

Using the solution of equation (4.1), we need the wave function of active flavour component

to calculate the probability at baseline x = L.

να(L) =
∑

i

Uαiν̃i(L) +
∑

J

WαJ ν̃J(L). (4.3)

Therefore, in the mass-basis formulation only U and W are involved, which is consistent

with our experience in W perturbation theory. An apparent contradiction to this property

that one faces in the evolution equation in the flavour basis is resolved in appendix A.

A drawback of this method is that we have to solve explicitly the evolution of the

sterile states which are coupled to the active states. Then, we need to specify the sterile

sector model, and have to know how to deal with averaging over the fast modes.

We notice, however, that in the zeroth-order in W the system simplifies. Since the

Hamiltonian H̃ is block-diagonal it suffices to solve the equation only in the 3 × 3 active

neutrino subspace:

i
d

dx
νi =

∑

j

(
∆a + U †AU

)

ij
νj . (4.4)
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H = U





∆1 0 0 0 0 0

0 ∆2 0 0 0 0

0 0 ∆3 0 0 0

0 0 0 ∆4 0 0

0 0 0 0 · · · 0

0 0 0 0 0 ∆3+N





U† (3.1)

where

∆i ≡
m2

i

2E
(i = 1, 2, 3), ∆J ≡ m2

J

2E
(J = 4, · · ·, 3 +N). (3.2)

4For simplicity, we assume that sterile states do not decay along its length of flight in neutrino oscillation

experiments. If sterile states have decay length much shorter than the baseline, and if the decay products do

not include the three active neutrinos, the oscillation probabilities converge to those of “high-scale unitarity

violation” discussed in the previous section.
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These Cauchy-Schwartz constraints enable precision mea-
surements in a single sector to be passed subsequently to all
elements of the mixing matrix [25].
To perform the analysis, for each experiment considered

[26] we take the observed amplitude of the να → νβ (or
ν̄α → ν̄β) oscillation alongside its published uncertainty and
construct a chi-squared for the associated nonunitary
amplitudes, along with any necessary normalization sys-
tematics as pull factors. For short-baseline (SBL) sterile
searches, if an experiment publishes the resultant χ2 surface
of their analyses in a 3þ N format then this is used as a
prior to bound any nonunitarity. Otherwise an appropriate
prior is estimated by performing a 3þ N fit to published
data.
We minimize the constructed χ2 over all parameters,

satisfying the Cauchy-Schwartz constraints, using a
Markov chain Monte Carlo minimizer. The results of the
analyses are shown in Fig. 1, without unitarity (red solid
line) and with the assumption of unitarity (black dashed
line). The nonunitary analysis was performed under the
strict assumption that any nonunitarity comes solely from
an extendedUPMNS and that no new interactions, such as an
additionalUð1Þ0 which can lead to strongly modified matter
effects, are active at oscillation energies [62].

Upon minimization the best fit points agree in both
unitary and nonunitary fits. To compare how the precision
varies we consider the frequentist 3σ ranges of the one-
dimensional Δχ2 projections without unitarity assumed
(with unitarity), where we marginalize over all parameters
except the one in question, we obtain

jUj
w=o Unitarity
ðwith UnitarityÞ
3σ

¼

0

BBBBB@

0.76 → 0.85
ð0.79→0.85Þ

0.50 → 0.60
ð0.50→0.59Þ

0.13 → 0.16
ð0.14→0.16Þ

0.21 → 0.54
ð0.22→0.52Þ

0.42 → 0.70
ð0.43→0.70Þ

0.61 → 0.79
ð0.62→0.79Þ

0.18 → 0.58
ð0.24→0.54Þ

0.38 → 0.72
ð0.47→0.72Þ

ð0.40 → 0.78Þ
ð0.60→0.77Þ

1

CCCCCA
:

The ranges for the individual elements, assuming unitarity
(bracketed numbers in above expression), are in good
agreement with published results in contemporary global
fits such as ν-fit [12].
If we define the shift in the range of allowed values as

the ratio of the difference in 3σ ranges without and with
unitarity to the range derived solely with unitarity, the
increases in parameter space for jUeij; i ¼ 2, 3 and
jUμij; i¼ 1, 2, 3 are all ≤10% (4%, 8%, 8%, 7% and 4%

FIG. 1. Marginalized 1-D Δχ2 for each of the magnitudes of the 3 × 3 neutrino mixing matrix elements, without (red solid) and with
(black dashed) the assumption of unitarity. The x-axis is the magnitude of each individual matrix element, and the y-axis is the associated
Δχ2 after marginalization over all parameters other than the one in question. This analysis was performed for the normal hierarchy, the
inverse hierarchy providing the same qualitative result.

UNITARITY AND THE THREE FLAVOR NEUTRINO … PHYSICAL REVIEW D 93, 113009 (2016)

113009-3

Current limits on Unitarity
Parke and Ross-Lonergan, PRD93, 113009 (2016)
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Computation of the evetn number

For LPMT we assume

For SPMT we assume

For simplicity, we assume 100% detection effiency

spectrum: Mueller et al PRC83, 054615 (2011)

cross section:  Strumia & Vissani PLB564, 42 (2003)

Fong et al,  JHEP02, 114 (2017)36
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Figure 10. Left: constraints (and projected constraints) on the row normalizations Ne, Nµ, and Nτ

at 95% (dark) and 99% (faint colors) credibility. Right: constraints on the column normalizations
N1, N2, and N3 at 95% (dark) and 99% (faint colors) credibility. All results here are obtained
under the agnostic assumption.

Best-fit (current) 3σ (current) 3σ (future)

Ne 1.00 [0.94, 1.05] [0.97, 1.03]

Nµ 0.99 [0.96, 1.04] [0.96, 1.03]

Nτ 1.12. [0.32, 1.82] [0.79, 1.23]

N1 1.01 [0.84, 1.22] [0.89, 1.12]

N2 1.05 [0.75, 1.27] [0.92, 1.10]

N3 1.05 [0.67, 1.40] [0.90, 1.10]

Table 3. Summary of current and expected future constraints on the row (Nα) and column (Nk)
normalizations, under the agnostic assumption.

to the fact that these constraints are limited by the measurement of the tau-row elements,

|Uτk|2. Future data will improve the constraint on each column normalization by a factor

of roughly 3.

Table 3 summarizes the current and expected future measurements of the row and col-

umn normalizations of the LMM. Here, we give the current best-fit (maximum likelihood

point) value of each normalization, as well as the extents of its current 3σ CR. We also

show the projected future 3σ CR, assuming a true value of NX = 1, demonstrating the im-

provement attributable to future data. Our projected constraint on Ne is 1.1%, consistent

with the official JUNO analysis, which reports a 1.2% constraint on Ne.

Figure 11 presents the results on the closures of different triangles tαβ and tkl. Each

panel in this figure presents constraints on the real and imaginary part of tαβ (top row)
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Figure 11. Constraints (and projected constraints) on the real (x-axes) and imaginary (y-axes)
parts of the closures of the six unitarity triangles. Dashed circles indicate contours corresponding
to fixed |txy|2, with the outer one in each panel as labeled. The inner dashed circles are an order of
magnitude smaller |txy|2 than the outer ones. Here we analyze data under the agnostic assumption.

or tkl (bottom row) at 95% credibility (dark) and 99% credibility (faint). We draw circles

corresponding to constant values of the magnitude of |tαβ |2 and |tkl|2 as labeled, where each
successive inward circle is an order of magnitude smaller. When constraining teτ and tµτ ,

the expected future constraints are nearly degenerate with the current ones — constraints

here are dominated by the sterile neutrino searches discussed in section 3, specifically the

NOMAD and CHORUS results discussed in table 2. Constraints on tµe will improve mod-

estly once information from DUNE and JUNO are incorporated. In contrast, measurements

of the closures of the different pairs of columns will improve significantly with future data.

Currently, each of these can be constrained |tkl|2 ! 10−1 at 95% credibility. With future

data, this will improve to roughly |tkl| ! 10−2 for each of the three triangles. We summarize

the current and future 3σ credibility upper limits on the triangle closures in table 4.

The analysis yielding figures 10 and 11 was conducted assuming the agnostic case of

section 2.2, whereby the matrix of which the LMM is a sub-matrix need not be unitary.

The sub-matrix approach was taken in ref. [14], where it was pointed out that assuming

unitarity of the larger matrix leads to strong constraints from Cauchy-Schwarz inequalities.

By remaining agnostic about the larger matrix, the improved measurement capability of

future data is more apparent. An analysis assuming the larger matrix is unitary is contained

in section 6.2.
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Figure 12. Constraints (and projected constraints) on the closures of the six unitarity triangles
excluding data from short-baseline sterile neutrino searches. In each panel, the outer (inner) dashed
circle corresponds to constant |tαβ |2 = 10−1 (10−2) for the row/column closures.

Current 3σ Upper Limit Future 3σ Upper Limit

|teµ| 8.2× 10−1 3.0× 10−2

|teτ | 1.0× 100 8.1× 10−1

|tµτ | 6.8× 10−1 3.2× 10−1

|t12| 8.2× 10−1 5.5× 10−1

|t13| 1.1× 100 5.2× 10−1

|t23| 8.7× 10−1 2.7× 10−1

Table 5. Summary of current and expected future constraints on the row closures |tαβ | and column
closures |tkl|, under the agnostic case regarding the LMM, when short-baseline sterile neutrino
search results are not included.

Short-baseline sterile neutrino searches, particularly the information from ντ appearance

that |teτ |2 and |tµτ |2 are small, provide significant information on the elements |Uτk|2.
Additionally, the constraint from MINOS/MINOS+ that Nµ ≈ 1 is very important for de-

termining the muon elements |Uµk|2. If this information is discarded, every other probe of

|Uµk|2 we consider is subject to a rescaling degeneracy. This is a direct result of the discus-

sion of normalization effects throughout section 2.1. Again, this highlights the importance

of short-baseline sterile neutrino searches, such as MINOS/MINOS+ νµ disappearance,

for precise tests of leptonic unitarity. This analysis without short-baseline measurements

results in a lower limit on Nµ comparable to the one given in table 3, however, Nµ can be

as large as ≈ 2.
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Search 90% CL Limit Angle Constrained Unitarity Constraint

KARMEN νµ → νe [85] 1.8× 10−3 sin2 (2θµe) |tµe|2

NOMAD νµ → νe [86] 1.4× 10−3 sin2 (2θµe) |tµe|2

NOMAD νe → ντ [87] 1.5× 10−2 sin2 (2θeτ ) |teτ |2

NOMAD νµ → ντ [87] 3.3× 10−4 sin2 (2θµτ ) |tµτ |2

CHORUS νµ → ντ [88] 4.4× 10−4 sin2 (2θµτ ) |tµτ |2

MINOS/MINOS+ [89] νµ → νµ 2.5× 10−2 sin2 (2θµµ) N2
µ

Table 2. Sterile neutrino searches included in our analysis, and the associated 90% CL limit on
the effective mixing angle from the given experimental search.

Both the Liquid Scintillator Neutrino Detector (LSND) [94, 95] and MiniBooNE [96]

experiments have observed an excess of electron-like events in the presence of a beam that

is mostly νµ (or νµ), which can be interpreted as a short-baseline oscillation with P (νµ →
νe) ≈ 2.6 × 10−3. A combined study of these two experiments favors P (νµ → νe) $= 0

at roughly 6σ. When analyzed in the context of a light sterile neutrino, the preferred

parameter space is compatible with the averaged-out regime, however that is not where

their best-fit point lies. We inspect the effect of including the favored |tµe|2 $= 0 preference

from LSND/MiniBooNE in appendix E.

4 Future experiments and simulations

In this section, we describe the future experiments that we consider in our analysis. Specif-

ically, we focus on the IceCube Upgrade [97], JUNO [98, 99], DUNE [100, 101], and

T2HK [102] experiments.

When simulating future data, we assume that the LMM is unitary, and consistent

with the best-fit-point of an analysis of current data with unitarity assumed. When we

analyze all current data assuming unitarity (using the PMNS parameterization), we obtain

the following best-fit point: sin2 θ12 = 0.308, sin2 θ13 = 0.02190, sin2 θ23 = 0.551, δCP =

−2.78 = 200.4◦, ∆m2
21 = 7.50 × 10−5 eV2, and ∆m2

31 = 2.53 × 10−3 eV2.10 We translate

these values in to the values of |Uαk|2 and φαk and obtain

|ULMM|2 =




0.677 0.302 0.022

0.083 0.378 0.534

0.240 0.320 0.439



 ; φe2 = 3.00, φe3 = −0.47, φτ2 = −0.24, φτ3 = 2.97.

(4.1)

4.1 IceCube upgrade

The IceCube experiment is capable of detecting atmospheric neutrinos over a broad range

of energies, 1 GeV ! Eν ! 100 GeV. By measuring track-like (νµ) and cascade-like

10With the recent update of oscillation data from T2K [79] and NOvA [83], the preference for the normal

mass ordering (∆m2
31 > 0) over the inverted mass ordering (∆m2

31 < 0) has diminished [64, 103]. We

choose the best-fit point according to the normal ordering, given data not included in our fit, specifically

Super-Kamiokande’s atmospheric neutrino sample.
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together with the experimental values Br(τ → ντµνµ) = 0.1736±0.0006, Br(τ → ντeνe) =

0.1784 ± 0.0006 and Br(µ → νµeνe) ≈ 100% [47].

The strong experimental bound on µ → eγ results in6 (NN †)eµ(µe) < 10−4, while the

other off-diagonal elements are constrained to be less than a few percent.

Finally, other lepton-flavour violating decays like $i → 3$, as well as $i → $j conversion

in nuclei, impose additional constraints close to those above. They may become increasingly

relevant, depending on the experimental sensitivities attained in the future, as it will be

discussed in section 7.

5.5 Summary of constraints on non-unitarity from decays

All in all, a global fit to the constraints listed in this section proves that the NN † elements

agree with those expected in the unitary case, within a precision better than a few percent,

at the 90% CL:

|NN †| ≈







1.002 ± 0.005 < 7.2 · 10−5 < 1.6 · 10−2

< 7.2 · 10−5 1.003 ± 0.005 < 1.3 · 10−2

< 1.6 · 10−2 < 1.3 · 10−2 1.003 ± 0.005






. (5.13)

In contrast, there is no direct information from decays on the product N †N , except that

resulting from the invisible decay width of the Z boson.

We can infer strong limits on the N †N elements, though, from those in eq. (8.1).

Parametrize the matrix N as N ≡ H V , where V is a unitary matrix and H Hermitian,

NN † = H2 ≡ 1 + ε (5.14)

with ε = ε† and

N †N = V †H2V = 1 + V †εV ≡ 1 + ε′ . (5.15)

ε (ε′) parameterizes the allowed deviation of NN † (N †N) from the unit matrix. It follows

that

|ε′ij |2 ≤
∑

ij

|ε′ij |2 =
∑

αβ

|εαβ |2 , (5.16)

where the unitarity of V has been used, resulting in the constraint

|ε′ij | ≤ (
∑

αβ

|εαβ |2)1/2 = 0.032 . (5.17)

N †N is thus constrained as follows:

|N †N | ≈







1.00 ± 0.032 < 0.032 < 0.032

< 0.032 1.00 ± 0.032 < 0.032

< 0.032 < 0.032 1.00 ± 0.032






. (5.18)

6This strong bound also rules out the possibility of explaining the LSND anomaly with the “zero-

distance” effect, at least in our minimal scheme.
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