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Why Strong Coupling?: Flow

Impact parameter

The viscosity at RHIC is much smaller than any other known 
substance. 

Collectivity: anisotropy in space is transfered to momentum.

It is described by (almost) ideal hydrodynamics.
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FIG. 8: (Color online) Comparison of hydrodynamic models to experimental data on charged
hadron integrated (left) and minimum bias (right) elliptic flow by PHOBOS [85] and STAR [87],
respectively. STAR event plane data has been reduced by 20 percent to estimate the removal

of non-flow contributions [87, 88]. The line thickness for the hydrodynamic model curves is an
estimate of the accumulated numerical error (due to e.g. finite grid spacing). The integrated v2

coefficient from the hydrodynamic models (full lines) is well reproduced by 1
2ep (dots); indeed, the

difference between the full lines and dots gives an estimate of the systematic uncertainty of the
freeze-out prescription.

experimental data from STAR with the hydrodynamic model is shown in Fig. 8.
For Glauber-type initial conditions, the data on minimum-bias v2 for charged hadrons

is consistent with the hydrodynamic model for viscosities in the range η/s ∈ [0, 0.1], while
for the CGC case the respective range is η/s ∈ [0.08, 0.2]. It is interesting to note that
for Glauber-type initial conditions, experimental data for both the integrated as well as the
minimum-bias elliptic flow coefficient (corrected for non-flow effects) seem to be reproduced
best7 by a hydrodynamic model with η/s = 0.08 " 1

4π . This number has first appeared in the

7 In Ref. [22] a lower value of η/s for the Glauber model was reported. The results for viscous hydrodynamics

Romatschke 08



Why Strong Coupling?: Quenching

34 lectures˙jq printed on February 2, 2008

Fig. 14. Left: Nuclear modification factor, RAA, for light hadrons in central AuAu
collisions [58]. Data from [60]. Right: RAA for non-photonic electrons with the
corresponding uncertainty from the perturbative benchmark on the relative b/c
contribution [61]. Data from [62, 63]

In the massless case, the only parameters in the medium-induced gluon
radiation are the transport coefficient and the length of the traversed medium.
The later is given by the geometry of the system while the formed is a fitting
parameter – all the medium properties are encoded in q̂, so that measuring
it we will learn about the properties of the medium. Although the geometry
could, at first sight, seem a trivial feature in the calculation, different ge-
ometries lead to different values of the extracted properties of the medium.
In Fig. 14 the suppression computed with a static medium and medium
density given by a Wood-Saxon parametrization is presented. The fit to the
light meson suppression leads to quite large values of the transport coeffi-
cient [58, 59]

q̂ ! 5 . . . 15GeV2/fm (109)

but determined with a large uncertainty. This feature can be understood
as due to the dominance of surface emission: those particles produced close
to the surface have also large probability to exit the medium essentially
unaffected – see p0 in Fig. 13. In order to reproduce the large suppression
observed, the value of q̂ needs to be large, but at some point increasing this
value translates only into a small reduction of the skin from which the par-
ticles abandon the medium unaffected. It’s worth mentioning here that the
use of more sophisticated medium profiles, as given e.g. by hydrodynamical
simulations, could lead to slightly smaller results [65].

In the massive case, once the value of q̂ is known, the formalism pro-
vides a prediction with no extra free parameter. At present, the suppression
for charm or bottom mesons has not been directly measured. These quan-

Matter is very opaque to high energy probes.

It is hard to accommodate these facts with pertubation theory  

Temperatures at RHIC are not much higher than ΛQCD 

The coupling constant seems to be large (or at least not small)
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FIG. 1: (a) The spectral density of the stress energy tensor, πρyxyx
ττ (ω)/ω normalized by the shear

viscosity, ηAdS = πN2T 3/8. (b) The spectral density of the current-current correlator, πρJJ/ω

normalized by χsD = N2T 2/16πT . In both cases the dashed curves show the zero temperature

results (Eq. (B16) and Eq. (B17)) normalized by the same factors. Due to a non-renormalization

theorem in these channels, the zero temperature spectral densities in the free and interacting

theories are equal [32, 33]. At finite temperature the kinetic theory peak does not exist in the

strongly interacting theory.

III. RESULTS

The spectral density of the stress energy tensor

ρyxyx
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2π
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∫
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is shown in Fig. 1(a). Similarly the spectral density for the R-charge current-current corre-
lator
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is shown in Fig. 1(b). These are normalized so that
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ω
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where η is the shear viscosity, χs is the static R-charge susceptibility, and D is the R-charge
diffusion coefficient.

The remarkable feature of these spectral functions is the absence of any distinction be-
tween the transport time scales and the continuum time scales. For comparison, consider the
spectral density of the stress energy tensor in the free theory as worked out in Appendix A.
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Why AdS/CFT?
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2

AdS/CFT allows to study N=4 SYM in the Nc→∞ at infinitely 
strong coupling λ→∞ 
It is not QCD but we can address the theory in a regime that is not 
tractable in QCD

Some features are solely dependent on the strong coupling such as 
the absence of quasiparticles. In gauge theories the separation of 
scales that allow the quasiparticle picture is due to λ<<1

We study a strongly coupled deconfined gauge theory plasma.



Langevin Model for Heavy Quarks
Heavy quark with v<<1⇒neglect radiation

Moore, Teaney 03
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F−w(ẑ)∂ẑFŵ(ẑ) (0.16)

λ =
h√
TM

# h

T
(0.17)

δθ ∼
√

T

M
# 1 (0.18)

2

xwsh
a± = x1± − x2± (0.14)

xwsh
r± =

x1± + x2±

2
(0.15)
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Heavy Quarks at RHIC
Heavy Quarks are suppressed and participate on collective motion

Fit to elliptic flow:

   However: RAA and v2 
        cannot be fitted simultaneously 

Goal:
   Compute D in AdS
   Can we go beyond Langevin?
   Can we study correlations?
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Brief Introduction to AdS/CFT
Boundary

The gauge theory is dual to classical gravity in 1(+) more dimension
The fifth dimension (z) is interpreted as the scale

Flavor is introduced by adding a D7 brane⇒ introduces a new scale
A heavy quark is a classical string that “pends” down from the brane

A thermal state is obtained by introducing a black brane.
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Tµν(x0) ≡
2√
−g(x0)

δS

δgµν(x0)
(6.3)

where g is the determinant of the metric at that point. In the boundary, since the spacetime
is asymptotically flat, this factor approaches one and may be ignored. The action includes
the DBI term (1.8) and the Nambu-Goto action for the string. The interaction between the
string and the D7 brane is governed by these terms.

As the string moves, a flux of energy

Figure 18: The D7-brane covers the AdS space down
to a minimal radial position, away from the string,
denoted um. The trailing string is moving to the right
at constant velocity "v. An energy flux flows down the
string toward the black brane horizon, located at u =
uh. This energy is supplied by a constant U(1) electric
field living on the D7-brane. Besides, the D7-brane is
deformed in the neighborhood of the endpoint of the
string over a length scale of order ∼ 1/M .

and momentum flows down the string to
the black hole horizon, as shown in Fig.
18. This flux of energy and momentum
is responsible for the drag force on the
quark in the dual gauge theory. The pre-
sence of the string pulls on the D7 brane,
deforming it. However, in the large mass
limit the trailing string will only deform
the D7 brane over length scales of order
M = 1. As M →∞, the string endpoint
approaches the boundary and the size of
the region in which the D7 brane is sig-
nicantly deformed shrinks to zero.

The idea of the drag force can be
brought about by considering that the
string does not hang straight down from
the quark - rather, it trails out behind it.
If the shape is assumed not to change as
the quark moves forward, then it must be
specified by a small variant of the radially
homogeneous value vt:

x(t, u) = vt + ξ(u) (6.4)

for some function ξ(u), such that it goes to zero on the boundary. This function determines
the induced metric on the string (1.3) which is needed in the following calculations.

To calculate the four-momentum ∆p delivered from the quark over a time ∆t, one can
integrate the conserved worldsheet current pµ of spacetime energy-momentum, over an ap-
propriate line-segment I on the worldsheet:

∆p = −
∫

I
dt
√
−gpu (6.5)

so that the drag force is given by

– 37 –
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Drag Force on Heavy Quarks
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Forced motion of the quark by an external E field (stationary)

The string bends and lags behind the quark endpoint

The work over the string tension leads to energy loss

The string develops as new scale  
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Even for U-relativistic! 
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(Herzog, Karch, Kovtun, Kozcaz and Yaffe ;  Gubser)
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Upper and lower ends are 
causally disconnected

(Herzog, Karch, Kovtun, Kozcaz and Yaffe ;  Gubser)
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Where is the noise?

Discussion on the Drag Result
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The drag coefficient is 

Assuming Brownian motions, the Einstein relations

(direct computation by JCS and Teaney 06)

Putting numbers:
Comparable to 
RHIC value!

What are the memory effects?

(de Boer, Hubeny, Rangamani and Shigemori; 
Son & Teaney)
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f(ẑ)
− f(ẑ)(ŷ′)2
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GR(ŵ) = − lim
z→0

R2

2πl2s

(πT )3

ẑ
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ẑ =
√

γπTz (0.24)

2

String Fluctuations

The fluctuations “live” in the world-sheet

Close to the world-sheet horizon the solution behaves as 

infalling

outgoing

Small string fluctuations on top of the drag solution
(hat coordinates are a convenient redefinition)

The fluctuations are log divergent close to the w-s horizon.
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t = +∞− iσ

FIG. 2: The Schwinger Keldysh contour. The fields labeled by “1” live on the upper time ordered
axis, while the fields labeled by “2” live on the lower anti-time ordered axis.

i.e. the dissipation exactly balances the force. Solving for the position of the quark, squaring,
and averaging, we find the squared displacement

〈
x2(t)

〉
= 2

T

η
t . (2.4)

In the diffusion equation a Gaussian drop of dye spreads out as 〈x2(t)〉 = 2Dt leading to the
identification in Eq. (2.2). This overdamped limit where the drag force exactly balances the
velocity will be central in discussing the membrane paradigm and black holes.

B. Langevin Dynamics From the Contour

Next we review how the Langevin equations can be derived from the real time path
integral [38, 39]. The purpose here is not to track down every intricacy as there are reviews
for this purpose [40]. In the recent literature we have found Refs. [41, 42] instructive. For a
heavy particle coupled to an equilibrated bath of forces the real time partition function is

Z =

〈∫
[Dx1][Dx2] e

i
R

dt1Mo
Qẋ2

1 e−i
R

dt2Mo
Qẋ2

2 ei
R

dt1F1(t1)x1(t1)−i
R

dt2F2(t2)x2(t2)

〉

bath

, (2.5)

where the path integration is along the Schwinger-Keldysh contour [41, 43, 44, 45]. The path
integral over the “1” type coordinates (the upper line in Fig. 2) represents the amplitude,
while the path integral over the “2” type coordinates (the lower line in Fig. 2) represents
the conjugate amplitude. The path integral over the vertical pieces of the contour (which
is not explicitly written in Eq. (2.5) but is implied by Fig. 2) represents the average over
the thermal density matrix e−βH . The choice of σ is arbitrary and reflects the fact that the
thermal density matrix is stationary and therefore the average can be performed either at
future or past infinity. An analogous dichotomy exists in the gravitational setup as discussed
in Section IV A. We have not written the path integral for the bath which is also evaluated
along the contour.

When the particle is very heavy, the action is large and the motion is quasi-classical. The
medium forces are small compared to the inertial terms and we can expand to second order,
average over the bath, and re-exponentiate to find
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F−w(ẑ)∂ẑFŵ(ẑ) (0.16)

λ =
h√
TM

# h

T
(0.17)

δθ ∼
√

T

M
# 1 (0.18)

ηD =
κ

2MT
(0.19)

D =
2T 2

κ
(0.20)

ηD =

√
λπT 2

2M
(0.21)

zws ∼ 1/
√

γT (0.22)

czws =

√
− gtt

gxx
= v (0.23)

ẑ =
√

γπTz (0.24)

ρ̂(t) = e−iHtρ̂(0)eiHt (0.25)

ρ(x1, x2; t) = 〈x1| ρ̂(t) |x2〉 (0.26)

ρ(x2, x1; t) =

∫
dy1dy2 〈x1| e−iHt |y1〉 ρ(y1, y2; t) 〈y2| eiHt |x2〉 (0.27)

2

xwsh
a± = x1± − x2± (0.14)

xwsh
r± =

x1± + x2±

2
(0.15)
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ẑ
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Schwinger-Keldysh: Quantum Particle 

“Normal”  PI “Time reverted” PI

A particle state in the plasma is described by a density matrix:

Two types of PI ⇒ Two sets of fields “1” and “2”

The Schwinger-Keldysh contour “connects” both contours into a 
single one. 
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1
2

R
dtdt′xs(t)〈Fs(t)Fs′ (t′)〉xs′ (t′) (0.30)

iG11(t, t
′
) =

〈
T F1(t)F1(t

′
)
〉

(0.31)

iG12(t, t
′
) =

〈
F2(t

′
)F1(t)

〉
(0.32)

iG21(t, t
′
) =

〈
F2(t)F1(t

′
)
〉

(0.33)

iG22(t, t
′
) =

〈
T ∗F2(t)F2(t

′
)
〉

(0.34)

3

ρ̂(t) = e−iHtρ̂(0)eiHt (0.25)

ρ(x1, x2; t) = 〈x1| ρ̂(t) |x2〉 (0.26)

ρ(x2, x1; t) =

∫
dy1dy2 〈x1| e−iHt |y1〉 ρ(y1, y2; t) 〈y2| eiHt |x2〉 (0.27)

S[x(t)] =

∫
dt

(
1

2
Mẋ(t)2 + F(t)x(t)

)
(0.28)

Z =

〈∫
Dx1Dx2e

iS[x1(t1)]−iS[x2(t2)]
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bath

(0.29)
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dt1
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2 ẋ2

1(t1)−i
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dt2
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2 ẋ2
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) =

〈
T ∗F2(t)F2(t

′
)
〉

(0.34)

iG11(ω) = +iReGR(ω) − (1 + 2n) ImGR(ω) (0.35)

iG22(ω) = −iReGR(ω) − (1 + 2n) ImGR(ω) (0.36)

iG12(ω) = −2neωσImGR(ω) (0.37)

iG21(ω) = −2 (1 + n) e−ωσImGR(ω) (0.38)

3
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Brownian Motion for a  Quantum Particle (I) 
Motion of a particle under a random force:

⇒

Since the mass is large, the force induces small changes:

The partition function depends on 4 correlators. At finite T they are not 
independent.
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3xa = x1 − x2 (0.41)

Z =

∫
DxaDxrDξe

−i
R dω

2π
ξ(−ω)ξ(ω)
Gsym(ω) (0.42)

× exp

(
−

∫
dω

2π
xa(−ω)

(
−Mω2xr(ω) + GR(ω)− ξ(ω)

))
xr(ω) (0.43)

4

xa = x1 − x2 (0.41)

Z =

∫
DxaDxrDξe

−i
R dω

2π
ξ(−ω)ξ(ω)
Gsym(ω) (0.42)
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4
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Brownian Motion for a  Quantum Particle (II) 
Introduce the coordinates

Linearizing the quadratic term

At small frequency we obtain Langevin



Doubling of fields in AdS
As in black holes, (t, z) –coordinates are only defined for z<z0

Proper definition of  coordinate, two 
copies of (t, z) related by time 

reversal.

In the presence of black branes the 
space has two boundaries  (L and R)

SUGRA fields on L and R boundaries 
are type 1 and 2 sources

Herzog, Son (02)

The presence of two boundaries leads to properly defined thermal 
correlators (KMS relations)

Maldacena

xa = x1 − x2 (0.41)
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∫
DxaDxrDξe

−i
R dω

2π
ξ(−ω)ξ(ω)
Gsym(ω) (0.42)
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2π
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(
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))
xr(ω) (0.43)
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GR(ω) = −iωη (0.45)

〈ξ(t)ξ(t′)〉 = Gsym(t− t′) (0.46)

r =
1

z
(0.47)

4



Matching Fluctuations

RL

F

P

V=0

U=
0

Extension of solutions to the full Kruskal plane
Unhru prescription:

Positive energy modes ⇒ infalling
Negative energy modes ⇒ outgoing
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))
xr(ω) (0.43)
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GR(ω) = −iωη (0.45)

〈ξ(t)ξ(t′)〉 = Gsym(t− t′) (0.46)

r =
1

z
(0.47)

U iω (0.48)

V −iω (0.49)

4
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Z =

∫
DxaDxrDξe

−i
R dω

2π
ξ(−ω)ξ(ω)
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(
−Mω2xr(ω) + GR(ω)− ξ(ω)

))
xr(ω) (0.43)

Gsym(ω) = −(1 + 2n)ImGR(ω) (0.44)

GR(ω) = −iωη (0.45)

〈ξ(t)ξ(t′)〉 = Gsym(t− t′) (0.46)

r =
1

z
(0.47)

U iω (0.48)

V −iω (0.49)

4

The prescription leads to the correct thermal correlators Herzog, Son (02)

It provides a prescription for going around the 

xa = x1 − x2 (0.41)

Z =

∫
DxaDxrDξe

−i
R dω

2π
ξ(−ω)ξ(ω)
Gsym(ω) (0.42)

× exp

(
−

∫
dω

2π
xa(−ω)

(
−Mω2xr(ω) + GR(ω)− ξ(ω)

))
xr(ω) (0.43)

Gsym(ω) = −(1 + 2n)ImGR(ω) (0.44)

GR(ω) = −iωη (0.45)

〈ξ(t)ξ(t′)〉 = Gsym(t− t′) (0.46)

r =
1

z
(0.47)

U iω (0.48)

V −iω (0.49)

log (1− ẑ) (0.50)

4

String fluctuations are decomposed in infalling/outgoing basis

where the subscripts T , L denote transverse and longitudinal fluctuations and

To(ẑ) =
L2

2π"2
s

f(ẑ)

ẑ2
, m =

πTL2

2π"2
s

. (2.14)

We remark that the dynamics of the longitudinal and transverse fluctuations are the same
and they only differ by an overall γ2 factor in the action. The classical equations of motion
are, thus, the same for longitudinal and transverse modes and, in Fourier space, are given
by

∂ẑ

(

To(ẑ)∂ẑX̂(ω̂, ẑ)
)

+
mω̂2

πT ẑ2f(ẑ)
X̂(ω̂, ẑ) = 0 . (2.15)

Classical solutions to this equation can be expressed in terms of the in-falling solution

Fω(ẑ) = |1 − ẑ πT |−iω̂/4πT Fω(ẑ) , (2.16)

with Fω(ẑ) a regular function. For arbitrary ẑ and ω̂, the function Fω(ẑ) is only known
numerically; however an analytical expression for the solution can be obtained in the low
frequency limit

Fω(ẑ) = 1 − iω̂

2πT

(

tan−1(ẑ) − 1

2
ln

∣

∣

∣

∣

1 + ẑπT

1 − ẑπT

∣

∣

∣

∣

)

+ O(ω̂2) , (2.17)

which is valid as long as z is not exponentially close to the world-sheet horizon (ω̂ ln(1 −
ẑπT ) " 1). We would like to remark that, even though the z−derivative of this expression
has a kink at ẑ = 1/πT the tension force of the string close to the horizon is the same on
both sides of the horizon

To(ẑ)∂ẑFω(ẑ)|ẑ=(1+ε)/πT ≈ To(ẑ)∂ẑFω(ẑ)|ẑ=(1−ε)/πT , (2.18)

The in-falling solution Fω̂ determines the retarded correlator of the random force acting
on the quark as it propagates through the strongly coupled thermal medium [15]

GR(ω̂) = −To(ẑ)F ∗
ω̂(ẑ)∂ẑFω̂(ẑ) . (2.19)

As noted in [22] the imaginary part of GR coincides with the Wronskian of Eq. (2.15) and,
thus, it is independent of ẑ.

A general solution of the equation of motion can be expressed as a linear combination of
Fω(z) and Fω

∗(z). Analyticity demands that the solutions below and above the world sheet
horizon are connected by [17]

X̂1(ω̂, ẑ) = a1(ω̂)eθ(ẑ−1)ω̂/2T F ∗
ω(ẑ) + b1(ω̂)Fω(ẑ) , (2.20)

where we have added the subscript 1 to denote that the these string fluctuations take place
in the right quadrant of Fig. 2. A similar analysis may be performed in the left quadrant
yielding

X̂i(ω̂, ẑ) = ai(ω̂)eδiθ(ẑ−1)ω̂/2T F ∗
ω(ẑ) + bi(ω̂)Fω(ẑ) , (2.21)

6
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with i = 1, 2 and δ1=1 and δ2 = −1. The fluctuations in both quadrants are also related by
analyticity. Following [17]

a2(ω̂) = e−ωσeω̂/T a1(ω̂) , b2(ω̂) = e−ωσb1(ω̂) , (2.22)

with ω = ω̂/
√

γ the boundary frequency in the t coordinate and σ = 1/2T .
As noted in [24], the identification of X2 with the type 2 fields of the Schwinger-Keldysh

contour corresponds to the choice of σ = 1/2T . And arbitrary choice of σ may be found by
performing the change of variables [22]

X(σ)
2 (ω̂, ẑ) = eω(1/2T−σ)X2(ω̂, ẑ) . (2.23)

With this choice, the relation Eq. (2.22) still holds if we now identify σ with the σ-contour.
From now on we will focus on σ = 0 and drop the σ superscript.

III. STRING FLUCTUATIONS FROM THE STRETCHED WORLD-SHEET
HORIZON

A. The Partition Function

The discussion in the section II was concentrated in the strict λ → ∞ limit in which the
string partition function is saturated by the classical action and the motion of the string
is purely classical. String (quantum) fluctuations are suppressed by λ. As shown in [22],
in order to recover the stochastic motion of the heavy quark, we must take λ large but
finite and consider the quantum fluctuations induced by the world-sheet horizon (Hawking
radiation).

Since λ is large, we shall concentrate on small fluctuations around the local minimum of
the classical action given by the solution Eq. (2.5). The partition function is then given by

Zs = ZT ZL , (3.1)

Zα =

∫

DsX̂1(t̂, ẑ)DsX̂2(t̂, ẑ)eiSα[X̂1]−iSα[X̂2] , (3.2)

with α = L , T . The measure Ds is a complicated object which we will not need to specify.
Since the partition function factorizes and the classical action for longitudinal fluctuations
is proportional to the transverse ones, we will concentrate in the latter and we will drop the
subindex T . The extension to longitudinal fluctuations is straightforward and we will quote
the main results at the end.

The partition function integrates over all values of ẑ and, in particular, across the world-
sheet horizon. Since the set of coordinates Eq. (2.7) do not cover the hyper-plane ẑw = 1/πT
we must integrate out the region surrounding this hyper-plane. We introduce

x̂w
i±(t̂) = X̂(t̂, ẑ±) , ẑ± = (1 ± ε̂)ẑw . (3.3)

and express the partition function as

Z =

∫

Dx̂w
1−Dx̂w

1+Dx̂w
2−Dx̂w

2+ (3.4)

Z<[x̂w
1− , x̂w

2−]Zw[x̂w
i− , x̂w

i+]Z>[x̂w
1+ , x̂w

2+] ,
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is proportional to the transverse ones, we will concentrate in the latter and we will drop the
subindex T . The extension to longitudinal fluctuations is straightforward and we will quote
the main results at the end.

The partition function integrates over all values of ẑ and, in particular, across the world-
sheet horizon. Since the set of coordinates Eq. (2.7) do not cover the hyper-plane ẑw = 1/πT
we must integrate out the region surrounding this hyper-plane. We introduce

x̂w
i±(t̂) = X̂(t̂, ẑ±) , ẑ± = (1 ± ε̂)ẑw . (3.3)

and express the partition function as

Z =

∫

Dx̂w
1−Dx̂w

1+Dx̂w
2−Dx̂w

2+ (3.4)

Z<[x̂w
1− , x̂w

2−]Zw[x̂w
i− , x̂w

i+]Z>[x̂w
1+ , x̂w

2+] ,
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grating the classical action by parts, we find

Z<
[

x̂w
1− , x̂w

2−

]

=

∫

Dx̂b
a(ω̂)Dx̂b

r(ω̂)

∫ X̂i(ω̂,ẑ−)=x̂w
i−

X̂i(ω̂,ε̂)=x̂b
i

DsX̂a(ω̂, ẑ)DsX̂r(ω̂, ẑ) (3.19)

[

eiTo(zb)
R

dω̂
2π x̂b

a(−ω̂)∂ẑX̂r(ω̂,ε̂) e−iTo(ẑ−)
R

dω̂
2π x̂w

a−(−ω̂)∂ẑX̂r(ω̂,ẑ−) ×

e
i

R

dω̂
2π

R ẑ−
ε̂ dẑ X̂a(−ω̂,ẑ)

h

∂ẑ(To(ẑ)∂ẑX̂r(ω̂,ẑ))+ mω̂2

πTẑ2f(ẑ)
X̂r(ω̂,ẑ)

i

]

,

Z>
[

x̂w
1+ , x̂w

2+

]

=

∫

X̂i(ω̂,ẑ+)=x̂w
i+

DsX̂a(ω̂, ẑ)DsX̂r(ω̂, ẑ)

[

eiTo(ẑ+)
R dω̂

2π x̂w
a+(−ω̂)∂ẑX̂r(ω̂,ẑ+) ×

e
i

R dω̂
2π

R ẑh

ẑ+
dẑ X̂a(−ω̂,ẑ)

h

∂ẑ(To(ẑ)∂ẑX̂r(ω̂,ẑ))+ mω̂2

πTẑ2f(ẑ)
X̂r(ω̂,ẑ)

i

]

, (3.20)

where we have introduced the notation To(zb) = To(ẑ = ε̂). In writing Z>
[

x̂w
1+ , x̂w

2+

]

we
have used Eq. (3.13).

B. Stochastic String Motion.

The “a” coordinates in the partition function Eq. (3.5) can be integrated out, after
introducing a random force term in Eq. (3.9)

e
− 1

2

R dω̂
2π

To(zw)
2 Im



∂ẑF w
ω̂

F w
ω̂

ff

eω̂/2T +1

eω̂/2T −1
(x̂w

a−(−ω̂)−x̂w
a+(−ω̂))(x̂w

a−(ω̂)−x̂w
a+(ω̂))

(3.21)

=

∫

Dξ̂wei
R dω̂

2π (x̂w
a−(−ω̂)−x̂w

a+(−ω̂))ξ̂w(ω̂)e
− 1

2

R dω̂
2π

2
To(zw) Im



F w
ω̂

∂ẑF w
ω̂

ff

eω̂/2T
−1

eω̂/2T +1
ξ̂w(−ω̂)ξ̂w(ω̂)

.

The quadratic term in x̂w
r± in Eq. (3.9) can be understood as a discontinuity in the average

string position across the world-sheet horizon

x̂w
r+ = x̂w

r− + ∆ . (3.22)

The discontinuity ∆ is random, with a Gaussian distribution given by Eq. (3.9). This
discontinuity is natural, since the correlation between the two sides of the horizon can be
viewed as a tunneling process across a barrier.

Integrating over the “a” coordinates, the partition function is expressed as a product of
δ−functions.

Z =

∫

Dx̂b
r Dx̂b

a Dx̂w
r−DsX̂r

〈

ei
R dω̂

2π To(zb)x̂
b
a(−ω̂)∂zX̂r(ω̂,ε̂) (3.23)

×δ

(

∂ẑ

(

To(ẑ)∂ẑX̂r(ω̂, ẑ)
)

+
mω̂2

πT ẑ2f(ẑ)
X̂r(ω̂, ẑ)

)

×δ

(

To(ẑ−)∂ẑX̂r(ω̂, ẑ−) − ξ̂w(ω̂) − To(zw)
∂ẑF w

ω̂

F w
ω̂

(

x̂w
r−(ω̂) + ∆(ω̂)

)

)

×δ

(

To(ẑ+)∂ẑX̂r(ω̂, ẑ+) − ξ̂w(ω̂) − To(zw)
∂ẑF w

ω̂

F w
ω̂

x̂w
r−(ω̂)

)〉

ξ̂ ,∆

,
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with i = 1, 2 and δ1=1 and δ2 = −1. The fluctuations in both quadrants are also related by
analyticity. Following [17]

a2(ω̂) = e−ωσeω̂/T a1(ω̂) , b2(ω̂) = e−ωσb1(ω̂) , (2.22)

with ω = ω̂/
√

γ the boundary frequency in the t coordinate and σ = 1/2T .
As noted in [24], the identification of X2 with the type 2 fields of the Schwinger-Keldysh

contour corresponds to the choice of σ = 1/2T . And arbitrary choice of σ may be found by
performing the change of variables [22]

X(σ)
2 (ω̂, ẑ) = eω(1/2T−σ)X2(ω̂, ẑ) . (2.23)

With this choice, the relation Eq. (2.22) still holds if we now identify σ with the σ-contour.
From now on we will focus on σ = 0 and drop the σ superscript.

III. STRING FLUCTUATIONS FROM THE STRETCHED WORLD-SHEET
HORIZON

A. The Partition Function

The discussion in the section II was concentrated in the strict λ → ∞ limit in which the
string partition function is saturated by the classical action and the motion of the string
is purely classical. String (quantum) fluctuations are suppressed by λ. As shown in [22],
in order to recover the stochastic motion of the heavy quark, we must take λ large but
finite and consider the quantum fluctuations induced by the world-sheet horizon (Hawking
radiation).

Since λ is large, we shall concentrate on small fluctuations around the local minimum of
the classical action given by the solution Eq. (2.5). The partition function is then given by

Zs = ZT ZL , (3.1)

Zα =

∫

DsX̂1(t̂, ẑ)DsX̂2(t̂, ẑ)eiSα[X̂1]−iSα[X̂2] , (3.2)

with α = L , T . The measure Ds is a complicated object which we will not need to specify.
Since the partition function factorizes and the classical action for longitudinal fluctuations
is proportional to the transverse ones, we will concentrate in the latter and we will drop the
subindex T . The extension to longitudinal fluctuations is straightforward and we will quote
the main results at the end.

The partition function integrates over all values of ẑ and, in particular, across the world-
sheet horizon. Since the set of coordinates Eq. (2.7) do not cover the hyper-plane ẑw = 1/πT
we must integrate out the region surrounding this hyper-plane. We introduce

x̂w
i±(t̂) = X̂(t̂, ẑ±) , ẑ± = (1 ± ε̂)ẑw . (3.3)

and express the partition function as

Z =

∫

Dx̂w
1−Dx̂w

1+Dx̂w
2−Dx̂w

2+ (3.4)

Z<[x̂w
1− , x̂w

2−]Zw[x̂w
i− , x̂w

i+]Z>[x̂w
1+ , x̂w

2+] ,
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Integrating String Fluctuations
Partition function for string fluctuations 

We use the quadratic action above and below the w-s horizon.

The fluctuations exist in both sides of the Kruskal plane

The connection of the different fluctuations is performed via 
analytic continuation
Integrating out xa

quark partition function

string equation

boundary condition

boundary condition



• Effect of the horizon

Balance of Forces

• Random force on the string 
• Random discontinuity 

xQ = (vt + xl ,xr) (0.1)

〈ξ(t)ξ(t′)〉 =
√

γλπT 3δ(t− t′) (0.2)

〈
ξwsh(−ω)ξwsh(ω)

〉
= γ

πT 2ω

4
√

λ

eω
√

γ/2T + 1

eω
√

γ/2T − 1
, (0.3)

〈∆(−ω)∆(ω)〉 =
1√

γλπT 2ω

eω
√

γ/2T − 1

eω
√

γ/2T + 1
(0.4)

1

• The force on the boundary is a combination of these two.

xQ = (vt + xl ,xr) (0.1)

〈ξ(t)ξ(t′)〉 =
√

γλπT 3δ(t− t′) (0.2)

〈
ξwsh(−ω)ξwsh(ω)

〉
= γ

√
λπT 2ω

4

eω
√

γ/2T + 1

eω
√

γ/2T − 1
, (0.3)

〈∆(−ω)∆(ω)〉 =
1√

γλπT 2ω

eω
√

γ/2T − 1

eω
√

γ/2T + 1
(0.4)

τC ∼ τR ∼ M√
λT 2

(0.5)

∆M

M0
Q

∼ 1 (0.6)

〈S2[∆X]〉 ∼ 1 (0.7)

hµν (0.8)

T µν (0.9)

〈
T µν(x)T µ′ν′

(x′)
〉

ξ,∆
(0.10)

Fŵ(ẑ) = eiŵt (1− ẑ)−iŵ/4 (0.11)

F ∗
ŵ(ẑ) = eiŵt (1− ẑ)iŵ/4 (0.12)

GR(ŵ) = − lim
z→0

R2

2πl2s

(πT )3

ẑ
F−w(ẑ)∂ẑFŵ(ẑ) (0.13)

1

!

z =(1+  )/         T 
+

"
1/2

# !

z =(1!  )/         T 
!

"
1/2

$

# !

z =1/   T 

ηγẊ(t, z+)

F(z−)−ηγẊ(t, z−)

ξ + ηγ∆̇
F(z+)

ξ − ηγ∆̇

FIG. 3: Sketch of the string profile across the world-sheet horizon. The string fluctuation within

the stretched horizon lead to discontinuity in string position ∆ and the appearance of a random
force ξ which acts on both ends of the string. The tension force across the world-sheet horizon is

discontinuous due to the different velocities of the string endpoints. There is a balance of forces on
each side of the world-sheet horizon among the tension force, the random force and a resistive force
±ηγẊ(t, z±) and a force which depends on the separation of the string endpoint ηγ∆̇(t). Note

that we plot the longitudinal fluctuations for clarity; there are also fluctuations transverse to the
string motion.

IV. SUMMARY AND OUTLOOK

A. Summary of the main results

In this work we have analyzed the stochastic motion of the trailing string generated at
the world-sheet horizon by integrating out the near horizon string fluctuation. In contrast to
the static case, the string fluctuations below the world-sheet horizon are causally connected
to the boundary. The integration of these modes leads to a discontinuity in the string across
the world-sheet horizon ∆α and the generation of a random force acting on the string above
and below the horizon ξw

α . The subindex α = L, T indicates that the force is different for
the longitudinal and transverse components. We have sketched these dynamics in Fig. 3.

The computations in this work have been performed in the set of coordinates Eq. (2.7).
In this discussion we will undo this change of variables and restore the AdS coordinates
Eq. (2.1). For simplicity of notation, we will only summarize the transverse fluctuations
and drop the subscript T , since the extension to the longitudinal case is straight forward,
section IIID. From Eq. (3.23) and undoing the change of variables Eq. (2.7) the forced
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The Stochastic String
D. Extension to the longitudinal fluctuations

The analysis of longitudinal fluctuations around the trailing string solution is completely
analogous to the one performed above for transverse modes. Thus, we will not repeat the
computation here but we will simply state the main results. From the observation that the
action is multiplied by a factor γ2 a simple rule can be given to obtain the longitudinal
expressions from the transverse ones; it is sufficient to replace T0 → γ2T0.

The stochastic longitudinal fluctuations may be expressed as

X̂Lr = x̂b
L rFω̂(ẑ) +

ImFω̂(ẑ)

−γ2ImGR(ω̂)
F wsh

ω̂

(

ξwsh
L + γ2T0

wsh∂ẑF wsh
ω̂

F wsh
ω̂

∆L(ω̂)

)

+θ(ẑ − 1)∆L(ω̂)
∂ẑF ∗

ω̂(ẑ)

F wsh∗ , (3.34)

with x̂b
L r is the boundary value of the fluctuation and ξwsh

L and ∆L are random variables
distributed according to the two point functions

〈

ξwsh
L (ω̂)ξwsh

L (−ω̂)
〉

= γ2
〈

ξwsh(ω̂)ξwsh(−ω̂)
〉

, (3.35)

〈∆L(ω̂)∆L(−ω̂)〉 =
1

γ2
〈∆(ω̂)∆(−ω̂)〉 , (3.36)

with the transverse correlators defined in Eq. (3.17) and Eq. (3.18).
The correlation function for string fluctuations around the average value is also propor-

tional to the longitudinal correlator

ĜL sym(ω̂, ẑ, ẑ′) ≡
〈

∆X̂Lr(ω̂, ẑ)∆X̂Lr(−ω̂, ẑ′)
〉

=
1

γ2
ĜT,sym(ω̂, ẑ, ẑ′) (3.37)

On the boundary, the stochastic string motion leads to a random longitudinal force which
is related to the random variables ξwsh

L , ∆L as

ξL(ω) =
√

γF wsh
ω̂

(

ξwsh
L (ω̂) + γ2T0

wsh∂ẑF wsh
ω̂

F wsh
ω̂

∆L(ω̂)

)

. (3.38)

The boundary force-force correlator is

〈ξL(ω)ξL(−ω)〉 = −γ5/2 (1 + 2n(
√

γω)) ImGR(
√

γω) (3.39)

Finally, the effective equation of motion of the boundary end-point of the string is given
by

γ3MQ
0

d2xb
L r

dt2
+ γ5/2

∫

dt′GR

(

t − t′
√

γ

)

xb
L r(t

′) = ξL(t) , (3.40)

which in the low frequency limit is

γ3MQ
kin

d2xb
L r

dt2
+ γ2η

dxb
L r

dt
= ξL(t) . (3.41)
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Normalizable

Effective force

Jump

• String solution under the horizon forze.

• Correlation function induced by the random force/jump

where the subscripts ξ, ∆ denote average with respect to the random force and discontinuity
variables. These are given by a gaussian distribution such that

〈

ξwsh(ω̂)ξwsh(−ω̂)
〉

=
1

2
T0

wshIm

{

∂ẑF wsh
ω̂

F wsh
ω̂

}

eω̂/2T + 1

eω̂/2T − 1
, (3.17)

〈∆(ω̂)∆(−ω̂)〉 =
1

2

1

T0Im
{

∂ẑF wsh
ω̂

F wsh
ω̂

}

eω̂/2T − 1

eω̂/2T + 1
. (3.18)

The partition function may be then solved in terms of classical solutions to the string
equations of motion with von Neumann boundary conditions at the boundary and a discon-
tinuity at the horizon Eq. (3.15) and boundary conditions

ε ∂ẑX̂r(ω̂, ẑ−) = i
ω̂

4

(

x̂wsh
r− (ω̂) + ∆(ω̂)

)

+
1

4η
ξ(ω̂) , (3.19)

ε ∂ẑX̂r(ω̂, ẑ+) = i
ω̂

4
x̂wsh

r− (ω̂)
1

4η
ξ(ω̂) . (3.20)

The classical solution is given by

X̂r(ω̂, ẑ) = x̂b
r(ω̂)Fω̂(ẑ) +

ImFω̂(ẑ)

−ImGR(ω̂)
F wsh

ω̂

(

ξwsh(ω̂) + T0
∂ẑF wsh

ω̂

F wsh
ω̂

∆(ω̂)

)

+θ (ẑπT − 1) ∆(ω̂)
F ∗

ω̂(ẑ)

F wsh∗
ω̂

, (3.21)

where ImGR has been defined in Eq. (2.19).
The classical equations of motion propagate the stochasticity at the world-sheet horizon

to all scales. From Eq. (3.21) the bulk two point function for transverse fluctuations is given
by

ĜT sym(ω̂, ẑ, ẑ′) ≡
〈

∆X̂r(ω̂, ẑ)∆X̂r(−ω̂, ẑ′)
〉

(3.22)

= −ImFω̂(ẑ)ImFω̂(ẑ′)

ImGR(ω̂)
(1 + 2n̂)

+θ(ẑπT − 1)
1

2

ImFω̂(ẑ′)iF ∗
ω̂(ẑ)

ImGR(ω̂)

eω̂/2T − 1

eω̂/2T + 1

+θ(ẑ′πT − 1)
1

2

ImFω̂(ẑ)(−i)Fω̂(ẑ′)

ImGR(ω̂)

eω̂/2T − 1

eω̂/2T + 1

−θ(ẑ′πT − 1)θ(ẑπT − 1)
1

2

F ∗
ω̂(ẑ)Fω̂(ẑ′)

ImGR(ω̂)

eω̂/2T − 1

eω̂/2T + 1
,

where n̂ = 1/(eω̂/T − 1) and we have subtracted the average string position

∆X̂r(ω̂, ẑ) = X̂r(ω̂, ẑ) − x̂b
r(ω̂)Fω̂(ẑ) . (3.23)

Finally, we may express the two point correlator in the original t , z coordinates. Undoing
the change of variables Eq. (2.7),

GT sym (t, z; t′, z′) =
1
√

γ

∫

dw

2π
e−iω(t−t′)e−iω(ζ(z)−ζ(z′))ĜT sym (ω

√
γ; z

√
γ, z′

√
γ) , (3.24)

where the function ζ(z) has been defined in Eq. (2.7) and relates the AdS t-coordinate to t̂.
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• The correlations vanish at infinite coupling

xQ = (vt + xl ,xr) (0.1)

〈ξ(t)ξ(t′)〉 =
√

γλπT 3δ(t− t′) (0.2)

〈
ξwsh(−ω)ξwsh(ω)

〉
= γ

√
λπT 2ω

4

eω
√

γ/2T + 1

eω
√

γ/2T − 1
, (0.3)

〈∆(−ω)∆(ω)〉 =
1√

γλπT 2ω

eω
√

γ/2T − 1

eω
√

γ/2T + 1
(0.4)

τC ∼ τR ∼ M√
λT 2

(0.5)

∆M

M0
Q

∼ 1 (0.6)

〈S2[∆X]〉 ∼ 1 (0.7)

hµν (0.8)

T µν (0.9)

〈
T µν(x)T µ′ν′

(x′)
〉

ξ,∆
(0.10)

Fŵ(ẑ) = eiŵt (1− ẑ)−iŵ/4 (0.11)

F ∗
ŵ(ẑ) = eiŵt (1− ẑ)iŵ/4 (0.12)

ImGR(ω) =
√

λ

(
−i

T 2

2
ω +O(ω2)

)
(0.13)

xwsh
a± = x1± − x2± (0.14)

xwsh
r± =

x1± + x2±

2
(0.15)

GR(ŵ) = − lim
z→0

R2

2πl2s

(πT )3

ẑ
F−w(ẑ)∂ẑFŵ(ẑ) (0.16)

1



Fluctuations

• The string fluctuates around the trailing string.

• The  fluctuations above and below the w-s horizon are 
separated by a random variable

• There is a random momentum flux through the horizon



• The random momentum flux leads to the noise at the boundary.

 Effect on the Quark Motion

C. Heavy Quark Partition Function

After integrating of x̂wsh
r− in the string partition function Eq. (3.16) we partition function

for the string boundary end point which may be interpreted as the partition function for
the heavy quark. Since ẑb < 1 we find

ZQ
T =

∫

Dx̂b
aDx̂b

r

〈

ei
R dω̂

2π x̂b
a(−ω̂)(x̂b

r(ω̂)T0
b∂ẑFω̂(ε̂)+ξb(ω̂))

〉

ξwsh ,∆
, (3.25)

where we have used Im GR = −T b
0 Im ∂ẑFω̂(ε̂) and we have defined the boundary force as

ξb(ω̂) = F wsh
ω̂

(

ξwsh(ω̂) + T0
wsh∂ẑF wsh

ω̂

F wsh
ω̂

∆(ω̂)

)

. (3.26)

It is easy to show by integration that the boundary force distribution is also gaussian with
a second moment given by

〈

ξb(ω̂)ξb(−ω̂)
〉

= − (1 + 2n̂) Im GR(ω̂) . (3.27)

The first term in the exponent of Eq. (3.29) is divergent [3]

T b
0∂ẑFω̂(ε̂) =

√
λ

2ε̂
ω̂2 − GR(ω̂) , (3.28)

however, this divergence may be understood as the contribution of the (large) quark mass
MQ

0 =
√

λ/2ε with ε̂ =
√

γε.
Using Eq. (3.28) and undoing the change of variables Eq. (2.7) we find

ZQ
T =

∫

Dxb
aDxb

r

〈

ei
R dω

2π xb
a(−ω)(γMQ

0 ω2xb
r(ω)−√

γGR(
√

γω)xb
r(ω)+ξ(ω))

〉

ξwsh ,∆
,

(3.29)

with ξ(ω) ≡ √
γξb(

√
γω). Integrating out the xb

a coordinate we find that the average position
of the quark follows the equation

γMQ
0

d2xb
r

dt2
+
√

γ

∫

dt′GR

(

t − t′
√

γ

)

xb
r(t

′) = ξ (t) . (3.30)

The effective equation of motion may be further clarify by studying the long time dy-
namics ω → 0 limit of Eq. (3.30). Expanding the retarded correlator to second order

GR(ω̂) = −iηω̂ − ∆M
√

γ
ω̂2 , (3.31)

with

∆M =

√
γλT

2
. (3.32)

Denoting MQ
kin = M − ∆M , we obtain

γMQ
kin

d2xb
T r

dt2
+ η

dxb
T r

dt
= ξ (t) , (3.33)

where we have recovered the subscript T to denote transverse fluctuations.
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motion of the wold sheet end points of the string is given by2 3

T0
wsh∂zXr(t, z±) − ξwsh(t) = ±ηγ∆̇ (4.1)

〈

ξwsh(t)ξwsh(t′)
〉

= Gwsh
sym(t − t′) 〈∆(t)∆(t′)〉 = G∆(t − t′) (4.2)

with the discontinuity variable ∆ = X(t, z+) − X(t, z−) and the correlators are obtained
from Eq. (3.17) and Eq. (3.18)

Gwsh
sym(ω) =

1

2
γ ηω

eω
√

γ/2T + 1

eω
√

γ/2T − 1
, G∆(ω) =

1

2

1

η
√

γω

eω
√

γ/2T − 1

eω
√

γ/2T + 1
. (4.3)

In deriving this expression we have assumed that ε % 1 − 1/
√

γ so that the strip does not
overlap with the world-sheet horizon. Thus, we shall not take the v → 0 below4

The horizon equation of motion Eq. (4.1) might be interpreted as the balance of the
random forced at the horizon with the ternsion force and a drag like force on the string
endpoints. The string is discontinuous across the horizon and the point above and below
the horizon move with different speed. This different velocity at each side of the world-sheet
horizon leads to a discontinuity of the tension force. The horizon drag force is proportional
to the relative velocity of the world-sheet horizon endpoints. The equation of motion on
each side of the horizon depends on the endpoint on the other side via ∆ which might be
interpreted as a force of magnitude −ηγẊ(t, z±) due to the motion of the string in the other
side of the horizon.

The classical string equation propagate the stochastic motion on the world-sheet horizon
endpoint to all scales. Of particular interest is the motion of the boundary endpoint, since
this tracks the position of the heavy quark. For this, the fluctuations below the world sheet
horizon may be integrated out leading to a second random force at the world sheet horizon.
The effective force acting on the boundary is given by Eq. (3.26)

ξ(t) =

∫ t

dt′F

(

t − t′
√

γ
, zwsh

−

)

(

ξwsh(t′) − ηγ∆̇(t′)
)

, (4.4)

where F (t, zwsh
− ) is the retarded boundary to horizon propagator Eq. (2.16). Note that the

time it takes the noise to propagate to the boundary ∼ √
γ/πT grows with the velocity of

the quark. The force correlator at the boundary is given by

〈ξ(t)ξ(t′)〉 = Gv=0
sym

(

t − t′
√

γ

)

, (4.5)

with the zero velocity symmetrized correlator

Gv=0
sym(ω) = −(1 + 2n)Im GR(ω) . (4.6)

From Eq. (4.5) is easy to conclude that the noise correlation time τC grows with the velocity
of the quark

τC ∼
√

γ

πT
(4.7)

2 We use that X(ω, z) = e−iωζ(z)X̂(ω
√

γ, z
√

γ) with ζ given in Eq. (2.7).
3 NOTATIONAL ISSUE, ξwsh here does not coincide with the previously defined ξwsh

4 This is a problem of the singular transformation Eq. (2.7). We have explicitly check that we reproduce

the v → 0 limit from.

14

xQ = (vt + xl ,xr) (0.1)

1

• The dynamics are very similar at zero and finite velocity.
• The “memory effects” grow with velocity
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• In the low frequency limit

SNG = SCL + S2 (0.19)

√
γGR(ω̂) = − R2

2πl2s

1

zm
γω2 −

√
λγ

(πT )3

2π
C

(
ω̂

πT

)
(0.20)

Xr =
X1(t) + X2(t + iβ/2)

2
(0.21)

Xa = X1(t)−X2(t + iβ/2) (0.22)

Gsym(ω̂) = − (1 + 2n̂) ImGR(ω̂) (0.23)

〈ξL(t)ξL(t′)〉 = γ2Gsym

(
t− t′
√

γ

)
(0.24)

〈ξT (t)ξT (t′)〉 = Gsym

(
t− t′
√

γ

)
(0.25)

〈ξL(t)ξL(t′)〉 = γ2
√

γλπT 3δ(t− t′) (0.26)

〈ξT (t)ξT (t′)〉 =
√

γλπT 3δ(t− t′) (0.27)

γ3M0
QẌr(t) +

∫ t

dt′γ2GR

(
t− t′
√

γ

)
Xr(t

′) = ξL(t) (0.28)

γM0
QŸr(t) +

∫ t

dt′GR

(
t− t′
√

γ

)
Yr(t

′) = ξT (t) (0.29)

√
γGR(

√
γω) = −iγ

√
λπT 2

2
ω + γ3/2

√
λT

2
ω2 (0.30)

2

where we have redefine the correlators to include only the finite part.
Introducing, as before, the longitudinal and trasverse foces, ξL and ξT and splitting the

partition function into a longitudinal and transverse piece

Z = ZLZT , (1.9)

with

ZL =

∫
DXrD ξL δ

(
γ3M0

QẌr(t) +

∫ t

dt′γ2GR

(
t− t′
√

γ

)
Xr(t

′)− ξL(t)

)

exp

{
− 1

2γ2

∫
dtdt′ξL(t)G−1

sym

(
t− t′
√

γ

)
ξL(t′)

}
(1.10)

ZT =

∫
DYrD ξT δ

(
γM0

QŸr(t) +

∫ t

dt′GR

(
t− t′
√

γ

)
Yr(t

′)− ξT (t)

)

exp

{
−1

2

∫
dtdt′ξT (t)G−1

sym

(
t− t′
√

γ

)
ξT (t′)

}
(1.11)

where
∫

dt′Gsym

(
t− t′
√

γ

)
G−1

sym

(
t′ − t′′
√

γ

)
= δ(t− t′′) (1.12)

In the low frequency limit,

GR

(
t
√

γ

)
=
√

γ

∫
dω

2π
e−iωtGR(ω̂) =

∫
dω

2π
e−iωt

(
−iγ

κ

2T
ω + γ3/2

√
λT

2
ω2

)
,(1.13)

Gsym

(
t
√

γ

)
=
√

γκδ(t) , (1.14)

and the equations of motion are

γ3MkinẌa(t) +
κ

2T
γ3Ẋa − ξL = 0 (1.15)

γMkinŸa(t) +
κ

2T
γẎa − ξT = 0 (1.16)

with

Mkin = M0
Q −

√
γλT

2
(1.17)

Note that the condition that (M0
Q −Mkin)/M0

Q << 1 implies

γ <<
M2

Q

λT 2
(1.18)

By recaling that Xa and Ya are small fluctuations on the classical path we find

dP

dt
= −µP +

κ

2T

v√
1− v2

x̂ + ξ , (1.19)

2

The effective mass is v dependent!

⇒
• The effective equation of motion at long times is given bywhere P is the momentum and ξ = (ξL, ξT). Using Eq. (1.3) we find

dP

dt
= −µP + E x̂ + ξ , (1.20)

After integrating the coordinates fluctuation are related to the noise term

Xr(t) =
1

γ3M0
Q

∫
dt′G(t− t′)ξL(t′) , (1.21)

Yr(t) =
1

γM0
Q

∫
dt′G(t− t′)ξT (t′) , (1.22)

where the Fourier transformed of G(t) is

G(ω) =
1

−ω2 + GR(ω
√

γ)
√

γM0
Q

(1.23)

For large M0
Q the retarded correlator can be neglected and the propagartor is

G(t) = tθ(t) . (1.24)

II. PHOTOM BREMSSTRAHLUNG

The induced photon radiation from the quark can be computed from the classical radia-
tion field

dN

d3k
=

1

ω

dEω

d3k
= − ω

4π2

∫
dt1dt2

〈
jµ(t1)jµ(t2)e

−iω(t1−t2)+ik(x(t1)−x(t2))
〉

, (2.1)

where the path x(t) and the current jµ(t) are

x(t) = (vt + Xr(t)) x̂ + Yr(t) , (2.2)

jµ(t) = γtot (1, ẋ(t)) , (2.3)

with γtot = 1/
√

1− ẋ(t)2

Since the position x(t) is a linear functional of the noise ξ, after defining

ξ′(t) = ξ(t)− i
k

γM

∫
dt′GA(t′; t1, t2)Gsym

(
t′ − t
√

γ

)
, (2.4)

GA(t′; t1, t2) = G(t1 − t′)− G(t2 − t′) (2.5)

the average can be simplified to

〈
jµ(t1)jµ(t2)e

−iω(t1−t2)+ik(x(t1)−x(t2))
〉

= 〈jµ(t1)jµ(t2)〉′ e−i(ω−vkx)(t1−t2) (2.6)

exp

{
−

(
k2

x

γ4M2
Q

+
k2
⊥

γ2M2
Q

)∫
dt′dt′′GA(t′; t1, t2)Gsym

(
t′ − t′′
√

γ

)
GA(t′′; t1, t2)

}

3

xQ = (vt + xl ,xr) (0.1)

〈ξ(t)ξ(t′)〉 =
√

γλπT 3δ(t − t′) (0.2)

1

(Giecold, Iancu, Mueller 09)

(JCS, Teaney 07)



• The calculation is valid for 

Limits on Validity

Finally, let us remark that in the very long time limit τ ! τR the momentum of the
quark is relaxed and the velocity tends to its (small) equilibrium value. Thus, γ → 0 and
the long time dynamics are described by the static string [3].

C. Limits on the validity of the approach

The results in this paper are based on the assumption that the heavy quark maintains
an approximately constant speed during a time that is large compared to all medium scale,
so that medium the quark’s dynamics are controlled by medium averages. Since the force
correlation times grows with the quark velocity, Eq. (4.7), the requirement that the τC # τR

demands that

√

γλ # MQ
0

T
. (4.19)

The limit above for the velocity of the quark has been already derived in [6] by determining
the maximum value of the external electric field that the a D7 brane can support. The
observation above provides a more physical interpretation for this velocity constrain: the
the critical value of γ the the correlation time between the random forces acting on the
quark become comparable to the motion time scale; thus, the structure of the interaction
cannot be neglected.

We note also that there is a different constraint on the velocity coming from the fact
that the kinetic mass of the quark must be large in order for the relaxation time to be
long compared with the thermal wave-lenght. As a consequence the medium modified mass
∆M should be small compared to the vacuum mass M0

Q, ∆M # M0
Q. Remarkably, this

consideration leads (parametrical) to the same critical γ factor Eq. (4.19). From the field
theory side it is not clear to us why these two constraints should coincide.

We would also like to understand this limit on γ from the point of view of the dual gauge
theory. The fact that the correlation time becomes long signals that the fluctuations due
to normalizable modes become large. Indeed, the assumption that that the normalizable
modes are suppressed is set by the condition that their classical action is large (and thus, their
spontaneous fluctuations are unlikely). Taking the average over the normalizable fluctuations
of Eq. (2.12) we obtain

〈ST [∆X]〉 ∝ T
√

γ
T (4.20)

where T is the total time of observation. To derive this expression we have use that, in hat
coordintes, the only dimensionful quantity in the soluiton is T . Since the fluctuations are
suppressed by

√
λ, the factor in of

√
λ in front of the action cancels. Demanding that the

action is large while the quark does not change its momentum, τR leads to

1
√

γ

MT

η
! 1 , (4.21)

which coincides with the limit above Eq. (4.19). Above the critical velocity, the dynamics
of the quark are dominated by the emission of higher excited string modes6.

6 This provides a natural explanation to why the action of the string becomes imaginary for velocities larger

than the critical one since new channels, such as the emission of excited string states, appear.
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• Many wrong things happen at this scale
• Force correlation time is comparable to the relaxation 

time

• The thermal correction of to the mass is large

• The action for the excitation of normalizable modes 
(states) is large

• The system enters in a different regime

• My guess: radiation dominated, emission of string states.
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πT 2ω
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λ

eω
√

γ/2T + 1
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√

γ/2T − 1
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• The effective horizon is only a property of the world sheet.

Outlook
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• The string fluctuation above and below the horizon lead to 
stress tensor fluctuations on the boundary
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1

• These correlators are reflected in the particle distribution of 
particles associated to jets



Conclusions
The momentum broadening κ of the heavy quark is large and 
depends on the velocity. 

Its numerical value is comparable to values extracted from RHIC 
data on v2

We have obtained finite frequency corrections to Langevin 
dynamics. These may be used in phenomenology.

Quantum fluctuation of the string lead to the appearance of the noise 
distribution.

We have computed the string fluctuations below the (w-s) horizon. 
These are causally connected to the boundary

The fluctuations might be reflected in the particle correlations.





Change of coordinates



The Effective Action

The classical solution Eq. (2.20) may be expressed in terms of the x̂wsh
i± .

ai(ω̂) =
1

eδiω̂/2T − 1

x̂wsh
i+ (ω̂) − x̂wsh

i− (ω̂)

F wsh∗
ω̂

, (3.6)

bi(ω̂) =
1

eδiω̂/2T − 1

eδiω̂/2T x̂wsh
i− (ω̂) − x̂wsh

i+ (ω̂)

F wsh
ω̂

, (3.7)

where, again, Fω̂(ẑ+) ≈ Fω̂(ẑ−) = F wsh
ω̂

Following [3] we introduce the ”r a” basis

X̂r(ω̂, ẑ) =
1

2

(

X̂1(ω̂, ẑ) + X̂2(ω̂, ẑ)
)

, X̂a(ω̂, ẑ) =
(

X̂1(ω̂, ẑ) − X̂2(ω̂, ẑ)
)

. (3.8)

In this basis, the exponent of Eq. (3.5) is given by

iSeff = i
1

2
T0

wsh

∫

dω̂

2π
× (3.9)

[

2iIm

{

∂ẑF wsh
ω̂

F wsh
ω̂

}

eω̂/2T + 1

eω̂/2T − 1

(

x̂wsh
r− (−ω̂) − x̂wsh

r+ (−ω̂)
) (

x̂wsh
r− (ω̂) − x̂wsh

r+ (ω̂)
)

+
i

2
Im

{

∂ẑF wsh
ω̂

F wsh
ω̂

}

eω̂/2T + 1

eω̂/2T − 1

(

x̂wsh
a− (−ω̂) − x̂wsh

a+ (−ω̂)
) (

x̂wsh
a− (ω̂) − x̂wsh

a+ (ω̂)
)

+x̂wsh
a− (−ω̂)

(

x̂wsh
r− (ω̂)

(

∂ẑF wsh
ω̂

F wsh
ω̂

+
∂F wsh∗

ω̂

F wsh∗
ω̂

)

+ x̂wsh
r+ (ω̂)

(

∂ẑF wsh
ω̂

F wsh
ω̂

− ∂F wsh∗
ω̂

F wsh∗
ω̂

))

−x̂wsh
a+ (−ω̂)

(

x̂wsh
r+ (ω̂)

(

∂ẑF wsh
ω̂

F wsh
ω̂

+
∂F wsh∗

ω̂

F wsh∗
ω̂

)

+ x̂wsh
r− (ω̂)

(

∂ẑF wsh
ω̂

F wsh
ω̂

− ∂F wsh∗
ω̂

F wsh∗
w

))]

.

The action me be simplify further since

T0
wsh∂ẑF wsh

ω̂

F wsh
ω̂

= iω̂η , η =
1

2

√
λπT 2 , (3.10)

as it can be easily seen from Eq. (2.16) and Eq. (2.14).
A similar analysis must be performed at the AdS horizon ẑh =

√
γ/πT . The classical

solution Eq. (2.20) sets

X̂a(ω̂, ẑh) = 0 . (3.11)

Thus, unlike the v = 0 case [3], the partition function does not depend on the string
coordinates at ẑh.

The partition function in the bulk is also conveniently expressed in the ra basis. Inte-

8

xQ = (vt + xl ,xr) (0.1)

〈ξ(t)ξ(t′)〉 =
√

γλπT 3δ(t− t′) (0.2)

〈
ξwsh(−ω)ξwsh(ω)

〉
= γ

√
λπT 2ω

4

eω
√

γ/2T + 1

eω
√

γ/2T − 1
, (0.3)

〈∆(−ω)∆(ω)〉 =
1√

γλπT 2ω

eω
√

γ/2T − 1

eω
√

γ/2T + 1
(0.4)

τC ∼ τR ∼ M√
λT 2

(0.5)

∆M

M0
Q

∼ 1 (0.6)

〈S2[∆X]〉 ∼ 1 (0.7)

hµν (0.8)

T µν (0.9)

〈
T µν(x)T µ′ν′

(x′)
〉

ξ,∆
(0.10)

Fŵ(ẑ) = eiŵt (1− ẑ)−iŵ/4 (0.11)

F ∗
ŵ(ẑ) = eiŵt (1− ẑ)iŵ/4 (0.12)

ImGR(ω) =
√

λ

(
T 2

2
ω +O(ω2)

)
(0.13)

xwsh
a± = x1± − x2± (0.14)

xwsh
a± =

x1± + x2±

2
(0.15)

GR(ŵ) = − lim
z→0

R2

2πl2s

(πT )3

ẑ
F−w(ẑ)∂ẑFŵ(ẑ) (0.16)

1

Where we have defined

(average position)

xQ = (vt + xl ,xr) (0.1)

〈ξ(t)ξ(t′)〉 =
√

γλπT 3δ(t− t′) (0.2)

〈
ξwsh(−ω)ξwsh(ω)

〉
= γ

√
λπT 2ω

4

eω
√

γ/2T + 1

eω
√

γ/2T − 1
, (0.3)

〈∆(−ω)∆(ω)〉 =
1√

γλπT 2ω

eω
√

γ/2T − 1

eω
√

γ/2T + 1
(0.4)

τC ∼ τR ∼ M√
λT 2

(0.5)

∆M

M0
Q

∼ 1 (0.6)

〈S2[∆X]〉 ∼ 1 (0.7)

hµν (0.8)

T µν (0.9)

〈
T µν(x)T µ′ν′

(x′)
〉

ξ,∆
(0.10)

Fŵ(ẑ) = eiŵt (1− ẑ)−iŵ/4 (0.11)

F ∗
ŵ(ẑ) = eiŵt (1− ẑ)iŵ/4 (0.12)

ImGR(ω) =
√

λ

(
T 2

2
ω +O(ω2)

)
(0.13)

xwsh
a± = x1± − x2± (0.14)

xwsh
r± =

x1± + x2±

2
(0.15)

GR(ŵ) = − lim
z→0

R2

2πl2s

(πT )3

ẑ
F−w(ẑ)∂ẑFŵ(ẑ) (0.16)

1

(Conjugated to momentum)

(Feynman-Vernon)
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FIG. 3: Left—Position space plot of |x|∆E(x)/(T 3
√

λ) for v = 1/4. Right—Position space plot of |x|∆S(x)/(T 3
√

λ) for
v = 1/4. The flow lines on the surface are the flow lines of the energy flux ∆S(x). There is a surplus of energy in front of the
quark and a deficit behind it. Correspondingly, trailing the quark there is a stream of energy flux which moves in the same
direction as the quark. Note the absence of structure in ∆E(x) for distances |x|" 1/(πT ).

FIG. 4: Left—Plot of |x|∆E(x)/(T 3
√

λ) for v = 3/4. Right—Plot of |x|∆S(x)/(T 3
√

λ) for v = 3/4. The flow lines on the
surface are the flow lines of ∆S(x). There is a surplus of energy in front of the quark and a deficit behind it. Correspondingly,
trailing the quark there is a narrow stream of energy flux which moves in the same direction as the quark. A Mach cone, with
opening half angle θM ≈ 50◦ is clearly visible in both the energy density and the energy flux. Near the Mach cone, the bulk of
the energy flux flow is orthogonal to the wavefront.

Au+Au central 0-12% ZDC

Δφ2

Δφ1

pT
trig=3-4 GeV/c, pT

assoc=1-2 GeV/c

Chesler & Yaffe; Gubser et al STAR

The (average) trailing string leads to Mach Cones
The fluctuations lead to non trivial correlations
They could be reflected in the structure of the 3-particle 
correlations



γ3MkinẌr(t) +

√
λπT 2

2
γ3Ẋr(t

′) = ξL(t) (0.32)

ff (b) = 〈Tr [ρ(b)Wc(b)]〉A (0.33)

D =
2T 2

κ
=

3− 6

2πT
(0.34)

dp

dt
= −ηDp + ξ (0.35)

〈ξ(t)ξ(t′)〉 = κδ(t− t′) (0.36)

x3 = vt + ξ(z) (0.37)

3

String Solution in Global Coordinates

v=0 smooth crossing
v≠0 logarithmic divergence in past horizon. Artifact!
                                                        (probes moving from -∞) 
String boundaries in L, R universes are type 1, 2 Wilson Lines. 

Transverse fluctuations transmit from L ↔ R



Computation of       (Radiative Energy Loss)
(Liu, Rajagopal, Wiedemann)

t

L
r0

Dipole amplitude: 
    two parallel Wilson lines in the light cone:

For small transverse distance:

Order of limits:

String action becomes imaginary 
for 

entropy scaling 


