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"Wanderer, your footsteps are the road, and nothing more; wanderer, 
there is no road, the road is made by walking. By walking one makes the 
road, and upon glancing behind one sees the path that never will be trod 
again. Wanderer, there is no road — Only wakes upon the sea." [Antonio 
Machado]
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  Gravitational Wave sources in the LISA’s band

 Gravitational Wave data analysis

 LISA mock data challenge



GW sources in LISA band
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  GW signals in LISA are strong and long-lived.
 LISA data will contain thousands of GW signals simultaneously: need to 
separate and characterize them
 Non-stationary noise



LISA sources
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 We believe that all galactic nuclei host Massive Black Holes: Milky Way has 4 
mln. solar mass BH
 Galaxies merge: we can form Massive Black Hole Binary (MBHB) system
 We need stars and gas to bring MBHs close together for GW to be efficient 
(binary is merging within Hubble time)  

[Image: Hubble telescope][Credits: Hassinger+,  VLA, Chandra , NASA] 4



LISA sources: MBHB
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[Credits: Gabriella De Lucia]

MBHs are formed from the initial BH seed. Those seeds could be “light” 
remnant of the first generation of stars or “heavy” from the direct collapse of a 
giant gas cloud. BHs accumulated the mas through gas accretion and merging.



LISA: GW signal from MBHB
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The signal from MBHB is similar to what we have observed in LIGO (scaled 
up in the amplitude and streched in time). GW signal from MBHB is expected 
to be the strongest signal (seen by eye in the simulated data). Imposes 
stringent demands on the accuracy of GW signal modelling



LISA: GW signal from MBHB
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• If spins are not paralle to the orbital angular momentum: 
•  orbital precession around total momentum of system 

• Signal is superposition of harmonics:
•  dominant is at 2 x orbital frequency
•  subdominant: higher order modes beyond 

quedrupole approximation 
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EMRIs (extreme mass ratio inspirals)
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  Massive BHs in galactic nuclei surrounded by stars and gas with 
quite high density

  MBH could capture a compact object (BH, NS, WD) which is thrown 
on a  very eccentric orbit (due to N-body interaction). The orbit 
shrinks and circularizes due to grav. radiation.

  EMRI: binary system with extreme mass ratio of component 10-7 -  
10-5

  Compact object revolves 106  orbits in the proximity of MBH before 
the plunge.



EMRI
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[Credits: S Draco, CalTech]



EMRI
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  Orbital motion: (almost) elliptical with a strong relativistic precession + 
orbital precession due to spin-orbital coupling  
 Signal is very rich in structure (hard to detect but gives a lot of information)
  Ultra-precise parameter determination (if detected). Can map spacetime of 

a heavy object:  holiodesy



Galactic white dwarf binaries
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We expect to have  107  WD binaries all emitting GWs in the LISA band, only 104 
can be resolved individually, other form stochastic GW signal (foreground)
 GW signal is almost monochromatic
Verification binaries: known from current e/m observations (+GAIA,+ LSST)



Expected event rate in LISA 
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  MBHB : high uncertainties in the event rate - from few to few 
hundreds per year

  EMRIs: even more uncertain - from few to few thousands of 
detectable GW signals per year.

  GW signal from solar mass BBH (LIGO/VIRGO sources). We expect 
to observe about 10 sources: GW signal first observed in LISA and 
then 5-10 years later with the ground based detectors.

  Possible detection of the stochastic GW signal from energetic 
processes in the early Universe.



LISA data
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LISA  data analysis is quite a complex task. We organize the  LISA data 
challenge: https://lisa-ldc.lal.in2p3.fr/home . We simulate LISA data (noise 
and GW signals) and anyone can download the data and analyse it. 

https://lisa-ldc.lal.in2p3.fr/home


Data analsys: Matched filtering
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GW150914 Raw data GW signal from merging BHs (we search for)

Matched filtering: is used when we are searching for a signal of known form in the noisy data.
The basis: we correlate the data with expected signal and search for a maximum of correlation.
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Matched filtering 
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GW151226



Matched filtering 
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GW151226



Matched filtering 
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GW151226



Matched filtering and parameter estimation
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Noise = data - template

Data

template residuals

(Credits: M. Vallisneri)
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(Credits: M. Vallisneri)
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<latexit sha1_base64="7bKbB/IhTBT5qN91NUx+F7SYDf8=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KkkR1FvRi8cKxhaaWDbbSbt088HupFJC/4cXDype/THe/Ddu2xy09cHA470ZZuYFqRQabfvbWlldW9/YLG2Vt3d29/YrB4cPOskUB5cnMlHtgGmQIgYXBUpopwpYFEhoBcObqd8agdIiie9xnIIfsX4sQsEZGunRGwHPPRwAskm33q1U7Zo9A10mTkGqpECzW/nyegnPIoiRS6Z1x7FT9HOmUHAJk7KXaUgZH7I+dAyNWQTaz2dXT+ipUXo0TJSpGOlM/T2Rs0jrcRSYzojhQC96U/E/r5NheOnnIk4zhJjPF4WZpJjQaQS0JxRwlGNDGFfC3Er5gCnG0QRVNiE4iy8vE7deu6o5d+fVxnWRRokckxNyRhxyQRrkljSJSzhR5Jm8kjfryXqx3q2PeeuKVcwckT+wPn8AFaySbw==</latexit><latexit sha1_base64="7bKbB/IhTBT5qN91NUx+F7SYDf8=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KkkR1FvRi8cKxhaaWDbbSbt088HupFJC/4cXDype/THe/Ddu2xy09cHA470ZZuYFqRQabfvbWlldW9/YLG2Vt3d29/YrB4cPOskUB5cnMlHtgGmQIgYXBUpopwpYFEhoBcObqd8agdIiie9xnIIfsX4sQsEZGunRGwHPPRwAskm33q1U7Zo9A10mTkGqpECzW/nyegnPIoiRS6Z1x7FT9HOmUHAJk7KXaUgZH7I+dAyNWQTaz2dXT+ipUXo0TJSpGOlM/T2Rs0jrcRSYzojhQC96U/E/r5NheOnnIk4zhJjPF4WZpJjQaQS0JxRwlGNDGFfC3Er5gCnG0QRVNiE4iy8vE7deu6o5d+fVxnWRRokckxNyRhxyQRrkljSJSzhR5Jm8kjfryXqx3q2PeeuKVcwckT+wPn8AFaySbw==</latexit><latexit sha1_base64="7bKbB/IhTBT5qN91NUx+F7SYDf8=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KkkR1FvRi8cKxhaaWDbbSbt088HupFJC/4cXDype/THe/Ddu2xy09cHA470ZZuYFqRQabfvbWlldW9/YLG2Vt3d29/YrB4cPOskUB5cnMlHtgGmQIgYXBUpopwpYFEhoBcObqd8agdIiie9xnIIfsX4sQsEZGunRGwHPPRwAskm33q1U7Zo9A10mTkGqpECzW/nyegnPIoiRS6Z1x7FT9HOmUHAJk7KXaUgZH7I+dAyNWQTaz2dXT+ipUXo0TJSpGOlM/T2Rs0jrcRSYzojhQC96U/E/r5NheOnnIk4zhJjPF4WZpJjQaQS0JxRwlGNDGFfC3Er5gCnG0QRVNiE4iy8vE7deu6o5d+fVxnWRRokckxNyRhxyQRrkljSJSzhR5Jm8kjfryXqx3q2PeeuKVcwckT+wPn8AFaySbw==</latexit><latexit sha1_base64="7bKbB/IhTBT5qN91NUx+F7SYDf8=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KkkR1FvRi8cKxhaaWDbbSbt088HupFJC/4cXDype/THe/Ddu2xy09cHA470ZZuYFqRQabfvbWlldW9/YLG2Vt3d29/YrB4cPOskUB5cnMlHtgGmQIgYXBUpopwpYFEhoBcObqd8agdIiie9xnIIfsX4sQsEZGunRGwHPPRwAskm33q1U7Zo9A10mTkGqpECzW/nyegnPIoiRS6Z1x7FT9HOmUHAJk7KXaUgZH7I+dAyNWQTaz2dXT+ipUXo0TJSpGOlM/T2Rs0jrcRSYzojhQC96U/E/r5NheOnnIk4zhJjPF4WZpJjQaQS0JxRwlGNDGFfC3Er5gCnG0QRVNiE4iy8vE7deu6o5d+fVxnWRRokckxNyRhxyQRrkljSJSzhR5Jm8kjfryXqx3q2PeeuKVcwckT+wPn8AFaySbw==</latexit>

~✓3
<latexit sha1_base64="8aikBEZ5rbEmOydw0iZ1hdtMsq8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8lUQF9Vb04rGCsYUmls120i7dbMLupFJC/4cXDype/THe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/sPOskUA48lIlGtkGoQXIKHHAW0UgU0DgU0w8HNxG8OQWmeyHscpRDEtCd5xBlFIz36Q2C5j31AOu6cdSpVp+ZMYS8StyBVUqDRqXz53YRlMUhkgmrddp0Ug5wq5EzAuOxnGlLKBrQHbUMljUEH+fTqsX1slK4dJcqURHuq/p7Iaaz1KA5NZ0yxr+e9ifif184wugxyLtMMQbLZoigTNib2JAK7yxUwFCNDKFPc3GqzPlWUoQmqbEJw519eJN5p7arm3p1X69dFGiVySI7ICXHJBamTW9IgHmFEkWfySt6sJ+vFerc+Zq1LVjFzQP7A+vwBFy+ScA==</latexit><latexit sha1_base64="8aikBEZ5rbEmOydw0iZ1hdtMsq8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8lUQF9Vb04rGCsYUmls120i7dbMLupFJC/4cXDype/THe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/sPOskUA48lIlGtkGoQXIKHHAW0UgU0DgU0w8HNxG8OQWmeyHscpRDEtCd5xBlFIz36Q2C5j31AOu6cdSpVp+ZMYS8StyBVUqDRqXz53YRlMUhkgmrddp0Ug5wq5EzAuOxnGlLKBrQHbUMljUEH+fTqsX1slK4dJcqURHuq/p7Iaaz1KA5NZ0yxr+e9ifif184wugxyLtMMQbLZoigTNib2JAK7yxUwFCNDKFPc3GqzPlWUoQmqbEJw519eJN5p7arm3p1X69dFGiVySI7ICXHJBamTW9IgHmFEkWfySt6sJ+vFerc+Zq1LVjFzQP7A+vwBFy+ScA==</latexit><latexit sha1_base64="8aikBEZ5rbEmOydw0iZ1hdtMsq8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8lUQF9Vb04rGCsYUmls120i7dbMLupFJC/4cXDype/THe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/sPOskUA48lIlGtkGoQXIKHHAW0UgU0DgU0w8HNxG8OQWmeyHscpRDEtCd5xBlFIz36Q2C5j31AOu6cdSpVp+ZMYS8StyBVUqDRqXz53YRlMUhkgmrddp0Ug5wq5EzAuOxnGlLKBrQHbUMljUEH+fTqsX1slK4dJcqURHuq/p7Iaaz1KA5NZ0yxr+e9ifif184wugxyLtMMQbLZoigTNib2JAK7yxUwFCNDKFPc3GqzPlWUoQmqbEJw519eJN5p7arm3p1X69dFGiVySI7ICXHJBamTW9IgHmFEkWfySt6sJ+vFerc+Zq1LVjFzQP7A+vwBFy+ScA==</latexit><latexit sha1_base64="8aikBEZ5rbEmOydw0iZ1hdtMsq8=">AAAB9HicbVBNS8NAEN34WetX1aOXYBE8lUQF9Vb04rGCsYUmls120i7dbMLupFJC/4cXDype/THe/Ddu2xy09cHA470ZZuaFqeAaHefbWlpeWV1bL22UN7e2d3Yre/sPOskUA48lIlGtkGoQXIKHHAW0UgU0DgU0w8HNxG8OQWmeyHscpRDEtCd5xBlFIz36Q2C5j31AOu6cdSpVp+ZMYS8StyBVUqDRqXz53YRlMUhkgmrddp0Ug5wq5EzAuOxnGlLKBrQHbUMljUEH+fTqsX1slK4dJcqURHuq/p7Iaaz1KA5NZ0yxr+e9ifif184wugxyLtMMQbLZoigTNib2JAK7yxUwFCNDKFPc3GqzPlWUoQmqbEJw519eJN5p7arm3p1X69dFGiVySI7ICXHJBamTW9IgHmFEkWfySt6sJ+vFerc+Zq1LVjFzQP7A+vwBFy+ScA==</latexit>

~✓(ML)
2

<latexit sha1_base64="W0LyYt+Ef6OsVQ1PJyvdGRRn7qY=">AAAB/XicdVDLSsNAFJ34rPUVFVdugkWom5IUQd0V3bhQqGBsoYlhMr1ph04ezNwUSij4K25cqLj1P9z5N6YPob4OXDiccy/3cPxEcIWm+aHNzS8sLi0XVoqra+sbm/rW9q2KU8nAZrGIZdOnCgSPwEaOApqJBBr6Ahp+73zkN/ogFY+jGxwk4Ia0E/GAM4q55Om7Th9Y5mAXkA696l1Wvro8HHp6yaqYYxjmL/JllcgUdU9/d9oxS0OIkAmqVMsyE3QzKpEzAcOikypIKOvRDrRyGtEQlJuN4w+Ng1xpG0Es84nQGKuzFxkNlRqEfr4ZUuyqn95I/MtrpRicuBmPkhQhYpNHQSoMjI1RF0abS2AoBjmhTPI8q8G6VFKGeWPF2RL+J3a1clqxro9KtbNpGwWyR/ZJmVjkmNTIBakTmzCSkQfyRJ61e+1Re9FeJ6tz2vRmh3yD9vYJJ5GVJw==</latexit><latexit sha1_base64="W0LyYt+Ef6OsVQ1PJyvdGRRn7qY=">AAAB/XicdVDLSsNAFJ34rPUVFVdugkWom5IUQd0V3bhQqGBsoYlhMr1ph04ezNwUSij4K25cqLj1P9z5N6YPob4OXDiccy/3cPxEcIWm+aHNzS8sLi0XVoqra+sbm/rW9q2KU8nAZrGIZdOnCgSPwEaOApqJBBr6Ahp+73zkN/ogFY+jGxwk4Ia0E/GAM4q55Om7Th9Y5mAXkA696l1Wvro8HHp6yaqYYxjmL/JllcgUdU9/d9oxS0OIkAmqVMsyE3QzKpEzAcOikypIKOvRDrRyGtEQlJuN4w+Ng1xpG0Es84nQGKuzFxkNlRqEfr4ZUuyqn95I/MtrpRicuBmPkhQhYpNHQSoMjI1RF0abS2AoBjmhTPI8q8G6VFKGeWPF2RL+J3a1clqxro9KtbNpGwWyR/ZJmVjkmNTIBakTmzCSkQfyRJ61e+1Re9FeJ6tz2vRmh3yD9vYJJ5GVJw==</latexit><latexit sha1_base64="W0LyYt+Ef6OsVQ1PJyvdGRRn7qY=">AAAB/XicdVDLSsNAFJ34rPUVFVdugkWom5IUQd0V3bhQqGBsoYlhMr1ph04ezNwUSij4K25cqLj1P9z5N6YPob4OXDiccy/3cPxEcIWm+aHNzS8sLi0XVoqra+sbm/rW9q2KU8nAZrGIZdOnCgSPwEaOApqJBBr6Ahp+73zkN/ogFY+jGxwk4Ia0E/GAM4q55Om7Th9Y5mAXkA696l1Wvro8HHp6yaqYYxjmL/JllcgUdU9/d9oxS0OIkAmqVMsyE3QzKpEzAcOikypIKOvRDrRyGtEQlJuN4w+Ng1xpG0Es84nQGKuzFxkNlRqEfr4ZUuyqn95I/MtrpRicuBmPkhQhYpNHQSoMjI1RF0abS2AoBjmhTPI8q8G6VFKGeWPF2RL+J3a1clqxro9KtbNpGwWyR/ZJmVjkmNTIBakTmzCSkQfyRJ61e+1Re9FeJ6tz2vRmh3yD9vYJJ5GVJw==</latexit><latexit sha1_base64="W0LyYt+Ef6OsVQ1PJyvdGRRn7qY=">AAAB/XicdVDLSsNAFJ34rPUVFVdugkWom5IUQd0V3bhQqGBsoYlhMr1ph04ezNwUSij4K25cqLj1P9z5N6YPob4OXDiccy/3cPxEcIWm+aHNzS8sLi0XVoqra+sbm/rW9q2KU8nAZrGIZdOnCgSPwEaOApqJBBr6Ahp+73zkN/ogFY+jGxwk4Ia0E/GAM4q55Om7Th9Y5mAXkA696l1Wvro8HHp6yaqYYxjmL/JllcgUdU9/d9oxS0OIkAmqVMsyE3QzKpEzAcOikypIKOvRDrRyGtEQlJuN4w+Ng1xpG0Es84nQGKuzFxkNlRqEfr4ZUuyqn95I/MtrpRicuBmPkhQhYpNHQSoMjI1RF0abS2AoBjmhTPI8q8G6VFKGeWPF2RL+J3a1clqxro9KtbNpGwWyR/ZJmVjkmNTIBakTmzCSkQfyRJ61e+1Re9FeJ6tz2vRmh3yD9vYJJ5GVJw==</latexit>

template
Noise = data - template

Data

residuals
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H1 L1

[LOSC: https://losc.ligo.org/tutorials/]



Likelihood
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Let us assume that the data contains the signal.: hypothesis (model) H1 

d(t) = n(t) + s(t, ✓i)
<latexit sha1_base64="KQDWjNHnGfUioyZb7bOZVnCLQGM=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQopQZEXQjFN24rGAf0A5DJk3b0ExmSO4IpXTlxl9x40IRt36DO//GTDsLbT1wuYdz7iW5J4gF1+A431ZuaXlldS2/XtjY3NresXf3GjpKFGV1GolItQKimeCS1YGDYK1YMRIGgjWD4U3qNx+Y0jyS9zCKmReSvuQ9TgkYybcPuyUo4yss03aCdQlOcQcGDIjPy9i3i07FmQIvEjcjRZSh5ttfnW5Ek5BJoIJo3XadGLwxUcCpYJNCJ9EsJnRI+qxtqCQh0954esYEHxuli3uRMiUBT9XfG2MSaj0KAzMZEhjoeS8V//PaCfQuvTGXcQJM0tlDvURgiHCaCe5yxSiIkSGEKm7+iumAKELBJFcwIbjzJy+SxlnFdSru3Xmxep3FkUcH6AiVkIsuUBXdohqqI4oe0TN6RW/Wk/VivVsfs9Gcle3soz+wPn8AdYOV7w==</latexit><latexit sha1_base64="KQDWjNHnGfUioyZb7bOZVnCLQGM=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQopQZEXQjFN24rGAf0A5DJk3b0ExmSO4IpXTlxl9x40IRt36DO//GTDsLbT1wuYdz7iW5J4gF1+A431ZuaXlldS2/XtjY3NresXf3GjpKFGV1GolItQKimeCS1YGDYK1YMRIGgjWD4U3qNx+Y0jyS9zCKmReSvuQ9TgkYybcPuyUo4yss03aCdQlOcQcGDIjPy9i3i07FmQIvEjcjRZSh5ttfnW5Ek5BJoIJo3XadGLwxUcCpYJNCJ9EsJnRI+qxtqCQh0954esYEHxuli3uRMiUBT9XfG2MSaj0KAzMZEhjoeS8V//PaCfQuvTGXcQJM0tlDvURgiHCaCe5yxSiIkSGEKm7+iumAKELBJFcwIbjzJy+SxlnFdSru3Xmxep3FkUcH6AiVkIsuUBXdohqqI4oe0TN6RW/Wk/VivVsfs9Gcle3soz+wPn8AdYOV7w==</latexit><latexit sha1_base64="KQDWjNHnGfUioyZb7bOZVnCLQGM=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQopQZEXQjFN24rGAf0A5DJk3b0ExmSO4IpXTlxl9x40IRt36DO//GTDsLbT1wuYdz7iW5J4gF1+A431ZuaXlldS2/XtjY3NresXf3GjpKFGV1GolItQKimeCS1YGDYK1YMRIGgjWD4U3qNx+Y0jyS9zCKmReSvuQ9TgkYybcPuyUo4yss03aCdQlOcQcGDIjPy9i3i07FmQIvEjcjRZSh5ttfnW5Ek5BJoIJo3XadGLwxUcCpYJNCJ9EsJnRI+qxtqCQh0954esYEHxuli3uRMiUBT9XfG2MSaj0KAzMZEhjoeS8V//PaCfQuvTGXcQJM0tlDvURgiHCaCe5yxSiIkSGEKm7+iumAKELBJFcwIbjzJy+SxlnFdSru3Xmxep3FkUcH6AiVkIsuUBXdohqqI4oe0TN6RW/Wk/VivVsfs9Gcle3soz+wPn8AdYOV7w==</latexit><latexit sha1_base64="KQDWjNHnGfUioyZb7bOZVnCLQGM=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQopQZEXQjFN24rGAf0A5DJk3b0ExmSO4IpXTlxl9x40IRt36DO//GTDsLbT1wuYdz7iW5J4gF1+A431ZuaXlldS2/XtjY3NresXf3GjpKFGV1GolItQKimeCS1YGDYK1YMRIGgjWD4U3qNx+Y0jyS9zCKmReSvuQ9TgkYybcPuyUo4yss03aCdQlOcQcGDIjPy9i3i07FmQIvEjcjRZSh5ttfnW5Ek5BJoIJo3XadGLwxUcCpYJNCJ9EsJnRI+qxtqCQh0954esYEHxuli3uRMiUBT9XfG2MSaj0KAzMZEhjoeS8V//PaCfQuvTGXcQJM0tlDvURgiHCaCe5yxSiIkSGEKm7+iumAKELBJFcwIbjzJy+SxlnFdSru3Xmxep3FkUcH6AiVkIsuUBXdohqqI4oe0TN6RW/Wk/VivVsfs9Gcle3soz+wPn8AdYOV7w==</latexit>

data = noise + signal

signal “s” depends on parameters ✓i
<latexit sha1_base64="T92PsT4hUuCLbZ+LPtZtZc91/zg=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzEOSJcxOepMhM7PLTK8QQr7CiwdFvPo53vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZDg2eyMS0I2ZBCg0NFCihnRpgKpLQika3M7/1BMaKRD/gOIVQsYEWseAMnfRIuzgEZD3RK1f8qj8HXSVBTiokR71X/ur2E54p0Mgls7YT+CmGE2ZQcAnTUjezkDI+YgPoOKqZAhtO5gdP6ZlT+jROjCuNdK7+npgwZe1YRa5TMRzaZW8m/ud1Moyvw4nQaYag+WJRnEmKCZ19T/vCAEc5doRxI9ytlA+ZYRxdRiUXQrD88ippXlQDvxrcX1ZqN3kcRXJCTsk5CcgVqZE7UicNwokiz+SVvHnGe/HevY9Fa8HLZ47JH3ifP3jIkC4=</latexit><latexit sha1_base64="T92PsT4hUuCLbZ+LPtZtZc91/zg=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzEOSJcxOepMhM7PLTK8QQr7CiwdFvPo53vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZDg2eyMS0I2ZBCg0NFCihnRpgKpLQika3M7/1BMaKRD/gOIVQsYEWseAMnfRIuzgEZD3RK1f8qj8HXSVBTiokR71X/ur2E54p0Mgls7YT+CmGE2ZQcAnTUjezkDI+YgPoOKqZAhtO5gdP6ZlT+jROjCuNdK7+npgwZe1YRa5TMRzaZW8m/ud1Moyvw4nQaYag+WJRnEmKCZ19T/vCAEc5doRxI9ytlA+ZYRxdRiUXQrD88ippXlQDvxrcX1ZqN3kcRXJCTsk5CcgVqZE7UicNwokiz+SVvHnGe/HevY9Fa8HLZ47JH3ifP3jIkC4=</latexit><latexit sha1_base64="T92PsT4hUuCLbZ+LPtZtZc91/zg=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzEOSJcxOepMhM7PLTK8QQr7CiwdFvPo53vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZDg2eyMS0I2ZBCg0NFCihnRpgKpLQika3M7/1BMaKRD/gOIVQsYEWseAMnfRIuzgEZD3RK1f8qj8HXSVBTiokR71X/ur2E54p0Mgls7YT+CmGE2ZQcAnTUjezkDI+YgPoOKqZAhtO5gdP6ZlT+jROjCuNdK7+npgwZe1YRa5TMRzaZW8m/ud1Moyvw4nQaYag+WJRnEmKCZ19T/vCAEc5doRxI9ytlA+ZYRxdRiUXQrD88ippXlQDvxrcX1ZqN3kcRXJCTsk5CcgVqZE7UicNwokiz+SVvHnGe/HevY9Fa8HLZ47JH3ifP3jIkC4=</latexit><latexit sha1_base64="T92PsT4hUuCLbZ+LPtZtZc91/zg=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzEOSJcxOepMhM7PLTK8QQr7CiwdFvPo53vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZDg2eyMS0I2ZBCg0NFCihnRpgKpLQika3M7/1BMaKRD/gOIVQsYEWseAMnfRIuzgEZD3RK1f8qj8HXSVBTiokR71X/ur2E54p0Mgls7YT+CmGE2ZQcAnTUjezkDI+YgPoOKqZAhtO5gdP6ZlT+jROjCuNdK7+npgwZe1YRa5TMRzaZW8m/ud1Moyvw4nQaYag+WJRnEmKCZ19T/vCAEc5doRxI9ytlA+ZYRxdRiUXQrD88ippXlQDvxrcX1ZqN3kcRXJCTsk5CcgVqZE7UicNwokiz+SVvHnGe/HevY9Fa8HLZ47JH3ifP3jIkC4=</latexit>

If the template matches the GW signal exactly h(t, ✓i) = s(t, ✓i)
<latexit sha1_base64="W5ZKbF3sYnKaLQSqnWj0zukS6tM=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdC0Y3LCvYBbQiT6aQdOpmEmRuhhG7d+CtuXCji1j9w5984bQNq64ELZ865l7n3BIngGhznyyosLa+srhXXSxubW9s79u5eU8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwvJ74rXumNI/lHYwS5kWkL3nIKQEj+TbGgwqc4C4MGBCfH+NLrI3w8/btslN1psCLxM1JGeWo+/ZntxfTNGISqCBad1wnAS8jCjgVbFzqppolhA5Jn3UMlSRi2suml4zxkVF6OIyVKQl4qv6eyEik9SgKTGdEYKDnvYn4n9dJIbzwMi6TFJiks4/CVGCI8SQW3OOKURAjQwhV3OyK6YAoQsGEVzIhuPMnL5LmadV1qu7tWbl2lcdRRAfoEFWQi85RDd2gOmogih7QE3pBr9aj9Wy9We+z1oKVz+yjP7A+vgH8vZf5</latexit><latexit sha1_base64="W5ZKbF3sYnKaLQSqnWj0zukS6tM=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdC0Y3LCvYBbQiT6aQdOpmEmRuhhG7d+CtuXCji1j9w5984bQNq64ELZ865l7n3BIngGhznyyosLa+srhXXSxubW9s79u5eU8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwvJ74rXumNI/lHYwS5kWkL3nIKQEj+TbGgwqc4C4MGBCfH+NLrI3w8/btslN1psCLxM1JGeWo+/ZntxfTNGISqCBad1wnAS8jCjgVbFzqppolhA5Jn3UMlSRi2suml4zxkVF6OIyVKQl4qv6eyEik9SgKTGdEYKDnvYn4n9dJIbzwMi6TFJiks4/CVGCI8SQW3OOKURAjQwhV3OyK6YAoQsGEVzIhuPMnL5LmadV1qu7tWbl2lcdRRAfoEFWQi85RDd2gOmogih7QE3pBr9aj9Wy9We+z1oKVz+yjP7A+vgH8vZf5</latexit><latexit sha1_base64="W5ZKbF3sYnKaLQSqnWj0zukS6tM=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdC0Y3LCvYBbQiT6aQdOpmEmRuhhG7d+CtuXCji1j9w5984bQNq64ELZ865l7n3BIngGhznyyosLa+srhXXSxubW9s79u5eU8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwvJ74rXumNI/lHYwS5kWkL3nIKQEj+TbGgwqc4C4MGBCfH+NLrI3w8/btslN1psCLxM1JGeWo+/ZntxfTNGISqCBad1wnAS8jCjgVbFzqppolhA5Jn3UMlSRi2suml4zxkVF6OIyVKQl4qv6eyEik9SgKTGdEYKDnvYn4n9dJIbzwMi6TFJiks4/CVGCI8SQW3OOKURAjQwhV3OyK6YAoQsGEVzIhuPMnL5LmadV1qu7tWbl2lcdRRAfoEFWQi85RDd2gOmogih7QE3pBr9aj9Wy9We+z1oKVz+yjP7A+vgH8vZf5</latexit><latexit sha1_base64="W5ZKbF3sYnKaLQSqnWj0zukS6tM=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0WoICURQTdC0Y3LCvYBbQiT6aQdOpmEmRuhhG7d+CtuXCji1j9w5984bQNq64ELZ865l7n3BIngGhznyyosLa+srhXXSxubW9s79u5eU8epoqxBYxGrdkA0E1yyBnAQrJ0oRqJAsFYwvJ74rXumNI/lHYwS5kWkL3nIKQEj+TbGgwqc4C4MGBCfH+NLrI3w8/btslN1psCLxM1JGeWo+/ZntxfTNGISqCBad1wnAS8jCjgVbFzqppolhA5Jn3UMlSRi2suml4zxkVF6OIyVKQl4qv6eyEik9SgKTGdEYKDnvYn4n9dJIbzwMi6TFJiks4/CVGCI8SQW3OOKURAjQwhV3OyK6YAoQsGEVzIhuPMnL5LmadV1qu7tWbl2lcdRRAfoEFWQi85RDd2gOmogih7QE3pBr9aj9Wy9We+z1oKVz+yjP7A+vgH8vZf5</latexit>

d(t)� h(t, ✓i) = n(t)
<latexit sha1_base64="33gxYVFHCReGaWEuL/XKCrFpVRw=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFiEFrQkIuhFKHrxWMF+QBvKZrtpl242YXcilNCLF/+KFw+KePU/ePPfuG1z0NYHA4/3ZpiZ58eCa3Ccbyu3tLyyupZfL2xsbm3v2Lt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jyS9zCKmReSvuQBpwSM1LUPeyUo41M8KMEJ7sCAAenyMr7C0uhdu+hUnCnwInEzUkQZal37q9OLaBIyCVQQrduuE4OXEgWcCjYudBLNYkKHpM/ahkoSMu2l0y/G+NgoPRxEypQEPFV/T6Qk1HoU+qYzJDDQ895E/M9rJxBceimXcQJM0tmiIBEYIjyJBPe4YhTEyBBCFTe3YjogilAwwRVMCO78y4ukcVZxnYp7d16sXmdx5NEBOkIl5KILVEW3qIbqiKJH9Ixe0Zv1ZL1Y79bHrDVnZTP76A+szx8Q45W8</latexit><latexit sha1_base64="33gxYVFHCReGaWEuL/XKCrFpVRw=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFiEFrQkIuhFKHrxWMF+QBvKZrtpl242YXcilNCLF/+KFw+KePU/ePPfuG1z0NYHA4/3ZpiZ58eCa3Ccbyu3tLyyupZfL2xsbm3v2Lt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jyS9zCKmReSvuQBpwSM1LUPeyUo41M8KMEJ7sCAAenyMr7C0uhdu+hUnCnwInEzUkQZal37q9OLaBIyCVQQrduuE4OXEgWcCjYudBLNYkKHpM/ahkoSMu2l0y/G+NgoPRxEypQEPFV/T6Qk1HoU+qYzJDDQ895E/M9rJxBceimXcQJM0tmiIBEYIjyJBPe4YhTEyBBCFTe3YjogilAwwRVMCO78y4ukcVZxnYp7d16sXmdx5NEBOkIl5KILVEW3qIbqiKJH9Ixe0Zv1ZL1Y79bHrDVnZTP76A+szx8Q45W8</latexit><latexit sha1_base64="33gxYVFHCReGaWEuL/XKCrFpVRw=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFiEFrQkIuhFKHrxWMF+QBvKZrtpl242YXcilNCLF/+KFw+KePU/ePPfuG1z0NYHA4/3ZpiZ58eCa3Ccbyu3tLyyupZfL2xsbm3v2Lt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jyS9zCKmReSvuQBpwSM1LUPeyUo41M8KMEJ7sCAAenyMr7C0uhdu+hUnCnwInEzUkQZal37q9OLaBIyCVQQrduuE4OXEgWcCjYudBLNYkKHpM/ahkoSMu2l0y/G+NgoPRxEypQEPFV/T6Qk1HoU+qYzJDDQ895E/M9rJxBceimXcQJM0tmiIBEYIjyJBPe4YhTEyBBCFTe3YjogilAwwRVMCO78y4ukcVZxnYp7d16sXmdx5NEBOkIl5KILVEW3qIbqiKJH9Ixe0Zv1ZL1Y79bHrDVnZTP76A+szx8Q45W8</latexit><latexit sha1_base64="33gxYVFHCReGaWEuL/XKCrFpVRw=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFiEFrQkIuhFKHrxWMF+QBvKZrtpl242YXcilNCLF/+KFw+KePU/ePPfuG1z0NYHA4/3ZpiZ58eCa3Ccbyu3tLyyupZfL2xsbm3v2Lt7DR0lirI6jUSkWj7RTHDJ6sBBsFasGAl9wZr+8GbiNx+Y0jyS9zCKmReSvuQBpwSM1LUPeyUo41M8KMEJ7sCAAenyMr7C0uhdu+hUnCnwInEzUkQZal37q9OLaBIyCVQQrduuE4OXEgWcCjYudBLNYkKHpM/ahkoSMu2l0y/G+NgoPRxEypQEPFV/T6Qk1HoU+qYzJDDQ895E/M9rJxBceimXcQJM0tmiIBEYIjyJBPe4YhTEyBBCFTe3YjogilAwwRVMCO78y4ukcVZxnYp7d16sXmdx5NEBOkIl5KILVEW3qIbqiKJH9Ixe0Zv1ZL1Y79bHrDVnZTP76A+szx8Q45W8</latexit>

 Assume that the noise is Gaussian (but not necessarily white): non white noise has different 
variance at different frequencies. The the likelihood can be written as 

p(d(t)|H1, s̄(t,�)) = p(d(t)� s(t,~�)) = pn
<latexit sha1_base64="q6OE9mCklNM85yvxSUc19QtwlV8="></latexit><latexit sha1_base64="q6OE9mCklNM85yvxSUc19QtwlV8="></latexit><latexit sha1_base64="q6OE9mCklNM85yvxSUc19QtwlV8="></latexit><latexit sha1_base64="q6OE9mCklNM85yvxSUc19QtwlV8="></latexit>

The inner product: matched filtering (a|b) ⌘ 4<
Z 1

0

ã(f)b̃⇤(f)

Sn(f)
df

<latexit sha1_base64="/oExm6UXu7fSHN3s7YTdJO3Gt+U="></latexit><latexit sha1_base64="/oExm6UXu7fSHN3s7YTdJO3Gt+U="></latexit><latexit sha1_base64="/oExm6UXu7fSHN3s7YTdJO3Gt+U="></latexit><latexit sha1_base64="/oExm6UXu7fSHN3s7YTdJO3Gt+U="></latexit>

 We search for parameters which maximize the likelihood: making the residuals most 
noise-like — maximum likelihood estimators for parameters ✓̂i

<latexit sha1_base64="iC2dDgHxuRlbUhK+QrEyQN5OPVQ=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkAby2Y7aZZuNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2SaQ5MnMtGdgBmQQkETBUropBpYHEhoB6Obqd9+BG1Eou5xnIIfs6ESoeAMrfTQixjmPYwA2aQv+pWqW3NnoMvEK0iVFGj0K1+9QcKzGBRyyYzpem6Kfs40Ci5hUu5lBlLGR2wIXUsVi8H4+ezqCT21yoCGibalkM7U3xM5i40Zx4HtjBlGZtGbiv953QzDKz8XKs0QFJ8vCjNJMaHTCOhAaOAox5YwroW9lfKIacbRBlW2IXiLLy+T1nnNc2ve3UW1fl3EUSLH5IScEY9ckjq5JQ3SJJxo8kxeyZvz5Lw4787HvHXFKWaOyB84nz/+HpLR</latexit><latexit sha1_base64="iC2dDgHxuRlbUhK+QrEyQN5OPVQ=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkAby2Y7aZZuNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2SaQ5MnMtGdgBmQQkETBUropBpYHEhoB6Obqd9+BG1Eou5xnIIfs6ESoeAMrfTQixjmPYwA2aQv+pWqW3NnoMvEK0iVFGj0K1+9QcKzGBRyyYzpem6Kfs40Ci5hUu5lBlLGR2wIXUsVi8H4+ezqCT21yoCGibalkM7U3xM5i40Zx4HtjBlGZtGbiv953QzDKz8XKs0QFJ8vCjNJMaHTCOhAaOAox5YwroW9lfKIacbRBlW2IXiLLy+T1nnNc2ve3UW1fl3EUSLH5IScEY9ckjq5JQ3SJJxo8kxeyZvz5Lw4787HvHXFKWaOyB84nz/+HpLR</latexit><latexit sha1_base64="iC2dDgHxuRlbUhK+QrEyQN5OPVQ=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkAby2Y7aZZuNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2SaQ5MnMtGdgBmQQkETBUropBpYHEhoB6Obqd9+BG1Eou5xnIIfs6ESoeAMrfTQixjmPYwA2aQv+pWqW3NnoMvEK0iVFGj0K1+9QcKzGBRyyYzpem6Kfs40Ci5hUu5lBlLGR2wIXUsVi8H4+ezqCT21yoCGibalkM7U3xM5i40Zx4HtjBlGZtGbiv953QzDKz8XKs0QFJ8vCjNJMaHTCOhAaOAox5YwroW9lfKIacbRBlW2IXiLLy+T1nnNc2ve3UW1fl3EUSLH5IScEY9ckjq5JQ3SJJxo8kxeyZvz5Lw4787HvHXFKWaOyB84nz/+HpLR</latexit><latexit sha1_base64="iC2dDgHxuRlbUhK+QrEyQN5OPVQ=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KokIeix68VjBfkAby2Y7aZZuNmF3opTQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2SaQ5MnMtGdgBmQQkETBUropBpYHEhoB6Obqd9+BG1Eou5xnIIfs6ESoeAMrfTQixjmPYwA2aQv+pWqW3NnoMvEK0iVFGj0K1+9QcKzGBRyyYzpem6Kfs40Ci5hUu5lBlLGR2wIXUsVi8H4+ezqCT21yoCGibalkM7U3xM5i40Zx4HtjBlGZtGbiv953QzDKz8XKs0QFJ8vCjNJMaHTCOhAaOAox5YwroW9lfKIacbRBlW2IXiLLy+T1nnNc2ve3UW1fl3EUSLH5IScEY9ckjq5JQ3SJJxo8kxeyZvz5Lw4787HvHXFKWaOyB84nz/+HpLR</latexit>

p(d|H1, ✓i) / e
� 1

2 (d�h(✓i)|d�h(✓i)
<latexit sha1_base64="SOuMuy2hQZhXuOraDoLeOS3GnLA="></latexit><latexit sha1_base64="SOuMuy2hQZhXuOraDoLeOS3GnLA="></latexit><latexit sha1_base64="SOuMuy2hQZhXuOraDoLeOS3GnLA="></latexit><latexit sha1_base64="SOuMuy2hQZhXuOraDoLeOS3GnLA="></latexit>

Likelihood: 



Likelihood

22

  For a given noise realization the maximum likelihood estimators. 
How close the estimated parameters to the true depends on the noise realization and on 
the strength of the signal: stronger the signal (high signal-to-noise ratio, SNR) closer 
estimators to the true values — less influence of the noise. Unbiased estimator: equal to 
true if averaged over the noise realizations.

✓̂ 6= ✓true
<latexit sha1_base64="LlRU7fJ/Q5Mk7uKFSGygpHWiVRo=">AAACCHicbVA9SwNBEN2LXzF+RS0tXAyCVbgTQcugjWUEkwi549jbTJIle3vn7pwQjpQ2/hUbC0Vs/Ql2/hs3H4UmPhh4+94MO/OiVAqDrvvtFJaWV1bXiuuljc2t7Z3y7l7TJJnm0OCJTPRdxAxIoaCBAiXcpRpYHEloRYOrsd96AG1Eom5xmEIQs54SXcEZWiksH/p9hrmPfUA2or6Cezp9hDnqDEZhueJW3QnoIvFmpEJmqIflL7+T8CwGhVwyY9qem2KQM42CSxiV/MxAyviA9aBtqWIxmCCfHDKix1bp0G6ibSmkE/X3RM5iY4ZxZDtjhn0z743F/7x2ht2LIBcqzRAUn37UzSTFhI5ToR2hgaMcWsK4FnZXyvtMM442u5INwZs/eZE0T6ueW/Vuziq1y1kcRXJAjsgJ8cg5qZFrUicNwskjeSav5M15cl6cd+dj2lpwZjP75A+czx+MlppN</latexit><latexit sha1_base64="LlRU7fJ/Q5Mk7uKFSGygpHWiVRo=">AAACCHicbVA9SwNBEN2LXzF+RS0tXAyCVbgTQcugjWUEkwi549jbTJIle3vn7pwQjpQ2/hUbC0Vs/Ql2/hs3H4UmPhh4+94MO/OiVAqDrvvtFJaWV1bXiuuljc2t7Z3y7l7TJJnm0OCJTPRdxAxIoaCBAiXcpRpYHEloRYOrsd96AG1Eom5xmEIQs54SXcEZWiksH/p9hrmPfUA2or6Cezp9hDnqDEZhueJW3QnoIvFmpEJmqIflL7+T8CwGhVwyY9qem2KQM42CSxiV/MxAyviA9aBtqWIxmCCfHDKix1bp0G6ibSmkE/X3RM5iY4ZxZDtjhn0z743F/7x2ht2LIBcqzRAUn37UzSTFhI5ToR2hgaMcWsK4FnZXyvtMM442u5INwZs/eZE0T6ueW/Vuziq1y1kcRXJAjsgJ8cg5qZFrUicNwskjeSav5M15cl6cd+dj2lpwZjP75A+czx+MlppN</latexit><latexit sha1_base64="LlRU7fJ/Q5Mk7uKFSGygpHWiVRo=">AAACCHicbVA9SwNBEN2LXzF+RS0tXAyCVbgTQcugjWUEkwi549jbTJIle3vn7pwQjpQ2/hUbC0Vs/Ql2/hs3H4UmPhh4+94MO/OiVAqDrvvtFJaWV1bXiuuljc2t7Z3y7l7TJJnm0OCJTPRdxAxIoaCBAiXcpRpYHEloRYOrsd96AG1Eom5xmEIQs54SXcEZWiksH/p9hrmPfUA2or6Cezp9hDnqDEZhueJW3QnoIvFmpEJmqIflL7+T8CwGhVwyY9qem2KQM42CSxiV/MxAyviA9aBtqWIxmCCfHDKix1bp0G6ibSmkE/X3RM5iY4ZxZDtjhn0z743F/7x2ht2LIBcqzRAUn37UzSTFhI5ToR2hgaMcWsK4FnZXyvtMM442u5INwZs/eZE0T6ueW/Vuziq1y1kcRXJAjsgJ8cg5qZFrUicNwskjeSav5M15cl6cd+dj2lpwZjP75A+czx+MlppN</latexit><latexit sha1_base64="LlRU7fJ/Q5Mk7uKFSGygpHWiVRo=">AAACCHicbVA9SwNBEN2LXzF+RS0tXAyCVbgTQcugjWUEkwi549jbTJIle3vn7pwQjpQ2/hUbC0Vs/Ql2/hs3H4UmPhh4+94MO/OiVAqDrvvtFJaWV1bXiuuljc2t7Z3y7l7TJJnm0OCJTPRdxAxIoaCBAiXcpRpYHEloRYOrsd96AG1Eom5xmEIQs54SXcEZWiksH/p9hrmPfUA2or6Cezp9hDnqDEZhueJW3QnoIvFmpEJmqIflL7+T8CwGhVwyY9qem2KQM42CSxiV/MxAyviA9aBtqWIxmCCfHDKix1bp0G6ibSmkE/X3RM5iY4ZxZDtjhn0z743F/7x2ht2LIBcqzRAUn37UzSTFhI5ToR2hgaMcWsK4FnZXyvtMM442u5INwZs/eZE0T6ueW/Vuziq1y1kcRXJAjsgJ8cg5qZFrUicNwskjeSav5M15cl6cd+dj2lpwZjP75A+czx+MlppN</latexit>

< ✓̂ >= ✓true
<latexit sha1_base64="8FTVPxEly2VZQ++U6mfBIs5jqdc=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDAIVmFXBC1UgjaWEcwFsiHMTk6SIbMXZs4KYdnSxlexsVDE1kew822cJFto4g8DH/85hzPn92MpNDrOt7WwuLS8slpYK65vbG5t2zu7dR0likONRzJSTZ9pkCKEGgqU0IwVsMCX0PCHN+N64wGUFlF4j6MY2gHrh6InOENjdeyDC2/AMPVwAMiyK0ov6ZQ7KaoEso5dcsrORHQe3BxKJFe1Y3953YgnAYTIJdO65ToxtlOmUHAJWdFLNMSMD1kfWgZDFoBup5NDMnpknC7tRcq8EOnE/T2RskDrUeCbzoDhQM/WxuZ/tVaCvfN2KsI4QQj5dFEvkRQjOk6FdoUCjnJkgHElzF8pHzDFOJrsiiYEd/bkeaiflF2n7N6dlirXeRwFsk8OyTFxyRmpkFtSJTXCySN5Jq/kzXqyXqx362PaumDlM3vkj6zPH03nmYQ=</latexit><latexit sha1_base64="8FTVPxEly2VZQ++U6mfBIs5jqdc=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDAIVmFXBC1UgjaWEcwFsiHMTk6SIbMXZs4KYdnSxlexsVDE1kew822cJFto4g8DH/85hzPn92MpNDrOt7WwuLS8slpYK65vbG5t2zu7dR0likONRzJSTZ9pkCKEGgqU0IwVsMCX0PCHN+N64wGUFlF4j6MY2gHrh6InOENjdeyDC2/AMPVwAMiyK0ov6ZQ7KaoEso5dcsrORHQe3BxKJFe1Y3953YgnAYTIJdO65ToxtlOmUHAJWdFLNMSMD1kfWgZDFoBup5NDMnpknC7tRcq8EOnE/T2RskDrUeCbzoDhQM/WxuZ/tVaCvfN2KsI4QQj5dFEvkRQjOk6FdoUCjnJkgHElzF8pHzDFOJrsiiYEd/bkeaiflF2n7N6dlirXeRwFsk8OyTFxyRmpkFtSJTXCySN5Jq/kzXqyXqx362PaumDlM3vkj6zPH03nmYQ=</latexit><latexit sha1_base64="8FTVPxEly2VZQ++U6mfBIs5jqdc=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDAIVmFXBC1UgjaWEcwFsiHMTk6SIbMXZs4KYdnSxlexsVDE1kew822cJFto4g8DH/85hzPn92MpNDrOt7WwuLS8slpYK65vbG5t2zu7dR0likONRzJSTZ9pkCKEGgqU0IwVsMCX0PCHN+N64wGUFlF4j6MY2gHrh6InOENjdeyDC2/AMPVwAMiyK0ov6ZQ7KaoEso5dcsrORHQe3BxKJFe1Y3953YgnAYTIJdO65ToxtlOmUHAJWdFLNMSMD1kfWgZDFoBup5NDMnpknC7tRcq8EOnE/T2RskDrUeCbzoDhQM/WxuZ/tVaCvfN2KsI4QQj5dFEvkRQjOk6FdoUCjnJkgHElzF8pHzDFOJrsiiYEd/bkeaiflF2n7N6dlirXeRwFsk8OyTFxyRmpkFtSJTXCySN5Jq/kzXqyXqx362PaumDlM3vkj6zPH03nmYQ=</latexit><latexit sha1_base64="8FTVPxEly2VZQ++U6mfBIs5jqdc=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDAIVmFXBC1UgjaWEcwFsiHMTk6SIbMXZs4KYdnSxlexsVDE1kew822cJFto4g8DH/85hzPn92MpNDrOt7WwuLS8slpYK65vbG5t2zu7dR0likONRzJSTZ9pkCKEGgqU0IwVsMCX0PCHN+N64wGUFlF4j6MY2gHrh6InOENjdeyDC2/AMPVwAMiyK0ov6ZQ7KaoEso5dcsrORHQe3BxKJFe1Y3953YgnAYTIJdO65ToxtlOmUHAJWdFLNMSMD1kfWgZDFoBup5NDMnpknC7tRcq8EOnE/T2RskDrUeCbzoDhQM/WxuZ/tVaCvfN2KsI4QQj5dFEvkRQjOk6FdoUCjnJkgHElzF8pHzDFOJrsiiYEd/bkeaiflF2n7N6dlirXeRwFsk8OyTFxyRmpkFtSJTXCySN5Jq/kzXqyXqx362PaumDlM3vkj6zPH03nmYQ=</latexit>

If                           — lack of accuracy in the signal modelling: systematic bias in parameter 
estimation.

s 6= h(✓true)
<latexit sha1_base64="/aNeBcZ+AVfYfEk8X+Hhf5OiHRM=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgxEvYFUGPQS8eI5gHZJcwO+kkQ2Znl5leIaw5+CtePCji1d/w5t84eRw0saChqOqmuytMpDDout9ObmV1bX0jv1nY2t7Z3SvuHzRMnGoOdR7LWLdCZkAKBXUUKKGVaGBRKKEZDm8mfvMBtBGxusdRAkHE+kr0BGdopU7xyFBfAR2UfRwAsk6GOoXxWadYcivuFHSZeHNSInPUOsUvvxvzNAKFXDJj2p6bYJAxjYJLGBf81EDC+JD1oW2pYhGYIJveP6anVunSXqxtKaRT9fdExiJjRlFoOyOGA7PoTcT/vHaKvasgEypJERSfLeqlkmJMJ2HQrtDAUY4sYVwLeyvlA6YZRxtZwYbgLb68TBrnFc+teHcXper1PI48OSYnpEw8ckmq5JbUSJ1w8kieySt5c56cF+fd+Zi15pz5zCH5A+fzB1oKlas=</latexit><latexit sha1_base64="/aNeBcZ+AVfYfEk8X+Hhf5OiHRM=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgxEvYFUGPQS8eI5gHZJcwO+kkQ2Znl5leIaw5+CtePCji1d/w5t84eRw0saChqOqmuytMpDDout9ObmV1bX0jv1nY2t7Z3SvuHzRMnGoOdR7LWLdCZkAKBXUUKKGVaGBRKKEZDm8mfvMBtBGxusdRAkHE+kr0BGdopU7xyFBfAR2UfRwAsk6GOoXxWadYcivuFHSZeHNSInPUOsUvvxvzNAKFXDJj2p6bYJAxjYJLGBf81EDC+JD1oW2pYhGYIJveP6anVunSXqxtKaRT9fdExiJjRlFoOyOGA7PoTcT/vHaKvasgEypJERSfLeqlkmJMJ2HQrtDAUY4sYVwLeyvlA6YZRxtZwYbgLb68TBrnFc+teHcXper1PI48OSYnpEw8ckmq5JbUSJ1w8kieySt5c56cF+fd+Zi15pz5zCH5A+fzB1oKlas=</latexit><latexit sha1_base64="/aNeBcZ+AVfYfEk8X+Hhf5OiHRM=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgxEvYFUGPQS8eI5gHZJcwO+kkQ2Znl5leIaw5+CtePCji1d/w5t84eRw0saChqOqmuytMpDDout9ObmV1bX0jv1nY2t7Z3SvuHzRMnGoOdR7LWLdCZkAKBXUUKKGVaGBRKKEZDm8mfvMBtBGxusdRAkHE+kr0BGdopU7xyFBfAR2UfRwAsk6GOoXxWadYcivuFHSZeHNSInPUOsUvvxvzNAKFXDJj2p6bYJAxjYJLGBf81EDC+JD1oW2pYhGYIJveP6anVunSXqxtKaRT9fdExiJjRlFoOyOGA7PoTcT/vHaKvasgEypJERSfLeqlkmJMJ2HQrtDAUY4sYVwLeyvlA6YZRxtZwYbgLb68TBrnFc+teHcXper1PI48OSYnpEw8ckmq5JbUSJ1w8kieySt5c56cF+fd+Zi15pz5zCH5A+fzB1oKlas=</latexit><latexit sha1_base64="/aNeBcZ+AVfYfEk8X+Hhf5OiHRM=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgxEvYFUGPQS8eI5gHZJcwO+kkQ2Znl5leIaw5+CtePCji1d/w5t84eRw0saChqOqmuytMpDDout9ObmV1bX0jv1nY2t7Z3SvuHzRMnGoOdR7LWLdCZkAKBXUUKKGVaGBRKKEZDm8mfvMBtBGxusdRAkHE+kr0BGdopU7xyFBfAR2UfRwAsk6GOoXxWadYcivuFHSZeHNSInPUOsUvvxvzNAKFXDJj2p6bYJAxjYJLGBf81EDC+JD1oW2pYhGYIJveP6anVunSXqxtKaRT9fdExiJjRlFoOyOGA7PoTcT/vHaKvasgEypJERSfLeqlkmJMJ2HQrtDAUY4sYVwLeyvlA6YZRxtZwYbgLb68TBrnFc+teHcXper1PI48OSYnpEw8ckmq5JbUSJ1w8kieySt5c56cF+fd+Zi15pz5zCH5A+fzB1oKlas=</latexit>

min✓i(s� h(✓i)|s� h(✓i)) ! ✓̃i
<latexit sha1_base64="pwrGDNU8N5TFSUJ5Tkak7Uzu+ts=">AAACMXicbVBNSwMxEM36WetX1aOXYBHag2VXBIVeil56rGBV6JYlm05tMJtdklmhrP1LXvwn4qUHRbz6J0zrClZ9MPDmzTySeWEihUHXHTtz8wuLS8uFleLq2vrGZmlr+9LEqebQ5rGM9XXIDEihoI0CJVwnGlgUSrgKb88m86s70EbE6gKHCXQjdqNEX3CGVgpKzUioIPNxAMgCMaIVczCofLdVek9n+6pf9+vUx9iWkD3InaNABKWyW3OnoH+Jl5MyydEKSk9+L+ZpBAq5ZMZ0PDfBbsY0Ci5hV PRTAwnjt+wGOpYqFoHpZtOLR3TfKj3aj7UthXSq/nRkLDJmGIV2M2I4ML9nE/G/WSfF/kk3EypJERT/eqifSmovnsRHe0IDRzm0hHEt7F8pHzDNONqQizYE7/fJf8nlYc1za975UblxmsdRILtkj1SIR45JgzRJi7QJJw/kmbyQV+fRGTtvzvvX6pyTe3bIDJyPT1GwqRA=</latexit><latexit sha1_base64="pwrGDNU8N5TFSUJ5Tkak7Uzu+ts=">AAACMXicbVBNSwMxEM36WetX1aOXYBHag2VXBIVeil56rGBV6JYlm05tMJtdklmhrP1LXvwn4qUHRbz6J0zrClZ9MPDmzTySeWEihUHXHTtz8wuLS8uFleLq2vrGZmlr+9LEqebQ5rGM9XXIDEihoI0CJVwnGlgUSrgKb88m86s70EbE6gKHCXQjdqNEX3CGVgpKzUioIPNxAMgCMaIVczCofLdVek9n+6pf9+vUx9iWkD3InaNABKWyW3OnoH+Jl5MyydEKSk9+L+ZpBAq5ZMZ0PDfBbsY0Ci5hV PRTAwnjt+wGOpYqFoHpZtOLR3TfKj3aj7UthXSq/nRkLDJmGIV2M2I4ML9nE/G/WSfF/kk3EypJERT/eqifSmovnsRHe0IDRzm0hHEt7F8pHzDNONqQizYE7/fJf8nlYc1za975UblxmsdRILtkj1SIR45JgzRJi7QJJw/kmbyQV+fRGTtvzvvX6pyTe3bIDJyPT1GwqRA=</latexit><latexit sha1_base64="pwrGDNU8N5TFSUJ5Tkak7Uzu+ts=">AAACMXicbVBNSwMxEM36WetX1aOXYBHag2VXBIVeil56rGBV6JYlm05tMJtdklmhrP1LXvwn4qUHRbz6J0zrClZ9MPDmzTySeWEihUHXHTtz8wuLS8uFleLq2vrGZmlr+9LEqebQ5rGM9XXIDEihoI0CJVwnGlgUSrgKb88m86s70EbE6gKHCXQjdqNEX3CGVgpKzUioIPNxAMgCMaIVczCofLdVek9n+6pf9+vUx9iWkD3InaNABKWyW3OnoH+Jl5MyydEKSk9+L+ZpBAq5ZMZ0PDfBbsY0Ci5hV PRTAwnjt+wGOpYqFoHpZtOLR3TfKj3aj7UthXSq/nRkLDJmGIV2M2I4ML9nE/G/WSfF/kk3EypJERT/eqifSmovnsRHe0IDRzm0hHEt7F8pHzDNONqQizYE7/fJf8nlYc1za975UblxmsdRILtkj1SIR45JgzRJi7QJJw/kmbyQV+fRGTtvzvvX6pyTe3bIDJyPT1GwqRA=</latexit><latexit sha1_base64="pwrGDNU8N5TFSUJ5Tkak7Uzu+ts=">AAACMXicbVBNSwMxEM36WetX1aOXYBHag2VXBIVeil56rGBV6JYlm05tMJtdklmhrP1LXvwn4qUHRbz6J0zrClZ9MPDmzTySeWEihUHXHTtz8wuLS8uFleLq2vrGZmlr+9LEqebQ5rGM9XXIDEihoI0CJVwnGlgUSrgKb88m86s70EbE6gKHCXQjdqNEX3CGVgpKzUioIPNxAMgCMaIVczCofLdVek9n+6pf9+vUx9iWkD3InaNABKWyW3OnoH+Jl5MyydEKSk9+L+ZpBAq5ZMZ0PDfBbsY0Ci5hV PRTAwnjt+wGOpYqFoHpZtOLR3TfKj3aj7UthXSq/nRkLDJmGIV2M2I4ML9nE/G/WSfF/kk3EypJERT/eqifSmovnsRHe0IDRzm0hHEt7F8pHzDNONqQizYE7/fJf8nlYc1za975UblxmsdRILtkj1SIR45JgzRJi7QJJw/kmbyQV+fRGTtvzvvX6pyTe3bIDJyPT1GwqRA=</latexit>

|✓true � ✓̃i| = �✓i
<latexit sha1_base64="KEiOIReMUdF3EKSu5fYApPf0MyE=">AAACHXicbVC7SgNBFJ2Nrxhfq5Y2g0GwMexKQBshaGMZwaiQDcvs7E0yZPbBzF0hbPIjNv6KjYUiFjbi3zhJttDogYHDOedy554glUKj43xZpYXFpeWV8mplbX1jc8ve3rnRSaY4tHgiE3UXMA1SxNBCgRLuUgUsCiTcBoOLiX97D0qLJL7GYQqdiPVi0RWcoZF8uz7ysA/I/BxVBmN6RD0UMoR8Jo99MaJn1AtBIqNFVPh21ak5U9C/xC1IlRRo+vaHFyY8iyBGLpnWbddJsZMzhYJLGFe8TEPK+ID1oG1ozCLQnXx63ZgeGCWk3USZFyOdqj8nchZpPYwCk4wY9vW8NxH/89oZdk87uYjTDCHms0XdTFJM6KQqGgoFHOXQEMaVMH+lvM8U42gKrZgS3PmT/5Kb45rr1NyrerVxXtRRJntknxwSl5yQBrkkTdIinDyQJ/JCXq1H69l6s95n0ZJVzOySX7A+vwEUMKJ+</latexit><latexit sha1_base64="KEiOIReMUdF3EKSu5fYApPf0MyE=">AAACHXicbVC7SgNBFJ2Nrxhfq5Y2g0GwMexKQBshaGMZwaiQDcvs7E0yZPbBzF0hbPIjNv6KjYUiFjbi3zhJttDogYHDOedy554glUKj43xZpYXFpeWV8mplbX1jc8ve3rnRSaY4tHgiE3UXMA1SxNBCgRLuUgUsCiTcBoOLiX97D0qLJL7GYQqdiPVi0RWcoZF8uz7ysA/I/BxVBmN6RD0UMoR8Jo99MaJn1AtBIqNFVPh21ak5U9C/xC1IlRRo+vaHFyY8iyBGLpnWbddJsZMzhYJLGFe8TEPK+ID1oG1ozCLQnXx63ZgeGCWk3USZFyOdqj8nchZpPYwCk4wY9vW8NxH/89oZdk87uYjTDCHms0XdTFJM6KQqGgoFHOXQEMaVMH+lvM8U42gKrZgS3PmT/5Kb45rr1NyrerVxXtRRJntknxwSl5yQBrkkTdIinDyQJ/JCXq1H69l6s95n0ZJVzOySX7A+vwEUMKJ+</latexit><latexit sha1_base64="KEiOIReMUdF3EKSu5fYApPf0MyE=">AAACHXicbVC7SgNBFJ2Nrxhfq5Y2g0GwMexKQBshaGMZwaiQDcvs7E0yZPbBzF0hbPIjNv6KjYUiFjbi3zhJttDogYHDOedy554glUKj43xZpYXFpeWV8mplbX1jc8ve3rnRSaY4tHgiE3UXMA1SxNBCgRLuUgUsCiTcBoOLiX97D0qLJL7GYQqdiPVi0RWcoZF8uz7ysA/I/BxVBmN6RD0UMoR8Jo99MaJn1AtBIqNFVPh21ak5U9C/xC1IlRRo+vaHFyY8iyBGLpnWbddJsZMzhYJLGFe8TEPK+ID1oG1ozCLQnXx63ZgeGCWk3USZFyOdqj8nchZpPYwCk4wY9vW8NxH/89oZdk87uYjTDCHms0XdTFJM6KQqGgoFHOXQEMaVMH+lvM8U42gKrZgS3PmT/5Kb45rr1NyrerVxXtRRJntknxwSl5yQBrkkTdIinDyQJ/JCXq1H69l6s95n0ZJVzOySX7A+vwEUMKJ+</latexit><latexit sha1_base64="KEiOIReMUdF3EKSu5fYApPf0MyE=">AAACHXicbVC7SgNBFJ2Nrxhfq5Y2g0GwMexKQBshaGMZwaiQDcvs7E0yZPbBzF0hbPIjNv6KjYUiFjbi3zhJttDogYHDOedy554glUKj43xZpYXFpeWV8mplbX1jc8ve3rnRSaY4tHgiE3UXMA1SxNBCgRLuUgUsCiTcBoOLiX97D0qLJL7GYQqdiPVi0RWcoZF8uz7ysA/I/BxVBmN6RD0UMoR8Jo99MaJn1AtBIqNFVPh21ak5U9C/xC1IlRRo+vaHFyY8iyBGLpnWbddJsZMzhYJLGFe8TEPK+ID1oG1ozCLQnXx63ZgeGCWk3USZFyOdqj8nchZpPYwCk4wY9vW8NxH/89oZdk87uYjTDCHms0XdTFJM6KQqGgoFHOXQEMaVMH+lvM8U42gKrZgS3PmT/5Kb45rr1NyrerVxXtRRJntknxwSl5yQBrkkTdIinDyQJ/JCXq1H69l6s95n0ZJVzOySX7A+vwEUMKJ+</latexit>

bias

If there is a bias, we still can detect the GW signal on expense of making error in parameters 
charactrizing the system (binary): effectualness

Faithfulness
(s|h(✓true)p

(s|s)(h(✓true)|h(✓true))
<latexit sha1_base64="HrDP6V8SpJvFBdy/w+qSMJfcvR0=">AAACO3icbVA9SwNBFNzz2/MrammzGISkCXciaCnaWKoYE8gdYW/zLlnc+3D3nRDO+182/gk7GxsLRWzt3cQUenFgYZiZx9s3QSqFRsd5tmZm5+YXFpeW7ZXVtfWNyubWtU4yxaHJE5modsA0SBFDEwVKaKcKWBRIaAU3pyO/dQdKiyS+wmEKfsT6sQgFZ2ikbuXSCxXjeU3fD2oeDgBZN0eVQVEv7NzTtwpzakxdp7Vy4J7aZYnWaVF0K1Wn4YxBp4k7IVUywXm38uT1Ep5FECOXTOuO66To50yh4BIK28s0pIzfsD50DI1ZBNrPx7cXdM8oPRomyrwY6Vj9PZGzSOthFJhkxHCgy95I/M/rZBge+bmI0wwh5j+LwkxSTOioSNoTCjjKoSGMK2H+SvmAmTLR1G2bEtzyydPker/hOg334qB6fDKpY4nskF1SIy45JMfkjJyTJuHkgbyQN/JuPVqv1of1+ROdsSYz2+QPrK9v8Tat9g==</latexit><latexit sha1_base64="HrDP6V8SpJvFBdy/w+qSMJfcvR0=">AAACO3icbVA9SwNBFNzz2/MrammzGISkCXciaCnaWKoYE8gdYW/zLlnc+3D3nRDO+182/gk7GxsLRWzt3cQUenFgYZiZx9s3QSqFRsd5tmZm5+YXFpeW7ZXVtfWNyubWtU4yxaHJE5modsA0SBFDEwVKaKcKWBRIaAU3pyO/dQdKiyS+wmEKfsT6sQgFZ2ikbuXSCxXjeU3fD2oeDgBZN0eVQVEv7NzTtwpzakxdp7Vy4J7aZYnWaVF0K1Wn4YxBp4k7IVUywXm38uT1Ep5FECOXTOuO66To50yh4BIK28s0pIzfsD50DI1ZBNrPx7cXdM8oPRomyrwY6Vj9PZGzSOthFJhkxHCgy95I/M/rZBge+bmI0wwh5j+LwkxSTOioSNoTCjjKoSGMK2H+SvmAmTLR1G2bEtzyydPker/hOg334qB6fDKpY4nskF1SIy45JMfkjJyTJuHkgbyQN/JuPVqv1of1+ROdsSYz2+QPrK9v8Tat9g==</latexit><latexit sha1_base64="HrDP6V8SpJvFBdy/w+qSMJfcvR0=">AAACO3icbVA9SwNBFNzz2/MrammzGISkCXciaCnaWKoYE8gdYW/zLlnc+3D3nRDO+182/gk7GxsLRWzt3cQUenFgYZiZx9s3QSqFRsd5tmZm5+YXFpeW7ZXVtfWNyubWtU4yxaHJE5modsA0SBFDEwVKaKcKWBRIaAU3pyO/dQdKiyS+wmEKfsT6sQgFZ2ikbuXSCxXjeU3fD2oeDgBZN0eVQVEv7NzTtwpzakxdp7Vy4J7aZYnWaVF0K1Wn4YxBp4k7IVUywXm38uT1Ep5FECOXTOuO66To50yh4BIK28s0pIzfsD50DI1ZBNrPx7cXdM8oPRomyrwY6Vj9PZGzSOthFJhkxHCgy95I/M/rZBge+bmI0wwh5j+LwkxSTOioSNoTCjjKoSGMK2H+SvmAmTLR1G2bEtzyydPker/hOg334qB6fDKpY4nskF1SIy45JMfkjJyTJuHkgbyQN/JuPVqv1of1+ROdsSYz2+QPrK9v8Tat9g==</latexit><latexit sha1_base64="HrDP6V8SpJvFBdy/w+qSMJfcvR0=">AAACO3icbVA9SwNBFNzz2/MrammzGISkCXciaCnaWKoYE8gdYW/zLlnc+3D3nRDO+182/gk7GxsLRWzt3cQUenFgYZiZx9s3QSqFRsd5tmZm5+YXFpeW7ZXVtfWNyubWtU4yxaHJE5modsA0SBFDEwVKaKcKWBRIaAU3pyO/dQdKiyS+wmEKfsT6sQgFZ2ikbuXSCxXjeU3fD2oeDgBZN0eVQVEv7NzTtwpzakxdp7Vy4J7aZYnWaVF0K1Wn4YxBp4k7IVUywXm38uT1Ep5FECOXTOuO66To50yh4BIK28s0pIzfsD50DI1ZBNrPx7cXdM8oPRomyrwY6Vj9PZGzSOthFJhkxHCgy95I/M/rZBge+bmI0wwh5j+LwkxSTOioSNoTCjjKoSGMK2H+SvmAmTLR1G2bEtzyydPker/hOg334qB6fDKpY4nskF1SIy45JMfkjJyTJuHkgbyQN/JuPVqv1of1+ROdsSYz2+QPrK9v8Tat9g==</latexit>

Overlap (ŝ|ĥ), ĥ =
hp
(h|h)

<latexit sha1_base64="S13Ka32XgmLLFkogTlNEijNEWdg=">AAACI3icbVDLSgMxFM34dnxVXboJFqEFKTMiKIpQdONSwVahU0omzXRCMw+TO0KZzr+48VfcuFDEjQv/xcw4C209IeTknHtJ7nFjwRVY1qcxMzs3v7C4tGyurK6tb1Q2t9oqSiRlLRqJSN65RDHBQ9YCDoLdxZKRwBXs1h1e5P7tA5OKR+ENjGLWDcgg5B6nBLTUq5zUHJ9AqrJxcfpZfd85zZdZ3vEZdjxJqKapo+4lpDV/7NezzOxVqlbDKoCniV2SKipx1au8O/2IJgELgQqiVMe2YuimRAKngmWmkygWEzokA9bRNCQBU920mDHDe1rpYy+SeoeAC/V3R0oCpUaBqysDAr6a9HLxP6+TgHfcTXkYJ8BC+vOQlwgMEc4Dw30uGQUx0oRQyfVfMfWJTgR0rHkI9uTI06R90LCthn19WG2el3EsoR20i2rIRkeoiS7RFWohih7RM3pFb8aT8WK8Gx8/pTNG2bON/sD4+gafRKQ/</latexit><latexit sha1_base64="S13Ka32XgmLLFkogTlNEijNEWdg=">AAACI3icbVDLSgMxFM34dnxVXboJFqEFKTMiKIpQdONSwVahU0omzXRCMw+TO0KZzr+48VfcuFDEjQv/xcw4C209IeTknHtJ7nFjwRVY1qcxMzs3v7C4tGyurK6tb1Q2t9oqSiRlLRqJSN65RDHBQ9YCDoLdxZKRwBXs1h1e5P7tA5OKR+ENjGLWDcgg5B6nBLTUq5zUHJ9AqrJxcfpZfd85zZdZ3vEZdjxJqKapo+4lpDV/7NezzOxVqlbDKoCniV2SKipx1au8O/2IJgELgQqiVMe2YuimRAKngmWmkygWEzokA9bRNCQBU920mDHDe1rpYy+SeoeAC/V3R0oCpUaBqysDAr6a9HLxP6+TgHfcTXkYJ8BC+vOQlwgMEc4Dw30uGQUx0oRQyfVfMfWJTgR0rHkI9uTI06R90LCthn19WG2el3EsoR20i2rIRkeoiS7RFWohih7RM3pFb8aT8WK8Gx8/pTNG2bON/sD4+gafRKQ/</latexit><latexit sha1_base64="S13Ka32XgmLLFkogTlNEijNEWdg=">AAACI3icbVDLSgMxFM34dnxVXboJFqEFKTMiKIpQdONSwVahU0omzXRCMw+TO0KZzr+48VfcuFDEjQv/xcw4C209IeTknHtJ7nFjwRVY1qcxMzs3v7C4tGyurK6tb1Q2t9oqSiRlLRqJSN65RDHBQ9YCDoLdxZKRwBXs1h1e5P7tA5OKR+ENjGLWDcgg5B6nBLTUq5zUHJ9AqrJxcfpZfd85zZdZ3vEZdjxJqKapo+4lpDV/7NezzOxVqlbDKoCniV2SKipx1au8O/2IJgELgQqiVMe2YuimRAKngmWmkygWEzokA9bRNCQBU920mDHDe1rpYy+SeoeAC/V3R0oCpUaBqysDAr6a9HLxP6+TgHfcTXkYJ8BC+vOQlwgMEc4Dw30uGQUx0oRQyfVfMfWJTgR0rHkI9uTI06R90LCthn19WG2el3EsoR20i2rIRkeoiS7RFWohih7RM3pFb8aT8WK8Gx8/pTNG2bON/sD4+gafRKQ/</latexit><latexit sha1_base64="S13Ka32XgmLLFkogTlNEijNEWdg=">AAACI3icbVDLSgMxFM34dnxVXboJFqEFKTMiKIpQdONSwVahU0omzXRCMw+TO0KZzr+48VfcuFDEjQv/xcw4C209IeTknHtJ7nFjwRVY1qcxMzs3v7C4tGyurK6tb1Q2t9oqSiRlLRqJSN65RDHBQ9YCDoLdxZKRwBXs1h1e5P7tA5OKR+ENjGLWDcgg5B6nBLTUq5zUHJ9AqrJxcfpZfd85zZdZ3vEZdjxJqKapo+4lpDV/7NezzOxVqlbDKoCniV2SKipx1au8O/2IJgELgQqiVMe2YuimRAKngmWmkygWEzokA9bRNCQBU920mDHDe1rpYy+SeoeAC/V3R0oCpUaBqysDAr6a9HLxP6+TgHfcTXkYJ8BC+vOQlwgMEc4Dw30uGQUx0oRQyfVfMfWJTgR0rHkI9uTI06R90LCthn19WG2el3EsoR20i2rIRkeoiS7RFWohih7RM3pFb8aT8WK8Gx8/pTNG2bON/sD4+gafRKQ/</latexit>

normalized

Overlap varies [-1, 1]: 1 is a pefect match, related to the loss in SNR 
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✓1
<latexit sha1_base64="XcbIfupfABWbSnfQP9xF+WYTFho=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbSbt0swm7E6GE/govHhTx6s/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqDi0ey1h3A2ZACgUtFCihm2hgUSChE0xuc7/zBNqIWD3gNAE/YiMlQsEZWumxj2NANvAqg2rNrbtz0FXiFaRGCjQH1a/+MOZpBAq5ZMb0PDdBP2MaBZcwq/RTAwnjEzaCnqWKRWD8bH7wjJ5ZZUjDWNtSSOfq74mMRcZMo8B2RgzHZtnLxf+8XorhtZ8JlaQIii8WhamkGNP8ezoUGjjKqSWMa2FvpXzMNONoM8pD8JZfXiXti7rn1r37y1rjpoijTE7IKTknHrkiDXJHmqRFOInIM3klb452Xpx352PRWnKKmWPyB87nDwSSj+A=</latexit><latexit sha1_base64="XcbIfupfABWbSnfQP9xF+WYTFho=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbSbt0swm7E6GE/govHhTx6s/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqDi0ey1h3A2ZACgUtFCihm2hgUSChE0xuc7/zBNqIWD3gNAE/YiMlQsEZWumxj2NANvAqg2rNrbtz0FXiFaRGCjQH1a/+MOZpBAq5ZMb0PDdBP2MaBZcwq/RTAwnjEzaCnqWKRWD8bH7wjJ5ZZUjDWNtSSOfq74mMRcZMo8B2RgzHZtnLxf+8XorhtZ8JlaQIii8WhamkGNP8ezoUGjjKqSWMa2FvpXzMNONoM8pD8JZfXiXti7rn1r37y1rjpoijTE7IKTknHrkiDXJHmqRFOInIM3klb452Xpx352PRWnKKmWPyB87nDwSSj+A=</latexit><latexit sha1_base64="XcbIfupfABWbSnfQP9xF+WYTFho=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbSbt0swm7E6GE/govHhTx6s/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqDi0ey1h3A2ZACgUtFCihm2hgUSChE0xuc7/zBNqIWD3gNAE/YiMlQsEZWumxj2NANvAqg2rNrbtz0FXiFaRGCjQH1a/+MOZpBAq5ZMb0PDdBP2MaBZcwq/RTAwnjEzaCnqWKRWD8bH7wjJ5ZZUjDWNtSSOfq74mMRcZMo8B2RgzHZtnLxf+8XorhtZ8JlaQIii8WhamkGNP8ezoUGjjKqSWMa2FvpXzMNONoM8pD8JZfXiXti7rn1r37y1rjpoijTE7IKTknHrkiDXJHmqRFOInIM3klb452Xpx352PRWnKKmWPyB87nDwSSj+A=</latexit><latexit sha1_base64="XcbIfupfABWbSnfQP9xF+WYTFho=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9kPaUDbbSbt0swm7E6GE/govHhTx6s/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqDi0ey1h3A2ZACgUtFCihm2hgUSChE0xuc7/zBNqIWD3gNAE/YiMlQsEZWumxj2NANvAqg2rNrbtz0FXiFaRGCjQH1a/+MOZpBAq5ZMb0PDdBP2MaBZcwq/RTAwnjEzaCnqWKRWD8bH7wjJ5ZZUjDWNtSSOfq74mMRcZMo8B2RgzHZtnLxf+8XorhtZ8JlaQIii8WhamkGNP8ezoUGjjKqSWMa2FvpXzMNONoM8pD8JZfXiXti7rn1r37y1rjpoijTE7IKTknHrkiDXJHmqRFOInIM3klb452Xpx352PRWnKKmWPyB87nDwSSj+A=</latexit>

✓2
<latexit sha1_base64="xA8RhMrlephsvcgfPAnBkuzmHGA=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQIeix68VjBfkgbyma7aZfubsLuRCihv8KLB0W8+nO8+W/ctDlo64OBx3szzMwLE8ENet63s7a+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1kKNg3UQzIkPBOuHkNvc7T0wbHqsHnCYskGSkeMQpQSs99nHMkAzq5UGl6tW8OdxV4hekCgWag8pXfxjTVDKFVBBjer6XYJARjZwKNiv3U8MSQidkxHqWKiKZCbL5wTP33CpDN4q1LYXuXP09kRFpzFSGtlMSHJtlLxf/83opRtdBxlWSIlN0sShKhYuxm3/vDrlmFMXUEkI1t7e6dEw0oWgzykPwl19eJe16zfdq/v1ltXFTxFGCUziDC/DhChpwB01oAQUJz/AKb452Xpx352PRuuYUMyfwB87nDwYXj+E=</latexit><latexit sha1_base64="xA8RhMrlephsvcgfPAnBkuzmHGA=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQIeix68VjBfkgbyma7aZfubsLuRCihv8KLB0W8+nO8+W/ctDlo64OBx3szzMwLE8ENet63s7a+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1kKNg3UQzIkPBOuHkNvc7T0wbHqsHnCYskGSkeMQpQSs99nHMkAzq5UGl6tW8OdxV4hekCgWag8pXfxjTVDKFVBBjer6XYJARjZwKNiv3U8MSQidkxHqWKiKZCbL5wTP33CpDN4q1LYXuXP09kRFpzFSGtlMSHJtlLxf/83opRtdBxlWSIlN0sShKhYuxm3/vDrlmFMXUEkI1t7e6dEw0oWgzykPwl19eJe16zfdq/v1ltXFTxFGCUziDC/DhChpwB01oAQUJz/AKb452Xpx352PRuuYUMyfwB87nDwYXj+E=</latexit><latexit sha1_base64="xA8RhMrlephsvcgfPAnBkuzmHGA=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQIeix68VjBfkgbyma7aZfubsLuRCihv8KLB0W8+nO8+W/ctDlo64OBx3szzMwLE8ENet63s7a+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1kKNg3UQzIkPBOuHkNvc7T0wbHqsHnCYskGSkeMQpQSs99nHMkAzq5UGl6tW8OdxV4hekCgWag8pXfxjTVDKFVBBjer6XYJARjZwKNiv3U8MSQidkxHqWKiKZCbL5wTP33CpDN4q1LYXuXP09kRFpzFSGtlMSHJtlLxf/83opRtdBxlWSIlN0sShKhYuxm3/vDrlmFMXUEkI1t7e6dEw0oWgzykPwl19eJe16zfdq/v1ltXFTxFGCUziDC/DhChpwB01oAQUJz/AKb452Xpx352PRuuYUMyfwB87nDwYXj+E=</latexit><latexit sha1_base64="xA8RhMrlephsvcgfPAnBkuzmHGA=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQIeix68VjBfkgbyma7aZfubsLuRCihv8KLB0W8+nO8+W/ctDlo64OBx3szzMwLE8ENet63s7a+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1kKNg3UQzIkPBOuHkNvc7T0wbHqsHnCYskGSkeMQpQSs99nHMkAzq5UGl6tW8OdxV4hekCgWag8pXfxjTVDKFVBBjer6XYJARjZwKNiv3U8MSQidkxHqWKiKZCbL5wTP33CpDN4q1LYXuXP09kRFpzFSGtlMSHJtlLxf/83opRtdBxlWSIlN0sShKhYuxm3/vDrlmFMXUEkI1t7e6dEw0oWgzykPwl19eJe16zfdq/v1ltXFTxFGCUziDC/DhChpwB01oAQUJz/AKb452Xpx352PRuuYUMyfwB87nDwYXj+E=</latexit>

 We want to cover the parameter space (N-dim) by grid 
of points at equal distance from each other.
 Grid: not too coarse, not too fine
 The distance is determined not by a coordinate 
distance but by “proper” distance — correlation 
between nearby templates: introduce interval and 
metric

metric on the parameter maniold

ds2 = |ĥ(✓i + �✓i)� ĥ(✓i)| ⇡ (ĥ(✓i + �✓i)� ĥ(✓i)|ĥ(✓i + �✓i)� ĥ(✓i)) ⇡
 

@ĥ

@✓i
| @ĥ
@✓j

!
�✓i�✓j

<latexit sha1_base64="Z+cpO+hImfquqY7cpthiov44oas="></latexit><latexit sha1_base64="Z+cpO+hImfquqY7cpthiov44oas="></latexit><latexit sha1_base64="Z+cpO+hImfquqY7cpthiov44oas="></latexit><latexit sha1_base64="Z+cpO+hImfquqY7cpthiov44oas="></latexit>

Consider 2-D parameter space and fix ds = 0.01

✓1
<latexit sha1_base64="SrHi+Al9vauGKXsHgyllQXQrrvk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhsw9neoUQ8hNePCji1d/x5t84SfagiQUNRVU33V1BqqQh1/12CmvrG5tbxe3Szu7e/kH58KhpkkwLbIhEJbodcINKxtggSQrbqUYeBQpbweh25reeUBuZxA80TtGP+CCWoRScrNTu0hCJ97xeueJW3TnYKvFyUoEc9V75q9tPRBZhTEJxYzqem5I/4ZqkUDgtdTODKRcjPsCOpTGP0PiT+b1TdmaVPgsTbSsmNld/T0x4ZMw4CmxnxGlolr2Z+J/XySi89icyTjPCWCwWhZlilLDZ86wvNQpSY0u40NLeysSQay7IRlSyIXjLL6+S5kXVc6ve/WWldpPHUYQTOIVz8OAKanAHdWiAAAXP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/zWePzA==</latexit><latexit sha1_base64="SrHi+Al9vauGKXsHgyllQXQrrvk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhsw9neoUQ8hNePCji1d/x5t84SfagiQUNRVU33V1BqqQh1/12CmvrG5tbxe3Szu7e/kH58KhpkkwLbIhEJbodcINKxtggSQrbqUYeBQpbweh25reeUBuZxA80TtGP+CCWoRScrNTu0hCJ97xeueJW3TnYKvFyUoEc9V75q9tPRBZhTEJxYzqem5I/4ZqkUDgtdTODKRcjPsCOpTGP0PiT+b1TdmaVPgsTbSsmNld/T0x4ZMw4CmxnxGlolr2Z+J/XySi89icyTjPCWCwWhZlilLDZ86wvNQpSY0u40NLeysSQay7IRlSyIXjLL6+S5kXVc6ve/WWldpPHUYQTOIVz8OAKanAHdWiAAAXP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/zWePzA==</latexit><latexit sha1_base64="SrHi+Al9vauGKXsHgyllQXQrrvk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhsw9neoUQ8hNePCji1d/x5t84SfagiQUNRVU33V1BqqQh1/12CmvrG5tbxe3Szu7e/kH58KhpkkwLbIhEJbodcINKxtggSQrbqUYeBQpbweh25reeUBuZxA80TtGP+CCWoRScrNTu0hCJ97xeueJW3TnYKvFyUoEc9V75q9tPRBZhTEJxYzqem5I/4ZqkUDgtdTODKRcjPsCOpTGP0PiT+b1TdmaVPgsTbSsmNld/T0x4ZMw4CmxnxGlolr2Z+J/XySi89icyTjPCWCwWhZlilLDZ86wvNQpSY0u40NLeysSQay7IRlSyIXjLL6+S5kXVc6ve/WWldpPHUYQTOIVz8OAKanAHdWiAAAXP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/zWePzA==</latexit><latexit sha1_base64="SrHi+Al9vauGKXsHgyllQXQrrvk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhsw9neoUQ8hNePCji1d/x5t84SfagiQUNRVU33V1BqqQh1/12CmvrG5tbxe3Szu7e/kH58KhpkkwLbIhEJbodcINKxtggSQrbqUYeBQpbweh25reeUBuZxA80TtGP+CCWoRScrNTu0hCJ97xeueJW3TnYKvFyUoEc9V75q9tPRBZhTEJxYzqem5I/4ZqkUDgtdTODKRcjPsCOpTGP0PiT+b1TdmaVPgsTbSsmNld/T0x4ZMw4CmxnxGlolr2Z+J/XySi89icyTjPCWCwWhZlilLDZ86wvNQpSY0u40NLeysSQay7IRlSyIXjLL6+S5kXVc6ve/WWldpPHUYQTOIVz8OAKanAHdWiAAAXP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/zWePzA==</latexit>

✓2
<latexit sha1_base64="7/pSNJ56+9MBYfOPbWbW9A9Ekos=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOTTjJk9uFMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNw0caoFNkSsYt0OuEElI2yQJIXtRCMPA4WtYHw781tPqI2MoweaJOiHfBjJgRScrNTu0giJ96q9UtmtuHOwVeLlpAw56r3SV7cfizTEiITixnQ8NyE/45qkUDgtdlODCRdjPsSOpREP0fjZ/N4pO7dKnw1ibSsiNld/T2Q8NGYSBrYz5DQyy95M/M/rpDS49jMZJSlhJBaLBqliFLPZ86wvNQpSE0u40NLeysSIay7IRlS0IXjLL6+SZrXiuRXv/rJcu8njKMApnMEFeHAFNbiDOjRAgIJneIU359F5cd6dj0XrmpPPnMAfOJ8/zuuPzQ==</latexit><latexit sha1_base64="7/pSNJ56+9MBYfOPbWbW9A9Ekos=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOTTjJk9uFMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNw0caoFNkSsYt0OuEElI2yQJIXtRCMPA4WtYHw781tPqI2MoweaJOiHfBjJgRScrNTu0giJ96q9UtmtuHOwVeLlpAw56r3SV7cfizTEiITixnQ8NyE/45qkUDgtdlODCRdjPsSOpREP0fjZ/N4pO7dKnw1ibSsiNld/T2Q8NGYSBrYz5DQyy95M/M/rpDS49jMZJSlhJBaLBqliFLPZ86wvNQpSE0u40NLeysSIay7IRlS0IXjLL6+SZrXiuRXv/rJcu8njKMApnMEFeHAFNbiDOjRAgIJneIU359F5cd6dj0XrmpPPnMAfOJ8/zuuPzQ==</latexit><latexit sha1_base64="7/pSNJ56+9MBYfOPbWbW9A9Ekos=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOTTjJk9uFMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNw0caoFNkSsYt0OuEElI2yQJIXtRCMPA4WtYHw781tPqI2MoweaJOiHfBjJgRScrNTu0giJ96q9UtmtuHOwVeLlpAw56r3SV7cfizTEiITixnQ8NyE/45qkUDgtdlODCRdjPsSOpREP0fjZ/N4pO7dKnw1ibSsiNld/T2Q8NGYSBrYz5DQyy95M/M/rpDS49jMZJSlhJBaLBqliFLPZ86wvNQpSE0u40NLeysSIay7IRlS0IXjLL6+SZrXiuRXv/rJcu8njKMApnMEFeHAFNbiDOjRAgIJneIU359F5cd6dj0XrmpPPnMAfOJ8/zuuPzQ==</latexit><latexit sha1_base64="7/pSNJ56+9MBYfOPbWbW9A9Ekos=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOTTjJk9uFMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNw0caoFNkSsYt0OuEElI2yQJIXtRCMPA4WtYHw781tPqI2MoweaJOiHfBjJgRScrNTu0giJ96q9UtmtuHOwVeLlpAw56r3SV7cfizTEiITixnQ8NyE/45qkUDgtdlODCRdjPsSOpREP0fjZ/N4pO7dKnw1ibSsiNld/T2Q8NGYSBrYz5DQyy95M/M/rpDS49jMZJSlhJBaLBqliFLPZ86wvNQpSE0u40NLeysSIay7IRlS0IXjLL6+SZrXiuRXv/rJcu8njKMApnMEFeHAFNbiDOjRAgIJneIU359F5cd6dj0XrmpPPnMAfOJ8/zuuPzQ==</latexit>

direction of weak correlation 
(chirp mass)

direction of strong correlation

template’ volume

the size and orientation of the ellipse 
is a function of a central pont

GW150914
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 Expensive computationally: often used when the signal is detected using the grid-based 
method (or something else) : H1 is true. Allows to test several models (different signal’ 
models, non-GR theories). 
 We have to assign the prior probability to our models and parameters of each model. We 
treat parameters describing a signal as random variables and trying to estimate probability 
distribution function(s) for each parameter based on the observed data (posterior)
 Consider several models Mi each parametrized by set of parameters ~✓i

<latexit sha1_base64="g1ZvffjDIhNxP7owefoiWTen4w0=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0swm7k0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdzvzWGLQRsXrASQJ+xAZKhIIztNJjdww86+IQkE17oleuuFV3DrpKvJxUSI56r/zV7cc8jUAhl8yYjucm6GdMo+ASpqVuaiBhfMQG0LFUsQiMn82vntIzq/RpGGtbCulc/T2RsciYSRTYzojh0Cx7M/E/r5NieO1nQiUpguKLRWEqKcZ0FgHtCw0c5cQSxrWwt1I+ZJpxtEGVbAje8surpHlR9dyqd39Zqd3kcRTJCTkl58QjV6RG7kidNAgnmjyTV/LmPDkvzrvzsWgtOPnMMfkD5/MH/8yS0g==</latexit><latexit sha1_base64="g1ZvffjDIhNxP7owefoiWTen4w0=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0swm7k0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdzvzWGLQRsXrASQJ+xAZKhIIztNJjdww86+IQkE17oleuuFV3DrpKvJxUSI56r/zV7cc8jUAhl8yYjucm6GdMo+ASpqVuaiBhfMQG0LFUsQiMn82vntIzq/RpGGtbCulc/T2RsciYSRTYzojh0Cx7M/E/r5NieO1nQiUpguKLRWEqKcZ0FgHtCw0c5cQSxrWwt1I+ZJpxtEGVbAje8surpHlR9dyqd39Zqd3kcRTJCTkl58QjV6RG7kidNAgnmjyTV/LmPDkvzrvzsWgtOPnMMfkD5/MH/8yS0g==</latexit><latexit sha1_base64="g1ZvffjDIhNxP7owefoiWTen4w0=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0swm7k0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdzvzWGLQRsXrASQJ+xAZKhIIztNJjdww86+IQkE17oleuuFV3DrpKvJxUSI56r/zV7cc8jUAhl8yYjucm6GdMo+ASpqVuaiBhfMQG0LFUsQiMn82vntIzq/RpGGtbCulc/T2RsciYSRTYzojh0Cx7M/E/r5NieO1nQiUpguKLRWEqKcZ0FgHtCw0c5cQSxrWwt1I+ZJpxtEGVbAje8surpHlR9dyqd39Zqd3kcRTJCTkl58QjV6RG7kidNAgnmjyTV/LmPDkvzrvzsWgtOPnMMfkD5/MH/8yS0g==</latexit><latexit sha1_base64="g1ZvffjDIhNxP7owefoiWTen4w0=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaWDbbSbt0swm7k0oJ/R9ePCji1f/izX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdzvzWGLQRsXrASQJ+xAZKhIIztNJjdww86+IQkE17oleuuFV3DrpKvJxUSI56r/zV7cc8jUAhl8yYjucm6GdMo+ASpqVuaiBhfMQG0LFUsQiMn82vntIzq/RpGGtbCulc/T2RsciYSRTYzojh0Cx7M/E/r5NieO1nQiUpguKLRWEqKcZ0FgHtCw0c5cQSxrWwt1I+ZJpxtEGVbAje8surpHlR9dyqd39Zqd3kcRTJCTkl58QjV6RG7kidNAgnmjyTV/LmPDkvzrvzsWgtOPnMMfkD5/MH/8yS0g==</latexit>

Bayes’ theorem P (Mi|d) =
P (d|Mi)⇡(Mi)

p(d)
<latexit sha1_base64="lApntEs2meKp5ay/Newnwa+0i/I=">AAACE3icbVDLSsNAFJ34rPUVdelmsAiJi5KIoBuh6MaNUME+oA1hMpm0QyfJMDMRStp/cOOvuHGhiFs37vwbJ20X2nrgwuGce7n3noAzKpXjfBtLyyura+uljfLm1vbOrrm335RpJjBp4JSloh0gSRhNSENRxUibC4LigJFWMLgu/NYDEZKmyb0acuLFqJfQiGKktOSbJ3Xr1qej0IaXsBsJhPO6FY60ZMMup4Vnj8s5t0J77JsVp+pMABeJOyMVMEPdN7+6YYqzmCQKMyRlx3W48nIkFMWMjMvdTBKO8AD1SEfTBMVEevnkpzE81koIo1ToShScqL8nchRLOYwD3Rkj1ZfzXiH+53UyFV14OU14pkiCp4uijEGVwiIgGFJBsGJDTRAWVN8KcR/pZJSOsaxDcOdfXiTN06rrVN27s0rtahZHCRyCI2ABF5yDGrgBddAAGDyCZ/AK3own48V4Nz6mrUvGbOYA/IHx+QMcn5vK</latexit><latexit sha1_base64="lApntEs2meKp5ay/Newnwa+0i/I=">AAACE3icbVDLSsNAFJ34rPUVdelmsAiJi5KIoBuh6MaNUME+oA1hMpm0QyfJMDMRStp/cOOvuHGhiFs37vwbJ20X2nrgwuGce7n3noAzKpXjfBtLyyura+uljfLm1vbOrrm335RpJjBp4JSloh0gSRhNSENRxUibC4LigJFWMLgu/NYDEZKmyb0acuLFqJfQiGKktOSbJ3Xr1qej0IaXsBsJhPO6FY60ZMMup4Vnj8s5t0J77JsVp+pMABeJOyMVMEPdN7+6YYqzmCQKMyRlx3W48nIkFMWMjMvdTBKO8AD1SEfTBMVEevnkpzE81koIo1ToShScqL8nchRLOYwD3Rkj1ZfzXiH+53UyFV14OU14pkiCp4uijEGVwiIgGFJBsGJDTRAWVN8KcR/pZJSOsaxDcOdfXiTN06rrVN27s0rtahZHCRyCI2ABF5yDGrgBddAAGDyCZ/AK3own48V4Nz6mrUvGbOYA/IHx+QMcn5vK</latexit><latexit sha1_base64="lApntEs2meKp5ay/Newnwa+0i/I=">AAACE3icbVDLSsNAFJ34rPUVdelmsAiJi5KIoBuh6MaNUME+oA1hMpm0QyfJMDMRStp/cOOvuHGhiFs37vwbJ20X2nrgwuGce7n3noAzKpXjfBtLyyura+uljfLm1vbOrrm335RpJjBp4JSloh0gSRhNSENRxUibC4LigJFWMLgu/NYDEZKmyb0acuLFqJfQiGKktOSbJ3Xr1qej0IaXsBsJhPO6FY60ZMMup4Vnj8s5t0J77JsVp+pMABeJOyMVMEPdN7+6YYqzmCQKMyRlx3W48nIkFMWMjMvdTBKO8AD1SEfTBMVEevnkpzE81koIo1ToShScqL8nchRLOYwD3Rkj1ZfzXiH+53UyFV14OU14pkiCp4uijEGVwiIgGFJBsGJDTRAWVN8KcR/pZJSOsaxDcOdfXiTN06rrVN27s0rtahZHCRyCI2ABF5yDGrgBddAAGDyCZ/AK3own48V4Nz6mrUvGbOYA/IHx+QMcn5vK</latexit><latexit sha1_base64="lApntEs2meKp5ay/Newnwa+0i/I=">AAACE3icbVDLSsNAFJ34rPUVdelmsAiJi5KIoBuh6MaNUME+oA1hMpm0QyfJMDMRStp/cOOvuHGhiFs37vwbJ20X2nrgwuGce7n3noAzKpXjfBtLyyura+uljfLm1vbOrrm335RpJjBp4JSloh0gSRhNSENRxUibC4LigJFWMLgu/NYDEZKmyb0acuLFqJfQiGKktOSbJ3Xr1qej0IaXsBsJhPO6FY60ZMMup4Vnj8s5t0J77JsVp+pMABeJOyMVMEPdN7+6YYqzmCQKMyRlx3W48nIkFMWMjMvdTBKO8AD1SEfTBMVEevnkpzE81koIo1ToShScqL8nchRLOYwD3Rkj1ZfzXiH+53UyFV14OU14pkiCp4uijEGVwiIgGFJBsGJDTRAWVN8KcR/pZJSOsaxDcOdfXiTN06rrVN27s0rtahZHCRyCI2ABF5yDGrgBddAAGDyCZ/AK3own48V4Nz6mrUvGbOYA/IHx+QMcn5vK</latexit>

For a given model Mi  

likelihood

P (~✓i|Mi, d) =
P (d|~✓i,Mi) ⇡(~✓i)

p(d|Mi)
<latexit sha1_base64="uM4uyS6rxF5OvJ4yqkeyF7xCTcQ="></latexit><latexit sha1_base64="uM4uyS6rxF5OvJ4yqkeyF7xCTcQ="></latexit><latexit sha1_base64="uM4uyS6rxF5OvJ4yqkeyF7xCTcQ="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="aRJz3aR/LjQVfw6lC8cHiml23+8="></latexit><latexit sha1_base64="aRJz3aR/LjQVfw6lC8cHiml23+8="></latexit><latexit sha1_base64="jUYKSqy4xOKIwoE1VBWZqzk6BeM="></latexit><latexit sha1_base64="uM4uyS6rxF5OvJ4yqkeyF7xCTcQ="></latexit><latexit sha1_base64="uM4uyS6rxF5OvJ4yqkeyF7xCTcQ="></latexit><latexit sha1_base64="uM4uyS6rxF5OvJ4yqkeyF7xCTcQ="></latexit><latexit sha1_base64="uM4uyS6rxF5OvJ4yqkeyF7xCTcQ="></latexit><latexit sha1_base64="uM4uyS6rxF5OvJ4yqkeyF7xCTcQ="></latexit><latexit sha1_base64="uM4uyS6rxF5OvJ4yqkeyF7xCTcQ="></latexit>

prior

posterior
Evidence of model Mi
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p(d|Mi) =

Z
d~✓i p(d|~✓i,Mi)⇡(~✓i)

<latexit sha1_base64="cPYywIpNA8OkbX0FBR3DVlsK620="></latexit><latexit sha1_base64="cPYywIpNA8OkbX0FBR3DVlsK620="></latexit><latexit sha1_base64="cPYywIpNA8OkbX0FBR3DVlsK620="></latexit><latexit sha1_base64="cPYywIpNA8OkbX0FBR3DVlsK620="></latexit>

P (Mi|d) =
Z

d~✓i p(d|~✓i,Mi)⇡(~✓i)

�
⇡(Mi)

P (d)
<latexit sha1_base64="G7QulLUoYXTjroOMvQodZLfvRdM="></latexit><latexit sha1_base64="G7QulLUoYXTjroOMvQodZLfvRdM="></latexit><latexit sha1_base64="G7QulLUoYXTjroOMvQodZLfvRdM="></latexit><latexit sha1_base64="G7QulLUoYXTjroOMvQodZLfvRdM="></latexit>

— Evidence of model  Mi: 
important for the model selection

— probability of the model Mi given a data

  Odd ratio:The problem to evaluate the normalization P(d) - requires full set of models 
which are mutually exclusive. We can evaluate the ratio of probabilities:

Oa,b =
p(Ma|d)
p(Mb|d)

=
p(d|Ma)

p(d|Mb)

⇡(Ma)

⇡(Mb)
<latexit sha1_base64="KT0oY16CIzFDZi5fnUExr4KbQUE="></latexit><latexit sha1_base64="KT0oY16CIzFDZi5fnUExr4KbQUE="></latexit><latexit sha1_base64="KT0oY16CIzFDZi5fnUExr4KbQUE="></latexit><latexit sha1_base64="KT0oY16CIzFDZi5fnUExr4KbQUE="></latexit>

Bayes factor prior odds
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p(~✓i|Mi, d) =
p(d|~✓i,Mi) ⇡(~✓i)

p(d|Mi)
<latexit sha1_base64="bhe1SyEytXwmhFdr6szdWP8eezg="></latexit><latexit sha1_base64="bhe1SyEytXwmhFdr6szdWP8eezg="></latexit><latexit sha1_base64="bhe1SyEytXwmhFdr6szdWP8eezg="></latexit><latexit sha1_base64="bhe1SyEytXwmhFdr6szdWP8eezg="></latexit>

p(d|Mi) =

Z
d~✓i p(d|~✓i,Mi)⇡(~✓i)

<latexit sha1_base64="cPYywIpNA8OkbX0FBR3DVlsK 620="></latexit><latexit sha1_base64="cPYywIpNA8OkbX0FBR3DVlsK 620="></latexit><latexit sha1_base64="cPYywIpNA8OkbX0FBR3DVlsK 620="></latexit><latexit sha1_base64="cPYywIpNA8OkbX0FBR3DVlsK 620="></latexit>

  So for a given model Mi we need to evaluate postrior pdf for all parameters and the 
evidence: posterior pdf tells us about parameters of the GW signal (system) and evidence 
tells us how good this models fits the observations.

— posterior pdf

—  evidence of model Mi

  Markov Chain Monte Carlo (MCMC) approach:
We construct Markov chain: stochastic process where the next point in the chain depends only 
on the previous one. And:

 we want chain to move towards the region of parameter space with high likelihood
 we need to introduce the transitional probability: way to move from one point to another
 we want a transitional probability to satisfy the ballance equation

P (~✓(k))P (~✓k+1|~✓(k)) = P (~✓(k+1))P (~✓k|~✓(k+1))
<latexit sha1_base64="beiIVU1DIr1I8rj5KmbH9SA0pfE=">AAACbHicbVHLSgMxFM2M7/FVHwtFhGBRWgplRgTdCKIblxWsCp1SMumtDZN5kNwRyjgr/9Cdn+DGbzB9LLTthcDh3HPPTU6CVAqNrvtl2QuLS8srq2vO+sbm1nZpZ/dJJ5ni0OSJTNRLwDRIEUMTBUp4SRWwKJDwHIR3w/7zGygtkvgRBym0I/Yai57gDA3VKX00Kv4b8NzHPiArOnklrBZVOs2GNa94nye8ps6sQ82b6zHrMBZ2SmW37o6KzgJvAspkUo1O6dPvJjyLIEYumdYtz02xnTOFgksoHD/TkDIesldoGRizCHQ7H4VV0FPDdGkvUebESEfs34mcRVoPosAoI4Z9Pd0bkvN6rQx7V+1cxGmGEPPxol4mKSZ0mDztCgUc5cAAxpUwd6W8zxTjaP7HMSF400+eBU/ndc+tew8X5ZvbSRyr5IickArxyCW5IfekQZqEk29r2zqwDq0fe98+so/HUtuazOyRf2Wf/QK4hLov</latexit><latexit sha1_base64="beiIVU1DIr1I8rj5KmbH9SA0pfE=">AAACbHicbVHLSgMxFM2M7/FVHwtFhGBRWgplRgTdCKIblxWsCp1SMumtDZN5kNwRyjgr/9Cdn+DGbzB9LLTthcDh3HPPTU6CVAqNrvtl2QuLS8srq2vO+sbm1nZpZ/dJJ5ni0OSJTNRLwDRIEUMTBUp4SRWwKJDwHIR3w/7zGygtkvgRBym0I/Yai57gDA3VKX00Kv4b8NzHPiArOnklrBZVOs2GNa94nye8ps6sQ82b6zHrMBZ2SmW37o6KzgJvAspkUo1O6dPvJjyLIEYumdYtz02xnTOFgksoHD/TkDIesldoGRizCHQ7H4VV0FPDdGkvUebESEfs34mcRVoPosAoI4Z9Pd0bkvN6rQx7V+1cxGmGEPPxol4mKSZ0mDztCgUc5cAAxpUwd6W8zxTjaP7HMSF400+eBU/ndc+tew8X5ZvbSRyr5IickArxyCW5IfekQZqEk29r2zqwDq0fe98+so/HUtuazOyRf2Wf/QK4hLov</latexit><latexit sha1_base64="beiIVU1DIr1I8rj5KmbH9SA0pfE=">AAACbHicbVHLSgMxFM2M7/FVHwtFhGBRWgplRgTdCKIblxWsCp1SMumtDZN5kNwRyjgr/9Cdn+DGbzB9LLTthcDh3HPPTU6CVAqNrvtl2QuLS8srq2vO+sbm1nZpZ/dJJ5ni0OSJTNRLwDRIEUMTBUp4SRWwKJDwHIR3w/7zGygtkvgRBym0I/Yai57gDA3VKX00Kv4b8NzHPiArOnklrBZVOs2GNa94nye8ps6sQ82b6zHrMBZ2SmW37o6KzgJvAspkUo1O6dPvJjyLIEYumdYtz02xnTOFgksoHD/TkDIesldoGRizCHQ7H4VV0FPDdGkvUebESEfs34mcRVoPosAoI4Z9Pd0bkvN6rQx7V+1cxGmGEPPxol4mKSZ0mDztCgUc5cAAxpUwd6W8zxTjaP7HMSF400+eBU/ndc+tew8X5ZvbSRyr5IickArxyCW5IfekQZqEk29r2zqwDq0fe98+so/HUtuazOyRf2Wf/QK4hLov</latexit><latexit sha1_base64="beiIVU1DIr1I8rj5KmbH9SA0pfE=">AAACbHicbVHLSgMxFM2M7/FVHwtFhGBRWgplRgTdCKIblxWsCp1SMumtDZN5kNwRyjgr/9Cdn+DGbzB9LLTthcDh3HPPTU6CVAqNrvtl2QuLS8srq2vO+sbm1nZpZ/dJJ5ni0OSJTNRLwDRIEUMTBUp4SRWwKJDwHIR3w/7zGygtkvgRBym0I/Yai57gDA3VKX00Kv4b8NzHPiArOnklrBZVOs2GNa94nye8ps6sQ82b6zHrMBZ2SmW37o6KzgJvAspkUo1O6dPvJjyLIEYumdYtz02xnTOFgksoHD/TkDIesldoGRizCHQ7H4VV0FPDdGkvUebESEfs34mcRVoPosAoI4Z9Pd0bkvN6rQx7V+1cxGmGEPPxol4mKSZ0mDztCgUc5cAAxpUwd6W8zxTjaP7HMSF400+eBU/ndc+tew8X5ZvbSRyr5IickArxyCW5IfekQZqEk29r2zqwDq0fe98+so/HUtuazOyRf2Wf/QK4hLov</latexit>

ballance eqn.:

transitional probabilitydistribution we want to sample
(posterior)
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 Consider a particular implementation: Metropolis-Hastings
 particular way of building transitional probability which satisfies the ballance equation
 we start with introducing a proposal distribution (arbitrary*)
 then we build the chain by introducing the acceptance probability

↵(~✓(k+1)|~✓(k)) = min

(
1,

p(d|~✓(k+1)) q(~✓(k)|~✓(k+1)) ⇡(~✓(k+1))

p(d|~✓(k)) q(~✓(k+1)|~✓(k)) ⇡(~✓(k))

)

<latexit sha1_base64="pB9FPlt1+tnGLrNFGOVrMlVVMuk="></latexit><latexit sha1_base64="pB9FPlt1+tnGLrNFGOVrMlVVMuk="></latexit><latexit sha1_base64="pB9FPlt1+tnGLrNFGOVrMlVVMuk="></latexit><latexit sha1_base64="pB9FPlt1+tnGLrNFGOVrMlVVMuk="></latexit>

likelihood ratio ratio of 
proposals

ratio of priors

It is easier to understand if we use symmetric proposal and uniform priors: likelihood ratio

↵
<latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1J ZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1J ZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1J ZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit><latexit sha1_base64="JtDqaCSYHdUsArJlViGZOYtHm8o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJfROJsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqyhpUCaXbERomuGQNy61g7UQzjCPBWtH4dua3npg2XMkHO0lYGONQ8gGnaJ3U7KJIRtgrV/yqPwdZJUFOKpCj3it/dfuKpjGTlgo0phP4iQ0z1J ZTwaalbmpYgnSMQ9ZxVGLMTJjNr52SM6f0yUBpV9KSufp7IsPYmEkcuc4Y7cgsezPxP6+T2sF1mHGZpJZJulg0SAWxisxeJ32uGbVi4ghSzd2thI5QI7UuoJILIVh+eZU0L6qBXw3uLyu1mzyOIpzAKZxDAFdQgzuoQwMoPMIzvMKbp7wX7937WLQWvHzmGP7A+/wBi4GPGA==</latexit> — probability of accepting new point ~✓(k+1)

<latexit sha1_base64="IBbr0Q4fYEhEjsSCJS6YCnmyMCc=">AAAB/XicbVBNS8NAEN3Ur1q/6sfNS7AIFaEkIuix6MVjBfsBbQmb7aRdutmE3UmhhuJf8eJBEa/+D2/+G7dtDtr6YODx3gwz8/xYcI2O823lVlbX1jfym4Wt7Z3dveL+QUNHiWJQZ5GIVMunGgSXUEeOAlqxAhr6Apr+8HbqN0egNI/kA45j6Ia0L3nAGUUjecWjzghY2sEBIJ14aXl47p5NvGLJqTgz2MvEzUiJZKh5xa9OL2JJCBKZoFq3XSfGbkoVciZgUugkGmLKhrQPbUMlDUF309n1E/vUKD07iJQpifZM/T2R0lDrceibzpDiQC96U/E/r51gcN1NuYwTBMnmi4JE2BjZ0yjsHlfAUIwNoUxxc6vNBlRRhiawggnBXXx5mTQuKq5Tce8vS9WbLI48OSYnpExcckWq5I7USJ0w8kieySt5s56sF+vd+pi35qxs5pD8gfX5A/46lOY=</latexit><latexit sha1_base64="IBbr0Q4fYEhEjsSCJS6YCnmyMCc=">AAAB/XicbVBNS8NAEN3Ur1q/6sfNS7AIFaEkIuix6MVjBfsBbQmb7aRdutmE3UmhhuJf8eJBEa/+D2/+G7dtDtr6YODx3gwz8/xYcI2O823lVlbX1jfym4Wt7Z3dveL+QUNHiWJQZ5GIVMunGgSXUEeOAlqxAhr6Apr+8HbqN0egNI/kA45j6Ia0L3nAGUUjecWjzghY2sEBIJ14aXl47p5NvGLJqTgz2MvEzUiJZKh5xa9OL2JJCBKZoFq3XSfGbkoVciZgUugkGmLKhrQPbUMlDUF309n1E/vUKD07iJQpifZM/T2R0lDrceibzpDiQC96U/E/r51gcN1NuYwTBMnmi4JE2BjZ0yjsHlfAUIwNoUxxc6vNBlRRhiawggnBXXx5mTQuKq5Tce8vS9WbLI48OSYnpExcckWq5I7USJ0w8kieySt5s56sF+vd+pi35qxs5pD8gfX5A/46lOY=</latexit><latexit sha1_base64="IBbr0Q4fYEhEjsSCJS6YCnmyMCc=">AAAB/XicbVBNS8NAEN3Ur1q/6sfNS7AIFaEkIuix6MVjBfsBbQmb7aRdutmE3UmhhuJf8eJBEa/+D2/+G7dtDtr6YODx3gwz8/xYcI2O823lVlbX1jfym4Wt7Z3dveL+QUNHiWJQZ5GIVMunGgSXUEeOAlqxAhr6Apr+8HbqN0egNI/kA45j6Ia0L3nAGUUjecWjzghY2sEBIJ14aXl47p5NvGLJqTgz2MvEzUiJZKh5xa9OL2JJCBKZoFq3XSfGbkoVciZgUugkGmLKhrQPbUMlDUF309n1E/vUKD07iJQpifZM/T2R0lDrceibzpDiQC96U/E/r51gcN1NuYwTBMnmi4JE2BjZ0yjsHlfAUIwNoUxxc6vNBlRRhiawggnBXXx5mTQuKq5Tce8vS9WbLI48OSYnpExcckWq5I7USJ0w8kieySt5s56sF+vd+pi35qxs5pD8gfX5A/46lOY=</latexit><latexit sha1_base64="IBbr0Q4fYEhEjsSCJS6YCnmyMCc=">AAAB/XicbVBNS8NAEN3Ur1q/6sfNS7AIFaEkIuix6MVjBfsBbQmb7aRdutmE3UmhhuJf8eJBEa/+D2/+G7dtDtr6YODx3gwz8/xYcI2O823lVlbX1jfym4Wt7Z3dveL+QUNHiWJQZ5GIVMunGgSXUEeOAlqxAhr6Apr+8HbqN0egNI/kA45j6Ia0L3nAGUUjecWjzghY2sEBIJ14aXl47p5NvGLJqTgz2MvEzUiJZKh5xa9OL2JJCBKZoFq3XSfGbkoVciZgUugkGmLKhrQPbUMlDUF309n1E/vUKD07iJQpifZM/T2R0lDrceibzpDiQC96U/E/r51gcN1NuYwTBMnmi4JE2BjZ0yjsHlfAUIwNoUxxc6vNBlRRhiawggnBXXx5mTQuKq5Tce8vS9WbLI48OSYnpExcckWq5I7USJ0w8kieySt5s56sF+vd+pi35qxs5pD8gfX5A/46lOY=</latexit>

The chain moves predominantly in the direction of high likelihood.

q(~✓(k+1)|~✓(k))
<latexit sha1_base64="qzkc0PwhUZAZsoLjEb6Rk/bZfh8=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBASlLArgh6DXjxGMA9IQpiddJIhsw9negNh3Z/w4q948aCIV8Gbf+Mk2YMmFjQUVd10d7mhFBpt+9taWl5ZXVvPbGQ3t7Z3dnN7+zUdRIpDlQcyUA2XaZDChyoKlNAIFTDPlVB3h9cTvz4CpUXg3+E4hLbH+r7oCc7QSJ3c6X2hNQIet3AAyJJOXBieOMWEPtB5uZgUO7m8XbKnoIvESUmepKh0cl+tbsAjD3zkkmnddOwQ2zFTKLiEJNuKNISMD1kfmob6zAPdjqdfJfTYKF3aC5QpH+lU/T0RM0/rseeaTo/hQM97E/E/rxlh77IdCz+MEHw+W9SLJMWATiKiXaGAoxwbwrgS5lbKB0wxjibIrAnBmX95kdTOSo5dcm7P8+WrNI4MOSRHpEAcckHK5IZUSJVw8kieySt5s56sF+vd+pi1LlnpzAH5A+vzB5C8nms=</latexit><latexit sha1_base64="qzkc0PwhUZAZsoLjEb6Rk/bZfh8=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBASlLArgh6DXjxGMA9IQpiddJIhsw9negNh3Z/w4q948aCIV8Gbf+Mk2YMmFjQUVd10d7mhFBpt+9taWl5ZXVvPbGQ3t7Z3dnN7+zUdRIpDlQcyUA2XaZDChyoKlNAIFTDPlVB3h9cTvz4CpUXg3+E4hLbH+r7oCc7QSJ3c6X2hNQIet3AAyJJOXBieOMWEPtB5uZgUO7m8XbKnoIvESUmepKh0cl+tbsAjD3zkkmnddOwQ2zFTKLiEJNuKNISMD1kfmob6zAPdjqdfJfTYKF3aC5QpH+lU/T0RM0/rseeaTo/hQM97E/E/rxlh77IdCz+MEHw+W9SLJMWATiKiXaGAoxwbwrgS5lbKB0wxjibIrAnBmX95kdTOSo5dcm7P8+WrNI4MOSRHpEAcckHK5IZUSJVw8kieySt5s56sF+vd+pi1LlnpzAH5A+vzB5C8nms=</latexit><latexit sha1_base64="qzkc0PwhUZAZsoLjEb6Rk/bZfh8=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBASlLArgh6DXjxGMA9IQpiddJIhsw9negNh3Z/w4q948aCIV8Gbf+Mk2YMmFjQUVd10d7mhFBpt+9taWl5ZXVvPbGQ3t7Z3dnN7+zUdRIpDlQcyUA2XaZDChyoKlNAIFTDPlVB3h9cTvz4CpUXg3+E4hLbH+r7oCc7QSJ3c6X2hNQIet3AAyJJOXBieOMWEPtB5uZgUO7m8XbKnoIvESUmepKh0cl+tbsAjD3zkkmnddOwQ2zFTKLiEJNuKNISMD1kfmob6zAPdjqdfJfTYKF3aC5QpH+lU/T0RM0/rseeaTo/hQM97E/E/rxlh77IdCz+MEHw+W9SLJMWATiKiXaGAoxwbwrgS5lbKB0wxjibIrAnBmX95kdTOSo5dcm7P8+WrNI4MOSRHpEAcckHK5IZUSJVw8kieySt5s56sF+vd+pi1LlnpzAH5A+vzB5C8nms=</latexit><latexit sha1_base64="qzkc0PwhUZAZsoLjEb6Rk/bZfh8=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBASlLArgh6DXjxGMA9IQpiddJIhsw9negNh3Z/w4q948aCIV8Gbf+Mk2YMmFjQUVd10d7mhFBpt+9taWl5ZXVvPbGQ3t7Z3dnN7+zUdRIpDlQcyUA2XaZDChyoKlNAIFTDPlVB3h9cTvz4CpUXg3+E4hLbH+r7oCc7QSJ3c6X2hNQIet3AAyJJOXBieOMWEPtB5uZgUO7m8XbKnoIvESUmepKh0cl+tbsAjD3zkkmnddOwQ2zFTKLiEJNuKNISMD1kfmob6zAPdjqdfJfTYKF3aC5QpH+lU/T0RM0/rseeaTo/hQM97E/E/rxlh77IdCz+MEHw+W9SLJMWATiKiXaGAoxwbwrgS5lbKB0wxjibIrAnBmX95kdTOSo5dcm7P8+WrNI4MOSRHpEAcckHK5IZUSJVw8kieySt5s56sF+vd+pi1LlnpzAH5A+vzB5C8nms=</latexit>



MCMC
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 The theorem tells us that the chains will sample 
the posterior pdf (after some burn-in length) 

independent of the proposal distribution, BUT

   The efficiency of the sampling strongly 
depends on the proposal (proposal should 
resemble the posterior)

 Number of samples vs. number of independent 
samples (defined by autocorrelation length)

  Multimodal posterior require special treatment!
(simulated annealing, parallel tempering)



GW data analysis
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GW data analysis
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p(✓|d) = p(d|✓) p(✓)

p(d)
<latexit sha1_base64="6gzQpoCTXO/TgH/mejcORsTdVUg=">AAACIXicbVBdSwJBFJ21L7Mvq8dehiTQF9mNoEQCqZceDTIFV2R2dlYHZz+YuRvI5m/ppb/SSw8VvkV/plndoLQDA4dzzuXOPU4kuALT/DRyK6tr6xv5zcLW9s7uXnH/4F6FsaSsRUMRyo5DFBM8YC3gIFgnkoz4jmBtZ3Sd+u0HJhUPgzsYR6znk0HAPU4JaKlfrEVlG4YMCH7EbgVfYtuThCZR2dXC3Klgu27Xf3KVSSF1K5N+sWRWzRnwMrEyUkIZmv3i1HZDGvssACqIUl3LjKCXEAmcCjYp2LFiEaEjMmBdTQPiM9VLZidO8IlWXOyFUr8A8Ez9PZEQX6mx7+ikT2CoFr1U/M/rxuBd9BIeRDGwgM4XebHAEOK0L+xyySiIsSaESq7/iumQ6I5At1rQJViLJy+T1mm1VrVuz0qNq6yNPDpCx6iMLHSOGugGNVELUfSEXtAbejeejVfjw5jOozkjmzlEf2B8fQOXnaF0</latexit><latexit sha1_base64="6gzQpoCTXO/TgH/mejcORsTdVUg=">AAACIXicbVBdSwJBFJ21L7Mvq8dehiTQF9mNoEQCqZceDTIFV2R2dlYHZz+YuRvI5m/ppb/SSw8VvkV/plndoLQDA4dzzuXOPU4kuALT/DRyK6tr6xv5zcLW9s7uXnH/4F6FsaSsRUMRyo5DFBM8YC3gIFgnkoz4jmBtZ3Sd+u0HJhUPgzsYR6znk0HAPU4JaKlfrEVlG4YMCH7EbgVfYtuThCZR2dXC3Klgu27Xf3KVSSF1K5N+sWRWzRnwMrEyUkIZmv3i1HZDGvssACqIUl3LjKCXEAmcCjYp2LFiEaEjMmBdTQPiM9VLZidO8IlWXOyFUr8A8Ez9PZEQX6mx7+ikT2CoFr1U/M/rxuBd9BIeRDGwgM4XebHAEOK0L+xyySiIsSaESq7/iumQ6I5At1rQJViLJy+T1mm1VrVuz0qNq6yNPDpCx6iMLHSOGugGNVELUfSEXtAbejeejVfjw5jOozkjmzlEf2B8fQOXnaF0</latexit><latexit sha1_base64="6gzQpoCTXO/TgH/mejcORsTdVUg=">AAACIXicbVBdSwJBFJ21L7Mvq8dehiTQF9mNoEQCqZceDTIFV2R2dlYHZz+YuRvI5m/ppb/SSw8VvkV/plndoLQDA4dzzuXOPU4kuALT/DRyK6tr6xv5zcLW9s7uXnH/4F6FsaSsRUMRyo5DFBM8YC3gIFgnkoz4jmBtZ3Sd+u0HJhUPgzsYR6znk0HAPU4JaKlfrEVlG4YMCH7EbgVfYtuThCZR2dXC3Klgu27Xf3KVSSF1K5N+sWRWzRnwMrEyUkIZmv3i1HZDGvssACqIUl3LjKCXEAmcCjYp2LFiEaEjMmBdTQPiM9VLZidO8IlWXOyFUr8A8Ez9PZEQX6mx7+ikT2CoFr1U/M/rxuBd9BIeRDGwgM4XebHAEOK0L+xyySiIsSaESq7/iumQ6I5At1rQJViLJy+T1mm1VrVuz0qNq6yNPDpCx6iMLHSOGugGNVELUfSEXtAbejeejVfjw5jOozkjmzlEf2B8fQOXnaF0</latexit><latexit sha1_base64="6gzQpoCTXO/TgH/mejcORsTdVUg=">AAACIXicbVBdSwJBFJ21L7Mvq8dehiTQF9mNoEQCqZceDTIFV2R2dlYHZz+YuRvI5m/ppb/SSw8VvkV/plndoLQDA4dzzuXOPU4kuALT/DRyK6tr6xv5zcLW9s7uXnH/4F6FsaSsRUMRyo5DFBM8YC3gIFgnkoz4jmBtZ3Sd+u0HJhUPgzsYR6znk0HAPU4JaKlfrEVlG4YMCH7EbgVfYtuThCZR2dXC3Klgu27Xf3KVSSF1K5N+sWRWzRnwMrEyUkIZmv3i1HZDGvssACqIUl3LjKCXEAmcCjYp2LFiEaEjMmBdTQPiM9VLZidO8IlWXOyFUr8A8Ez9PZEQX6mx7+ikT2CoFr1U/M/rxuBd9BIeRDGwgM4XebHAEOK0L+xyySiIsSaESq7/iumQ6I5At1rQJViLJy+T1mm1VrVuz0qNq6yNPDpCx6iMLHSOGugGNVELUfSEXtAbejeejVfjw5jOozkjmzlEf2B8fQOXnaF0</latexit>
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[GW150914, LSC+VIRGO PRL (2016)]

Fit to the data not a single line but multiple 
(for each parameter set in the posterioir)



“LISA data challenges”
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On going project within LISA consortium:

• Produce and publish simulated LISA data  aiming at solving particular data analyis 
problem(s)

• Infrastructure which fixes conventions, LISA configuration, prototype for end-to-end LISA 
simulator and for data analysis pipeline

• The first data challenge “Radler” is over  https://lisa-ldc.lal.in2p3.fr/ldc but you can still 
download data, analyze and submit results (recommended before moveing to the second 
challenge)

• Participants of “Radler challenge”:  Birmingham University, Marshall (NASA), Montana 
Uni,  Barcelona (ICE, CSIC, IEEC), CEA/IRFU (France), Goddard (NASA), APC (France), 
University of Trieste, IISER (India),   University of Minnesota, Imperial College London.

• Methods: 
• Various types of MCMC (MH, parallel tempering, reversible jump, slice, DE) with custom-

made proposals, nested sampling (dynesty)
•  Penalizing for extra parameters (overfitting)
• Non-parametric method, F-statistic
• “Speed-up”: heterodyning, GPU, “fast response”

https://lisa-ldc.lal.in2p3.fr/ldc


Analyzing verification Galactic binaries
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sky
position

freq.

freq. 
deriv.

orb. 
incl.

Ampl

• True parameters are within 90% 
credible region.

• Different priors are used
• Different noise realization v1, v2
• Different samplers

[Busciccio+ PRD, 2019]
[Littenberg+ PRD, 2020]



Search for MBHBs
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masses

spins

sky

merger
 time

• GW signal includes inspiral merger 
and ringdown (no precession, only 
dominant mode)

• In total 11 parameters per source
• SNR ~400

[Cornish & Shuman PRD (2020)]
[Katz+ PRD (2020)]



Search for MBHBs
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masses

spins

Recover well “intrinsic parameters”:
masses and spins of BHs



Search for MBHBs
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masses

spins

sky

merger
 time

Bimodality in the position 
of source in the sky



Search for MBHBs
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masses

spins

sky

merger
 time

Bimodality in the sky
[Marsat+ arxiv 2003.00357]

In general we could expect up to 
8 local maxima in the sky

see talk by S. Marsat



Understanding sky bi-modality
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Sky 90% credible region in the solar 
system barycenter frame. 

Amplitude ratio of two peaks ~ odd ratio 

Sky uncertainty in the LISA frame:
symmetric w.r.t LISA’s plane

The detectable part of signal: ~10 hours 

true position



Understanding sky bi-modality
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Doppler & amplitude 
modulation due to 

LISA’s orbital motion

Short duration: LISA’s response — 
sensing difference in time arrival of 
GW at each spacecraft (small effect)

Symmetry wrt LISA’s plane

Direct and antipodal 
sky position (SSB frame)



Galaxy (white dwarf binaries)
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• The data contained  30 mln signals
• 10-20 thousands individually resolvable
• Results are submitted in small frequency bands
• Problem: to understand the number of sources

[Littenberg+ PRD, 2020]



Identifying number of sources
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• Take a narrow band next to 10mHz: 3 GW signals
•  Perform time-data adaptive (4 months, 5 months, … 10 months) search
• Consider 4 models: 1 GW source, 2 GW sources, 3 GW source, 4 GW sources

Probability of having 
N-sources in the data 
using different data 
duration

PSD of the data (A, E TDI channels)



Time-evolving catalogue building
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[Littenberg+ PRD, 2020]



Stochastic GW signal
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Raphael Flauger, Nikolaos Karnesis, Germano Nardini, Mauro Pieroni, Angelo Ricciardone, Jesus Torrado,
Ch. Caprini,  Sharan Banagiri, Alexander Criswell, Vuk Mandic

split freq. in bins and evaluate SGW piecewise (powerlaw). Penalize for unnecessary large 
number of bins (AIC)

Injected

Reconstructed



Stochastic GW signal
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Smoothing on small scales (complete loss of sensitivity at  l~ 15)

Reconstruction of Anysotropy

[Contaldi+ (2006)]



Stellar mass BH binaries
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[LVC (2018)]



Stellar mass BH binaries
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• Weak source at high frequency end of LISA’ s sensitivity: possible multi-band sources
• Hard to detect.  Could serve as laboratories for testing GR

chirp mass

symmetric mass ratio

spins

sky position

[Toubiana+ (2020), 2007.08544]
[Toubiana+, PRD (2020)]

[Sayantani Datta+, (2006)  2006.12137]
[Moore, Gerosa, Klein, MNRAS (2019)]

Moved to challenge 1b

https://inspirehep.net/literature?q=a%20S.Datta.9


LISA data challenge-2 (“Sangria”)
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Sangria (English: /sæŋˈɡriːə/, Portuguese pronunciation: [sɐ̃̍ ɡɾi.ɐ]; Spanish: sangría [saŋˈɡɾi.a]) is 
an alcoholic beverage of Spanish origin. A punch, the sangria traditionally consists of red wine and 
chopped fruit, often with other ingredients such as orange juice or brandy.

• Mild “enchilada” data challenge: 
mixture of sources + unknow level of instrumental noise

• Galactic WD binaries (again 30 mln) plus unknown number of MBHBs:
• Training data challenge + Blind challenge
•  Noise is not stationary (cyclo-stationary) due to stochastic foreground confusion noise 
• The data is available https://lisa-ldc.lal.in2p3.fr/ldc
• Officially released

https://en.wikipedia.org/wiki/Help:IPA/English
https://en.wikipedia.org/wiki/Help:IPA/Portuguese
https://en.wikipedia.org/wiki/Spanish_language
https://en.wikipedia.org/wiki/Help:IPA/Spanish
https://en.wikipedia.org/wiki/Alcoholic_beverage
https://en.wikipedia.org/wiki/Spanish_cuisine
https://en.wikipedia.org/wiki/Punch_(drink)
https://en.wikipedia.org/wiki/Red_wine
https://en.wikipedia.org/wiki/Orange_juice
https://en.wikipedia.org/wiki/Brandy
https://lisa-ldc.lal.in2p3.fr/ldc


“Sangria” in time domain

47



“Sangria” in time domain
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“Sangria” in time domain

49



“Sangria” in time domain
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“Sangria” in time domain
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“Sangria” in time domain
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“Sangria” in frequency domain
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“Sangria” in frequency domain
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“Sangria” in frequency domain
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“Sangria” in frequency domain
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“Sangria” in frequency domain
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“Sangria” in time-frequency
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“Sangria” in time-frequency
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LISA data challenge-2b (“Spritz”) 
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• Spritz (alcoholic beverage), an aperitif consisting of wine, sparkling water, and liqueur

•  Two data sets:
• MBHB: 3 month of data
• Verification binaries, 1 year long

• Both data sets will contain 
• scheduled gaps 
• glitches from LISAPathfinder 
• 2nd order Keplerian LISA orbit
• Non-stationary noise: Galactic foreground 

https://en.wikipedia.org/wiki/Spritz_(alcoholic_beverage)


LISA data challenge-1b (“Yorsh”) 
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•  Two types of GW sources (left over from challenge1b):
• SBBH

• 1 source with SNR ~ 25,  2 years
• 1 source with SNR ~ 10, 2 years  

• EMRI
• 1 source,  SNR ~40, generic orbit, simple model (AAK)
• 1 source, SNR ~40, non-spining MBH, fully relativistic 

Yorsh (Also known as Mora Grogg) (Russian: Ёрш which means "Ruffe") is a Russian mixed drink consisting of beer 
thoroughly mixed with an ample quantity of vodka. It is traditionally drunk in a social setting, typically with a toast 
followed by downing a full glass of it at one go.

https://en.wikipedia.org/wiki/Russian_language
https://en.wikipedia.org/wiki/Ruffe
https://en.wikipedia.org/wiki/Russia
https://en.wikipedia.org/wiki/Mixed_drink
https://en.wikipedia.org/wiki/Beer
https://en.wikipedia.org/wiki/Vodka
https://en.wikipedia.org/wiki/Toast_(honor)


Conclusion
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• LISA is not LIGO in space
• But… We can learn a lot from LVC and use methods/techniques in LISA data analysis.
• Many challenges caused by 

• multimodality of likelihood, 
• systematics in GW models, 
• large number of overlapped signals
• non-stationarity of the noise (gaps, glitches, ….)  
• complex response, 
• strong/long duration of signals

• “Sangria” data set is served: download it and see what you we can extract. 


