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Stochastic Differential Equations wiener Process

x(t)

Xo

X(t)

o
stochastic process X (-): solution of SDE

{ X(t) =b(X (1) + B(X(1) £(t),  (t>0)
X(0) = Xo,

White noise:
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Stochastic Differential Equations wiener Process

{ X(t) = b(X (1)) + B(XX(1) £(1),  (t>0)
X(0) = Xo,

White noise:

(&) () = o(t —1).

t t
X(t) = Xo +/ b(X,s) ds+/ B(X,s) dW
0 0
Wiener Process (Brownian motion):

dw
=&

(W) =0, (W)W (s)) =min{t,s}, (W?@t))=t,
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Examples of linear SDE

Examples

@ Wiener process
(Brownian motion)

Figure: Wiener

dXt =0 th

o . constant.
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Examples of linear SDE

Examples

@ Stock prices i . ‘ | _
(geometric Brownian 2000 2005 2010 2015 2020
motion)

Figure: Starbucks Corporation (SBUX) Stock Price

dSt = u St dt+0’ St th,
S(O) = S0,

S(t) = soeaw(tH(”*%)t

u > 0: Drift , o: volatility .
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Examples of linear SDE

Examples

@ Brownian bridge
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Examples of linear SDE

Examples

dXt = —bXt dt+0' th,
X(0) = Xo,

@ Ornstein—Uhlenbeck process
(mean-reverting process)

t
X(t)=Xo et + a/ e tt=9) qi
0

Friction b > 0, diffusion: o
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COVID-19

N. Afshordi, B. Holder, M. Bahrami and D. Lichtblau, arXiv:2007.00159

Model

Random walk with
exit rate d

Relative Mortality Growth Rate

Los Angeles County, California, United States
Cook County, llinois, United States

Wayne County, Michigan, United States

New York City.

log #(C,1)

Infectious Hospitalized

02}
03
Apr
exposure event

Z(C,t): density of infected per stage at time ¢

\I‘ ﬁ% 2 IA\\"‘"
N2 AN VAN
V\w VA

. ! or 1 0%*1
C' stage of infection il
T 1characteristic time scale of the random walk ot 27 0C
d=: Ti

Time from exposure to quarantine/recovery
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Inflation: formal approach

Inflaton (quantum) field: & = @ + ¢
Classical background (fixed) : ¢ = acceleration = Homogeneous
Small quantum perturbations : ¢ = Structure

Vip),

. . 1.
0+3Hp+V,=0 3M]%H2:V+§¢

>

. . k2
0¢r + 3HIpi + ((12 + V¢¢> d¢r =0

g
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Stochastic Inflation

Ci):¢+¢>

Coarse-graining: Wy (k,t) = O (k —eaH)

( Comoving Scales) -1

UV modes:
o~ k>eaH

IR modes:
p: 0<k<eaH
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Stochastic Inflation Langevin equation

Split a quantum fields (<i> f[) into long and short modes

A 3 ~ .
d = +/ ne O (k —ca(t)H) di(t)e™>

2 . 3 2 .
b =TT =r + / (;17:)‘3 O (k — cal(t)H) dne(t)e

time-dependent window function

de s
_ o |av T
Langevin's equation
drm Vo -
N~ BT

2
e-folding number: dN = Hdt
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Stochastic inﬂation: Stochastic Noises

For a light scalar field, Qunatum stochastic noises:

ot =% | CE Sk — k) e dult),

“at | oy
: dk, [ &k o
) == [ g 8k =) € ). ke = ca(t)H

commute as ¢ — 0
<[é§07£ﬂ']> =0

and become classic noises:
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Stochastic inflation: Siow-roll inflation

dp V@

Normalized white noise

{€(N)) =0
(E(N)E(NT)) = (N — N')

Vi =

Classical drift: ——#

H
v~ 32 W)

w0
DO

:Quantum diffusion

g




Electromagnetic fields during inflation

Motivations St?tistic-al anisotro-py. CMB: |g.| <1072 ‘
Primordial magnetic field Blazars: By, = 107G
Model f2F?2:

S = / d*z /=g {M;}%R — %gwaﬂwm ~ V(o) — @F’”FM
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Inflationary Universe with Anisotropic Hair

M. Watanabe, S. Kanno and J. Soda, Phys. Rev. Lett. 102, 191302 (2009)
1

f2q*

foox a2, c—1~10"" =g, ~0.01

quadrupolar statistical anisotropy

Electromagnetic energy decays as

=3
vector
o n z
| 012
20006 a1
5 anisotropic inflation 0.08
g soo0s
L anisotropic
inflation
60006 ot
isotropic - ot
Be.006 inflation 2 508
0 Y
0f 0.05 ”
scalar velocity
00004 = " 0.0008 ‘01
o005
* ’ ‘ ! ¢ ¢ i L isotropic anisotropy
L inflation

Tt

Bage = 10° <0.01) v/m
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Stochastic Effects in Anisotropic Inflation

A. T, A. Nassiri-Rad and H. Firouzjahi, Phys. Rev. D 101, 023524 (2020)

— =10 — £ui=10 — £u=10 — Eu=10 — Eu=1 — Eu=10" — Eu=10"7
2 10!
10° —
1071 i ,..'.
WWM Eini > 1: OU process
10! PRSI,
A .Mu&
100 Eini = 1: Wiener process
107!
. Eni < 1: growing process
107*
10° 10! 10° 10° 10! 10° 10° N
Pr E
I 2 —
E=20c-1)1-&y) E+2y/—&y, &=
c—1 Eatt
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Stochastic Effects in Anisotropic Inflation

A. T, A. Nassiri-Rad and H. Firouzjahi, Phys. Rev. D 101, 023524 (2020)

Does Anisotropic Inflation Produce a Small Statistical Anisotropy? with the

probability of P (g, < 0.01) = P (€ <&,) Yes

P(E <&,
10

0.8

0.6

2k = logy ‘Sizni — 1‘

q=—logjp(c—1)

Y
- > o«

<
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Observational facts and Primordial Magnetic Field
A. Bonafede et al., Astron.Astrophys. 513 (2010)

2 O s g 10 0 500 1000 1500 2000
<By> G T [kpe]

Figure: Bonafede et al. 2010

1 As = 1Mpe

-9 > > 1016
107°G > Bops 2> 107166 x TMpe

B

/\B 5 lMpC.

Correlation length \p
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Primordial Magnetic Fields

V. Demozzi, V. Mukhanov and H. Rubinstein, JCAP 0908(2009) 025

2

S = /d4x & [MPR - %g“”ama,,qs — V() — @FWFW

n < 0 strong coupling regime

n >0 weak coupling regime.

Slow-roll limit: 3MAH? ~ V(¢) + %(E2 + B?),

E? + B?

Back-reaction parameter: R = W

<1,

Boow = 2.5 x 10757 (T—t)T Ben
o . 0.01 end
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Magnetic fields from inflation?

V. Demozzi, V. Mukhanov and H. Rubinstein, JCAP 0908(2009) 025

A = 1Mpc  107°G = By = 10715G

~

Weak coupling regime Strong coupling regime
H? [ Apn \"7° H? [ Mpn \ "2
Bend ~ Bend ~ —
2r \H~! 2r \ H~!
n=2: Buow ~ 1073°@ n=-3: Bhow ~ 102G! *
n=2.2: Bpow =~ 1073G n=-2.2: Byow ~1077G
n=3: Buow ~ 107G * n=-2: Bpow ~ 10711G
*: Electric back-reaction problem x: Magnetic back-reaction problem

No back-reaction limit: n < 2.2 No back-reaction limit: n > —2.2
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Revisiting Magnetogenesis during Inflation

A. T, A. Nassiri-Rad and H. Firouzjahi, arXiv:2007.11066

Unified electric and magnetic field using an auxiliary vector field X; satisfying

S v . 5 5 5 B 9
mode function X (k,n) = z? LH? 5°/2 HSD (—kn).

E - X|u~>n+% 9 B = X|V~>n7

1
3 )

Long-Short decomposition:

3
X(t,z) = X"(t,x) +/ d k3 O (k — caH) X (t) e*=
(2m)
Langevin equation:
IR
X' =b, X+D,) &, X X
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Revisiting Magnetogenesis during Inflation

A. T, A. Nassiri-Rad and H. Firouzjahi, arXiv:2007.11066

Electromagnetic fields have no classical background values,

N
X(N)=D,(¢) eb”N/ e AW (),
0

21V T(|v]) B
<1 + 2

Dy(e) = VP x {5 o Yot Il #£5/2

1 v=45/2.

5
b, = |v| — 3 + O(eq)

Ornstein-Uhlenbeck (OU) process: b, < 0
frictional drift force —|b,|X ~ the random force D, &

2

3D
Equilibrium state: (X?)eq = 2|bV| at around Neq ~ O(In10/|b,|)
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Revisiting Magnetogenesis during Inflation

A. T, A. Nassiri-Rad and H. Firouzjahi, arXiv:2007.11066

How small € can be?

y ( Comoving Scales) -1

kcmB
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Revisiting Magnetogenesis during Inflation

A. T, A. Nassiri-Rad and H. Firouzjahi, arXiv:2007.11066

5./P; 5P
B =Bt Y Cc¢ £ =_g+ YV ¢
ENG 26
E'=—ey £+ /6P & B =—ey B+ /6P ¢
N

Strong regime

Weak regime = =

NE ~0(1) NE ~ 0(10%)
R(N = 60) ~ 1010 R(N = 60) ~ 1010
Boow ~ 10718 @ Boow ~107° @
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Revisiting Magnetogenesis during Inflation

A. T, A. Nassiri-Rad and H. Firouzjahi, arXiv:2007.11066

re=0.01,e =107 ) e = 0.0001,& = 1073

Gray region: Strong regime
Green band: 107G > B, = 10716G

Blue band: Healthy parameter space
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Revisiting Magnetogenesis during Inflation

A. T, A. Nassiri-Rad and H. Firouzjahi, arXiv:2007.11066

Wiener Process OU Process
P(107' < Bpow S 107% N) Peq(107% < Bpow < 1079)
Probability Py
1 1.0
0.8 0.8
0.6 0.6
0.4 0.4
—_— =10
0.2 0.2 — =107
—_— =107
o 108 07 107 107 N B e 1 0 1 E) n
n=3and n = —2 —2<n<3
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Summary and Conclusion

@ The stochastic formalism consists of an effective theory for IR modes of the
quantum fields, which are coarse grained at a fixed physical scale.

@ In the presence of stochastic noises from small scales, the fate of electric
field, in the anisotropic inflation fQFWF‘“’ in which f ~ a2, is very
sensitive to its initial value of electric field.

@ The amplitude of the electromagnetic noises, in f2F,, F** models in which
f o< n™, depends on the cutoff parameter ¢ and n which indicates the scale
dependency of the electromagnetic fields spectra.

@ The main reason for the amplification of the magnetic field in this case is due
to the Ornstein-Uhlenbeck process which settles the fields into an equilibrium
state and prevent them from decaying.
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e Stochastic effects in primordial magneticgenesis models for F'F' (in progress)

2

. (F””FW + 7F“”F,w)

@ Stochastic effects Axion inflation. (in progress)

(07

1
—ZF"™F,,
4 " +f

GFME,,
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