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Stochastic Differential Equations Wiener Process

stochastic process X(·): solution of SDE{
Ẋ(t) = b(X(t)) +B(X(t)) ξ(t) , (t > 0)
X(0) = X0,

White noise:

〈ξ(t) ξ(t′)〉 = δ(t− t′) .
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Stochastic Differential Equations Wiener Process

{
Ẋ(t) = b(X(t)) +B(X(t)) ξ(t) , (t > 0)
X(0) = X0,

White noise:

〈ξ(t) ξ(t′)〉 = δ(t− t′) .

X(t) = X0 +

∫ t

0

b(X, s) ds+

∫ t

0

B(X, s) dW

Wiener Process (Brownian motion):

dW

dt
= ξ(t)

〈W (t)〉 = 0 , 〈W (t)W (s)〉 = min{t, s} , 〈W 2(t)〉 = t ,
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Examples of linear SDE

Examples

Wiener process
(Brownian motion)

Stock prices
(geometric Brownian
motion)

Brownian bridge

Ornstein–Uhlenbeck process
(mean-reverting process)

Figure: Wiener

dXt = σ dWt

σ : constant.
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Examples of linear SDE

Examples

Wiener process
(Brownian motion)

Stock prices
(geometric Brownian
motion)

Brownian bridge

Ornstein–Uhlenbeck process
(mean-reverting process)

Figure: Starbucks Corporation (SBUX) Stock Price

{
dSt = µ St dt+ σ St dWt ,
S(0) = s0,

S(t) = s0e
σW (t)+

(
µ−σ22

)
t

µ > 0: Drift , σ: volatility .
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Examples of linear SDE

Examples

Wiener process
(Brownian motion)

Stock prices
(geometric Brownian
motion)

Brownian bridge

Ornstein–Uhlenbeck process
(mean-reverting process)

{
dBt = − Bt

1− t dt+ dWt ,

B(0) = 0,

B(t) = (1− t)
∫ t

0

1

1− sdWs
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Examples of linear SDE

Examples

Wiener process
(Brownian motion)

Stock prices
(geometric Brownian
motion)

Brownian bridge

Ornstein–Uhlenbeck process
(mean-reverting process)

{
dXt = −b Xt dt+ σ dWt ,
X(0) = X0,

X(t) = X0 e
−b t + σ

∫ t

0

e−b(t−s) dW

Friction b > 0 , diffusion: σ
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COVID-19
N. Afshordi, B. Holder, M. Bahrami and D. Lichtblau, arXiv:2007.00159

Relative Mortality Growth RateModel

C: stage of infection
I(C, t): density of infected per stage at time t

τ : characteristic time scale of the random walk
d−1: Time from exposure to quarantine/recovery

∂I
∂t

=
1

2τ

∂2I
∂C2

− d I:
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Inflation: formal approach

Inflaton (quantum) field: Φ̂ = ϕ̄+ δφ
Classical background (fixed) : ϕ̄⇒ acceleration ⇒ Homogeneous
Small quantum perturbations : δφ⇒ Structure

ϕ

V (ϕ)

− V,ϕ

3H2

δφ

¨̄ϕ+ 3H ˙̄ϕ+ V,ϕ = 0 3M2
PH

2 = V +
1

2
˙̄ϕ

δφ̈k + 3Hδφ̇k +

(
k2

a2
+ V,ϕϕ

)
δφk = 0
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Stochastic Inflation

Φ̂ = ϕ + φ>
Coarse-graining: WH(k, t) = Θ (k − εaH)

N

(Comoving Scales)−1

aH

εaH

NCMB N∗ Nε Nend Nnow

ke

k

εk

kCMB

k0

ks

IR modes:

UV modes:

ϕ : 0 < k < εaH

φ> : k > εaH
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Stochastic Inflation Langevin equation

Split a quantum fields (Φ̂, Π̂) into long and short modes

Φ̂ =ϕ+

∫
d3k

(2π)3
Θ (k − εa(t)H) φ̂k(t)eik.x

ˆ̇Φ = Π̂ =π +

∫
d3k

(2π)3
Θ (k − εa(t)H)

ˆ̇
φk(t)eik.x

time-dependent window function

Langevin’s equation


dϕ

dN
= π + ξ̂ϕ

dπ

dN
= −(3− εH)π − V,ϕ

H2
+ ξ̂π

e-folding number: dN = Hdt

Alireza Talebian (IPM) Stochastic effects November 9, 2020 7 / 28



Stochastic inflation: Stochastic Noises

For a light scalar field, Qunatum stochastic noises:

ξ̂ϕ(t,x) = −dk
c

dt

∫
d3k

(2π)3
δ(k − kc) eik.x φ̂k(t) ,

ξ̂π(t,x) = −dk
c

dt

∫
d3k

(2π)3
δ(k − kc) eik.x ˆ̇

φk(t) , kc = εa(t)H

commute as ε→ 0

〈[ξ̂ϕ, ξ̂π]〉 = 0

and become classic noises:

〈ξ̂ϕ(N1) ξ̂ϕ(N2)〉 =

(
H

2π

)2

δ(N1 −N2)

〈ξ̂π(N1) ξ̂π(N2)〉 ∼ O(ε4)
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Stochastic inflation: Slow-roll inflation

ϕ

V (ϕ)

−V,ϕ
3H2

H
2π

Classical drift:

:Quantum diffusion

dϕ

dN
= − V,ϕ

3H2
+
H

2π
ξ(N)

Normalized white noise

〈ξ(N)〉 = 0

〈ξ(N)ξ(N ′)〉 = δ(N −N ′)
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Electromagnetic fields during inflation

Motivations

{
Statistical anisotropy CMB: |g∗| ≤ 10−2

Primordial magnetic field Blazars: BMpc & 10−16G

Model f2F 2:

S =

∫
d4x
√−g

[
M2
P

2
R− 1

2
gµν∂µφ∂νφ− V (φ)− f2(φ)

4
FµνFµν

]
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Inflationary Universe with Anisotropic Hair
M. Watanabe, S. Kanno and J. Soda, Phys. Rev. Lett. 102, 191302 (2009)

Electromagnetic energy decays as
1

f2a4

fc ∝ a−2c , c− 1 ∼ 10−7 ⇒|g∗| ∼ 0.01

quadrupolar statistical anisotropy

Eatt ' 1050
( rt

0.01

)
V/m
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Stochastic Effects in Anisotropic Inflation
A. T, A. Nassiri-Rad and H. Firouzjahi, Phys. Rev. D 101, 023524 (2020)

E ′ = 2(c− 1)(1− E2ini) E + 2

√
PR
c− 1

ξN , E ≡ E

Eatt

Eini > 1: OU process

Eini = 1: Wiener process

Eini < 1: growing process
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Stochastic Effects in Anisotropic Inflation
A. T, A. Nassiri-Rad and H. Firouzjahi, Phys. Rev. D 101, 023524 (2020)

Does Anisotropic Inflation Produce a Small Statistical Anisotropy? with the
probability of P (g? < 0.01) = P (E < E?) Yes

q ≡ − log10(c− 1)

2κ ≡ log10

∣∣∣E2ini − 1
∣∣∣
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Observational facts and Primordial Magnetic Field
A. Bonafede et al., Astron.Astrophys. 513 (2010)

Figure: Bonafede et al. 2010

10−9G & Bobs & 10−16G×


1 λB & 1Mpc√

1Mpc

λB
λB . 1Mpc .

Correlation length λB
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Primordial Magnetic Fields
V. Demozzi, V. Mukhanov and H. Rubinstein, JCAP 0908(2009) 025

S =

∫
d4x
√−g

[
M2
P

2
R− 1

2
gµν∂µφ∂νφ− V (φ)− f2(η)

4
FµνFµν

]

f(η) = fend
( η

ηend

)n
, η ∈ (−∞, 0) ,

 n < 0 strong coupling regime

n > 0 weak coupling regime .

Slow-roll limit: 3M2
PH

2 ' V (φ) +
1

2
(E2 +B2) ,

Back-reaction parameter: R ≡ E2 +B2

6M2
PH

2
� 1 ,

Bnow = 2.5× 10−57
( rt

0.01

)− 1
2

Bend
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Magnetic fields from inflation?
V. Demozzi, V. Mukhanov and H. Rubinstein, JCAP 0908(2009) 025

λB = 1Mpc 10−9G & Bobs & 10−16G

Weak coupling regime

Bend '
H2

2π

(
λph
H−1

)n−3

n=2: Bnow ' 10−35G

n=2.2: Bnow ' 10−30G

n=3: Bnow ' 10−11G ?

?: Electric back-reaction problem
No back-reaction limit: n ≤ 2.2

Strong coupling regime

Bend '
H2

2π

(
λph
H−1

)−n−2

n=-3: Bnow ' 1012G! ?

n=-2.2: Bnow ' 10−7G

n=-2: Bnow ' 10−11G

?: Magnetic back-reaction problem
No back-reaction limit: n ≥ −2.2
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Revisiting Magnetogenesis during Inflation
A. T, A. Nassiri-Rad and H. Firouzjahi, arXiv:2007.11066

Unified electric and magnetic field using an auxiliary vector field Xi satisfying

Ẍi −
∇2

a2
Xi + 5HẊi−

[
(ν − 5

2
)(ν +

5

2
)− 2(ν2 − 5

4
)εH

]
H2Xi ' 0

mode function X(k, η) = i

√
π

2
kH2 η5/2 H

(1)
ν (−kη).

E = X|ν→n+ 1
2
, B = X|ν→n− 1

2
,

Long-Short decomposition:

X(t,x) = XIR(t,x) +

∫
d3k

(2π)
3 Θ (k − εaH)Xk(t) eik.x

Langevin equation:

X ′
= bν X +Dν(ε) ξ , X =

XIR

√
2εHMPH
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Revisiting Magnetogenesis during Inflation
A. T, A. Nassiri-Rad and H. Firouzjahi, arXiv:2007.11066

Electromagnetic fields have no classical background values,

X (N) = Dν(ε) ebνN
∫ N

0

e−bνsdW (s) ,

Dν(ε) =
√

6Pζ ×

 2|ν|

3

Γ(|ν|)√
2π

(
1 +

∣∣5
2
− |ν|

∣∣
Qν

)
ε−bν |ν| 6= 5/2

1 ν = ±5/2 .

bν ≡ |ν| −
5

2
+O(εH)

Ornstein-Uhlenbeck (OU) process: bν < 0
frictional drift force −|bν |X ∼ the random force Dνξ

Equilibrium state: 〈X 2〉eq =
3D2

ν

2|bν |
at around Neq ' O(ln 10/|bν |)
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Revisiting Magnetogenesis during Inflation
A. T, A. Nassiri-Rad and H. Firouzjahi, arXiv:2007.11066

N

(Comoving Scales)−1

aH

εaH

Ni N Ne Nnow

ke

kN

ε kN

kCMB

λ ∼ Mpc

kCMB =
(
0.05− 10−4

)
Mpc−1 =⇒

How small ε can be?

ε ≡ kCMB

kN

ε ' O
(
10−2 − 10−5

)
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Revisiting Magnetogenesis during Inflation
A. T, A. Nassiri-Rad and H. Firouzjahi, arXiv:2007.11066

Weak regime

B′ = −B +
5
√
Pζ

2
√

6
ε ξ

E ′ = −εH E +
√

6Pζ ξ

NB
eq ' O(1)

R(N = 60) ' 10−10

Bnow ' 10−13 G

Strong regime

E ′ = −E +
5
√
Pζ

2
√

6
ε ξ

B′ = −εH B +
√

6Pζ ξ

NB
eq ' O(103)

R(N = 60) ' 10−10

Bnow ' 10−9 G
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Revisiting Magnetogenesis during Inflation
A. T, A. Nassiri-Rad and H. Firouzjahi, arXiv:2007.11066

Gray region: Strong regime

Green band: 10−9G & Bobs & 10−16G

Blue band: Healthy parameter space
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Revisiting Magnetogenesis during Inflation
A. T, A. Nassiri-Rad and H. Firouzjahi, arXiv:2007.11066

P (10−16 . Bnow . 10−9;N)

n = 3 and n = −2

Wiener Process

Peq(10
−16 . Bnow . 10−9)

OU Process

−2 < n < 3
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Summary and Conclusion

The stochastic formalism consists of an effective theory for IR modes of the
quantum fields, which are coarse grained at a fixed physical scale.

In the presence of stochastic noises from small scales, the fate of electric
field, in the anisotropic inflation f2FµνF

µν in which f ∼ a−2c, is very
sensitive to its initial value of electric field.

The amplitude of the electromagnetic noises, in f2FµνF
µν models in which

f ∝ ηn, depends on the cutoff parameter ε and n which indicates the scale
dependency of the electromagnetic fields spectra.

The main reason for the amplification of the magnetic field in this case is due
to the Ornstein-Uhlenbeck process which settles the fields into an equilibrium
state and prevent them from decaying.
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Future Works

Stochastic effects in primordial magneticgenesis models for FF̃ (in progress)

−f
2(η)

4

(
FµνFµν + γFµν F̃µν

)
Stochastic effects Axion inflation. (in progress)

−1

4
FµνFµν +

α

f
φFµν F̃µν
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