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Outline

▶ Inclusive B → Xc`ν`

▶ Remarks on Heavy Quark Expansion
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Main motivation: Determination of ∣Vcb ∣ and ∣Vub ∣

b

ū

ū

q

W−

ℓ−

ν̄ℓ

Vqb

Inclusive ∣Vub ∣

B → Xu`ν̄`

Inclusive ∣Vcb ∣

B → Xc`ν̄`

Br ∝ ∣Vqb ∣2
⎡⎢⎢⎢⎢⎣

Γ(b → q`ν̄`) +
1

m2
b,c

+ αs . . .

⎤⎥⎥⎥⎥⎦

▶ Γ(b → q`ν̄`) = free quark decay

▶ 1/mb,c = subleading HQE corrections

▶ higher background in experiment

. . . as alternative with different theoretical and experimental systematics to

Leptonic ∣Vub ∣

Br ∝ ∣Vub ∣2 f 2
B

m2
`

m2
B

▶ fB = B-meson decay
constant

b

ū

W− ℓ−

ν̄ℓVqb

Exclusive ∣Vub ∣

B → π`ν̄`, Λb → p`ν̄`
future Bs → K`ν̄`

Exclusive ∣Vcb ∣

B → (D,D∗)`ν̄`, Λb → Λc`ν̄`
future Bs → Ds`ν̄`

Br ∝ ∣Vqb ∣2 f 2(q2) ⊗ dΠ(q2)

▶ f 2(q2) ⊗ dΠ(q2) = form factors & phase space

▶ low background in experiment
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Inclusive b → c`ν
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Inclusive semileptonic decays

Final hadronic Xq contains quark with flavor q, focus here on q = c ⇒ Xc = D,Dπ,Dππ,D∗, . . .

B(pB) → Xc(pX ) + `(p`) + ν`(pν) q ≡ pB − pX = p` + pν

d3Γ

dq2 dE` dEν
=

1
8mB

∑
Xc

∑
spins

∣⟨Xc`ν`∣LEFT∣B⟩∣
2
δ4[pB − q − pX ]

=
G 2

F ∣Vcb ∣2

2π3
[W1 q2 +W2 (2E`Eν − q2/2) +W3 q2(E` − Eν)] θ [Eν −

q2

4E`
]

⇒ used here factorization at LO in QED into hadronic Wαβ and leptonic Lαβ tensors

2G 2
F ∣Vcb ∣2WαβLαβ ≡

(2π)3

2mB
∑
Xc

∑
spins

∣ ⟨Xc`ν`∣LEFT∣B⟩ ∣
2
δ4[pB − q − pX ]

where
Lαβ = 4 [pα` pβν + pβ

`
pαν − gαβp`pν − iεαβρδp`ρpνδ]

Wαβ ≡
(2π)3

2mB
∑
Xc

δ4[pB − q − pX ] ⟨B∣J†
α∣Xc⟩ ⟨Xc ∣Jβ ∣B⟩ Jµ ≡ [c γµPL b]

= −gαβ W1 + vαvβ W2 − iεαβµνvµqν W3 + qαqβ W4 + (vαqβ − vβqα)W5

with scalar functions Wj = Wj(q2, v ⋅ q) W4,5 do not contribute since qαLαβ = qβLαβ = 0 5 / 20



Wαβ from B → B

Hadronic tensor Wαβ parametrizes strong dynamics for B → Xc transition⇒ can be related to

iTαβ =∫ d4x e−iqx ⟨B∣ T{J†
α(x), Jβ(0)} ∣B⟩

2mB
← insert complete set of states

=∫ d4x
e−iqx

2mB

⎧⎪⎪⎨⎪⎪⎩
θ[x0]∑

Xc

⟨B∣J†
α(x)∣Xc⟩⟨Xc ∣Jβ(0)∣B⟩ + θ[−x0] ∑

Xcbb

⟨B∣Jβ(0)∣Xcbb⟩⟨Xcbb ∣J
†
α(x)∣B⟩

⎫⎪⎪⎬⎪⎪⎭

↓ in B rest frame pµB = mBvµ = mB(1, 0⃗)µ and used Jµ(x) = ei P̂x Jµ(0)e−i P̂x and write Jµ ≡ Jµ(0)

=
i(2π)3

2mB

⎧⎪⎪⎨⎪⎪⎩
∑
Xc

⟨B∣J†
α∣Xc⟩⟨Xc ∣Jβ ∣B⟩

mB − EXc − q0 + iε
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

resembles Wαβ

δ3[p⃗X + q⃗] − ∑
Xcbb

⟨B∣Jβ ∣Xcbb⟩⟨Xcbb ∣J
†
α∣B⟩

EXcbb
−mB − q0 − iε

δ3[p⃗X − q⃗]
⎫⎪⎪⎬⎪⎪⎭

▶ at fixed q⃗ cuts along real axis in plane of q0 = v ⋅ q (B rest frame)

Xc −∞ < q0 < mB −
√

q⃗2 +m2
Xc,min and Xcbb

√
q⃗2 +m2

Xcbb,min
−mB < q0 < ∞

where intermediate states go on-shell

▶ even for q⃗2 = 0, the two cuts are well-separated: (Xc,min ≃ D-meson)
from (mB −mD) to (mB +mD) ⇒ 2mD ≫ ΛQCD

6 / 20



Wαβ from B → B

Hadronic tensor Wαβ parametrizes strong dynamics for B → Xc transition⇒ can be related to

iTαβ =∫ d4x e−iqx ⟨B∣ T{J†
α(x), Jβ(0)} ∣B⟩

2mB
← insert complete set of states

=∫ d4x
e−iqx

2mB

⎧⎪⎪⎨⎪⎪⎩
θ[x0]∑

Xc

⟨B∣J†
α(x)∣Xc⟩⟨Xc ∣Jβ(0)∣B⟩ + θ[−x0] ∑

Xcbb

⟨B∣Jβ(0)∣Xcbb⟩⟨Xcbb ∣J
†
α(x)∣B⟩

⎫⎪⎪⎬⎪⎪⎭

↓ in B rest frame pµB = mBvµ = mB(1, 0⃗)µ and used Jµ(x) = ei P̂x Jµ(0)e−i P̂x and write Jµ ≡ Jµ(0)

=
i(2π)3

2mB

⎧⎪⎪⎨⎪⎪⎩
∑
Xc

⟨B∣J†
α∣Xc⟩⟨Xc ∣Jβ ∣B⟩

mB − EXc − q0 + iε
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

resembles Wαβ

δ3[p⃗X + q⃗] − ∑
Xcbb

⟨B∣Jβ ∣Xcbb⟩⟨Xcbb ∣J
†
α∣B⟩

EXcbb
−mB − q0 − iε

δ3[p⃗X − q⃗]
⎫⎪⎪⎬⎪⎪⎭

▶ at fixed q⃗ cuts along real axis in plane of q0 = v ⋅ q (B rest frame)

Xc −∞ < q0 < mB −
√

q⃗2 +m2
Xc,min and Xcbb

√
q⃗2 +m2

Xcbb,min
−mB < q0 < ∞

where intermediate states go on-shell

▶ even for q⃗2 = 0, the two cuts are well-separated: (Xc,min ≃ D-meson)
from (mB −mD) to (mB +mD) ⇒ 2mD ≫ ΛQCD

6 / 20



Wαβ from B → B

Now integrate along semileptonic region = cut
(blue line), using

1
ω − ω′ ± iε

= P
1

ω − ω′
∓ iπδ(ω − ω′)

i.e. calculate T̃αβ(q2) ≡ ∫ dq0Tαβ(q2,q0)

v · q

Xc̄bb cut

Xc cut

≫ ΛQCD

1
π

Im T̃αβ = −
(2π)3

2mB
∑
Xc

δ4[pB − q − pX ]⟨B∣J†
α∣Xc⟩⟨Xc ∣Jβ ∣B⟩ −

(2π)3

2mB
∑

Xcbb

δ4[pB + q − pX ] . . .

⇒ δ4[pB + q − pX ] of Xcbb vanishes if q
in semileptonic region for physical Xc

W̃αβ = −
1
π

Im T̃αβ

Note: the ∫dq0 . . . implies

d3Γ

dq2dE`dEν
→

d2Γ

dq2dE`

▶ have related W̃αβ to imagingary part of B → B matrix elements T̃αβ (optical theorem at work)

▶ can not calculate T̃αβ close to resonances along cut, BUT

“blue + red” contour = “black” contour

▶ on black contour mostly far (≫ ΛQCD) away from resonances⇒ use OPE for Tαβ
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OPE for b → b at tree-level

OPE expresses Tαβ in terms of matrix elements of local operators

− i ∫ d4xe−iqx T{J†
α(x), Jβ(0)} → ∑

i
zi Oi

At parton level and lowest order in QCD

⇒

tαβ = b γαPL
/pb − /q +mc

(pb − q)2 −m2
c + iε

γβPL b = b γα
mb /v − /q + /k

(mbv − q + k)2 −m2
c + iε

γβPL b

↓ expand in k/mb ≪ 1 & use Chisholm identity & ∆ ≡ (mbv − q)2 −m2
c + iε

≈
1
∆

b [(mbv − q)αγβ + (mbv − q)βγα − gαβ(mb /v − /q) − iεαβµν(mbv − q)µγνγ5]
1 − γ5

2
b

Then this corresponds to local dim-3 operators O(3)
i

≃ b γµ(1, γ5)i b with

⟨B∣b γµb∣B⟩ = 2pµB = 2mBvµ, ⟨B∣b γµγ5b∣B⟩ = 0 ← here exact, no transition to HQET needed

and find

Tαβ =
⟨B∣tαβ ∣B⟩

2mB
=

1
2∆

[−gαβ(mb − vq) + 2mbvαvβ − iεαβµνvµqν − (vαqβ + vβqα)]

≡ −gαβT1 + vαvβT2 − iεαβµνvµqνT3 + qαqβT4 + (vαqβ + vβqα)T5
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Back to Wαβ

Can read off that

T1 =
mb − vq

2∆
, T2 =

2mb

2∆
, T3 =

1
2∆

, T4 = 0, T5 = −
1

2∆

Remember ∆ = (mbv − q)2 −m2
c + iε and vq = q0

∆ = −2mb

⎡⎢⎢⎢⎢⎣
q0 −

m2
b + q2 −m2

c

2mb
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

≡q0∗

−iε
⎤⎥⎥⎥⎥⎦

⇒
1
∆
→

iπδ[q0 − q0∗]
−2mb

Then find structure functions via Wi = − 1
π

Im Ti

W1 =
mb − vq

4mb
δ[q0 − q0

∗], W2 =
δ[q0 − q0∗]

2
, W3 =

δ[q0 − q0∗]
2mb

, W4 = 0, W5 = −
δ[q0 − q0∗]

2mb

▶ with Wi can perform q0, or equivalently Ev integration in
d3Γ

dq2dE`dEν

▶ have found that leading order result is given by decay of free b-quark

▶ know how to improve systematically for higher orders in ΛQCD/mb and αs
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ΛQCD/mb corrections

Starting again with tree-level expression

tαβ = b γα
mb /v − /q + /k

(mbv − q + k)2 −m2
c + iε

γβPL b = b γα
mb /v − /q + /k

∆ − 2qk + k2
γβPL b

↓ keep 1st order in k/mb ≪ 1 & (∆ − 2kq + k2)−1 ≈ 1/∆ + 2qk/∆2

≈
1
∆

[b γα /kγβPL b] +
2qk
∆2

[b γα(mb /v − /q)γβPL b]

1) go to HQET by b → hv : given by dim-4 operators O(4)
i = hvγα(1, γ5)i iDβhv

2) treat Dirac-algebra again with Chisholm identity and go to Tαβ by taking ⟨Bv ∣ . . . ∣Bv ⟩

▶ ⟨Bv ∣hvγαγ5iDβhv ∣Bv ⟩ = 0 vanishes by parity

▶ from /vhv = hv ⇒ hvγαiDβhv = vαhv iDβhv

▶ then parametrize ⟨Bv ∣hv iDαhv ∣Bv ⟩ = X vα and contract with vα

X = ⟨Bv ∣hv iv ⋅Dhv ∣Bv ⟩ = 0, because of EOM from L0 = hv(iv ⋅D)hv

There are no ΛQCD/mb corrections to B → Xc`ν

[Chay/Georgi/Grinstein PLB247 (1990) 399]
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The problem with mb

Have seen that the decay of free b-quark provides first terms m̂c ≡
mc

mb

Γ[B → Xc`ν] =
G 2

F ∣Vcb ∣2 m5
b

192π3
(1 − 8m̂2

c + 8m̂6
c − m̂8

c − 12m̂4
c ln m̂2

c) +O (1/m2
b, αs)

▶ depends on 5th power of mb ⇒ which value should be used?

▶ pole mass mpole
b not well defined⇒ renormalon issue (=“series in αs not well behaved”)

▶ closer investigation shows: also Γ[B → Xc`ν] has renormalon issue (in αs)

▶ “both issues cure each other”
[Bigi/Shifman/Uraltsev/Vainshtein hep-ph/9402360, Luke/Manohar/Savage hep-ph/9407407]

One needs other observables that depend on mpole
b

▶ higher moments in lepton energy ⟨E`⟩, ⟨E2
` ⟩, . . .

▶ higher moments in invariant mass of hadronic states ⟨m2
X −m2

D⟩, ⟨(m2
X −m2

D)2⟩, . . .

In practice ∣Vcb ∣ determination from B → Xc`ν requires simultaneous fit of Γ and moments
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Status of B → Xc`ν
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Status of B → Xc`ν` prediction

Decay width and moments in lepton energy and hadronic mass

⇒ double expansion in as ≡ αs(µ)/π and ΛQCD/mb

Mi = M(0)
i + asM(1)

i + a2
sM(2)

i

+ (M(π,0)
i + asM(π,0)

i )
µ2
π

m2
b

+ (M(G,0)
i + asM(G,0)

i )
µ2

G

m2
b

+M(D)
i

ρ3
D

m3
b

+M(LS)
i

ρ3
LS

m3
b

+O
⎛
⎝

a3
s ,

a2
s

m2
b

,
as

m3
b

,
1

m4
b

,
1

m3
bm2

c

⎞
⎠

[see refs. in review Gambino arXiv:1501.00314]

▶ M(j)
i depend on mc , mb , Ecut and µ (renormalization schemes: “kinetic” or “1S”)

▶ dim-5: µ2
π ∝ ⟨B∣b̄v(D⃗)2bv ∣B⟩, µ2

G(µ) ∝ ⟨B∣b̄vσµνGµνbv ∣B⟩

▶ dim-6: ρ3
D Darwin term, ρ3

LS

▶ dim-7,8: O(1/m4,5
Q ) contributions estimated 1.3% effect to Γ, less on moments

[Mannel/Turzcyk/Uraltsev 1009.4622, Heinonen/Mannel 1407.4384]
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Latest fits

Combined fit of Vcb with
mb,c , µ2

π,G, ρ3
D,LS

▶ use data on (total + partial) width + moments from Babar, Belle, CLEO, DELPHI, CDF

▶ include effects of higher-dim matrix elements (dim-7: 9 MEs, dim-8: 18 MEs) with some
assumptions

▶ renormalization mkin
b in kinetic scheme

▶ use external input on mMS
c (3 GeV), hyperfine splitting (MB∗ −MB) for µG, . . .

[Alberti/Gambino/Healey/Nandi 1411.6560, Gambino/Healey/Turczyk 1606.06174]

∣Vcb ∣ mkin
b mMS

c µ2
π µ2

G ρ3
D ρ3

LS

×103 [GeV] [GeV] [GeV2] [GeV2] [GeV3] [GeV3]

w/o dim-7,8 42.21(78) 4.553(20) 0.987(13) 0.465(68) 0.332(62) 0.170(39) −0.150(96)
w dim-7,8 42.11(74) 4.546(21) 0.987(13) 0.432(68) 0.355(60) 0.145(61) −0.169(97)

Authors scrutinize stability of fits, using also external input for mb

∣Vcb ∣incl = (42.00 ± 0.64) × 10−3

only 2% uncertainty from combination of exp. and th. uncertainties
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General remarks
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Heavy Quark Expansion (HQE)

When focusing on total inclusive decay width, optical theorem

Γ[H → X] =
1

mH
Im ⟨H ∣ i∫ d4x T{LEFT(x),LEFT(0)} ∣H⟩ ← insert complete set of states

=
1

2mH
∑
X
(2π)4δ4[pH − pX ] ∣ ⟨H ∣ LEFT ∣X⟩ ∣

2

relates to H → H scattering (For B → Xc`ν the derivation was carried out at level of differential decay width)

Assuming large energy release from H to intermediate on-shell states X allows local OPE

b b
X

...
...

b b

with
▶ dim-3 : bb
▶ dim-4 : bi /Db → mbbb via EOM back to dim-3
▶ dim-5 : b gsσµνGµνb

Γ[H → Xf ] ∝ z f
3⟨H ∣bb∣H⟩ + z f

5
⟨H ∣b gsσµνGµνb∣H⟩

m2
b

+ . . .

⇒ eventually systematic expansion in 1/mb by transition to HQET fields H → Hv and b → hv
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Applications of HQE

Semileptonic CC and FCNC decays

▶ semileptonic CC decays: B → Xc,u`ν for ` = e, µ, τ

▶ semileptonic FCNC decays: B → Xd,sγ, B → Xs,d `` and B → Xs,dνν

When calculating total width, the integration over `ν, γ or `` phase spaces provides a
“smearing” over m2

X of final state (averaging over bound-state effects of individual hadrons)

⇒ hypotheses of global quark-hadron duality

Nonleptonic decays

Here “smearing” works only if sum includes sufficiently many hadronic states

⇒ hypotheses of local quark-hadron duality

▶ lifetime ratios of b-hadrons: τ(Bu)/τ(Bd), τ(Bs)/τ(Bd) and τ(Λb)/τ(Bd)

▶ lifetime differences for neutral Bd,s mesons: ∆Γd,s

▶ hadronic B(B → Xccs) etc.
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Limitations from Phase space cuts . . .

. . . usually required by experiment to suppress backgrounds (bkg):

▶ B → Xu`ν̄` complicated due to huge charm-bkg, shape functions from B → Xsγ moments

▶ B → Xc`ν̄` E` lepton energy

▶ B → Xsγ Eγ ∈ [1.7, 2.0] GeV (photon energy in B-meson restframe)

▶ B → Xs`¯̀ MXs < [1.8, 2.0] GeV to remove double semileptonic bkg
practically irrelevant at high q2, but not at low q2

!!! extrapolations beyond cuts introduce model-dependent uncertainties in measurements

OR . . .

. . . introduce new scales in theory

⇒ rate less inclusive⇒ additional non-perturbative effects (shape functions etc.)

. . . so far extrapolation beyond cuts mostly left to experimentalists
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Status of B → Xsγ theory

Γ(B → Xqγ) = Γ(b → qγ)p + δΓnp

∝ (∣C7∣
2 + ∣C′

7∣
2)

O7 (7′) ∝ mb [s̄σµνPR(L)b]Fµν

▶ Γ(b → qγ)p = perturbatively calculable part @ NNLO

▶ δΓnp = non-perturbative part
around 5% uncertainty @ Eγ ≥ 1.6 GeV

[Benzke/Lee/Neubert/Paz arXiv:1003.5012]

▶ b → duūγ sizeable in b → dγ
[Asatrian/Greub et al. arXiv:1305.6464]

Latest SM updates @ NNLO QCD for Eγ ≥ 1.6 GeV [Misiak et al. arXiv:1503.01789]

B(B → Xsγ)∣SM = (3.36 ± 0.23) ⋅ 10−4

B(B → Xdγ)∣SM = (1.73+0.12
−0.22) ⋅ 10−5

uncertainty budget due to:

5% non-perturbative

3% higher order

3% interpolation of mc -dep. in NNLO corr.

2% parametric

Better adopted for actual measurement without strange tagging⇒ Xs+d :

Rγ ≡
B(B → Xsγ) + B(B → Xdγ)

B(B → Xx `ν̄`)
= (3.31 ± 0.22) × 10−3

Current world averages

B(B → Xsγ)∣exp = (3.43 ± 0.22) ⋅ 10−4

B(B → Xdγ)∣exp = (1.41 ± 0.57) ⋅ 10−5

⇒ bound on charged Higgs mass in

2HDM (type-II) mH± > 480 GeV @ 95% CL
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Status of B → Xd,s `` theory
3 angular observables in differential decay width B ∝ (HL +HT ) and AFB ∝ HA

8
3

d2Γ

dq2dcos θ`
= (1 + cos2θ`)HT (q2) + 2 (1 − cos2θ`)HL(q2) + 2 cos θ`HA(q2)

different dependence on short-distance C7,9,10 – complementary to B → K (∗) ¯̀̀ at low q2

(ŝ = q2/m2
b)

HT ∝ ŝ (1 − ŝ)2 [∣C9 +
2
ŝ

C7∣2 + ∣C10∣2] HL ∝ (1 − ŝ)2 [∣C9 + 2C7∣2 + ∣C10∣2]

HA ∝ −4 ŝ(1 − ŝ)2Re [(C9 +
2
ŝ

C7)C∗
10]

SM predictions @ NNLO QCD and NLO QED [Huber/Hurth/Lunghi 1503.04849]

▶ theory unc. for B and HL,T : 6 − 9 % in q2 ∈ [1, 3.5], [3.5, 6], [1, 6] GeV2

▶ theory unc. for HA: from 5 − 70 %, depend strongly on q2-binning around zero-crossing

▶ zero-crossing of HA predicted with ≲ 4 %

▶ QED corrections lead to pronounced differences for ` = e and ` = µ

▶ at high-q2 uncertainties larger: B about 30 %

Effects of MXs -cuts analysed in SCET at level of subleading shape functions

⇒ require combination of B → Xsγ, B → Xs ¯̀̀ and B → Xu`ν̄`

[Lee et al. hep-ph/0511334, 0512191, 0812.0001, Bernlocher et al.1101.3310, Bell et al. 1007.3758]
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