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This glossarybrings togethersomestatisticalconceptsthat physicistsmay happenupon in the
courseof theirwork. Theaimis notabsolutemathematicalprecision—few physicistswouldtoleratesuch
a burden.Instead,(onehopes)thereis just enoughprecisionto beclear. We begin with anintroduction
anda list of notations.We hopethis will make theglossary, which is in alphabeticalorder, somewhat
easierto read.

Themistakesthatremaincanbeentirelyattributedto stubbornness!(H.B.P.)

Probability, Cumulative Distribution Function and Density

1) A samplespace
�

is thesetof all possibleoutcomesof anexperiment.

2) Probability cannotbe definedon every subsetof the samplespacebut only thosesetsin a � -
algebra.(A � -algebrais the setof subsetsof

�
, that containsthe emptyset, �� if it contains

�
,� �	�

if it containsthesequence
�
�

.) Don’t panic—thisisn’t usedelsewherein thisglossary.

3) Statisticiansdefinea randomvariable(r.v.) � asa mapfrom thesamplespaceinto therealnum-
bers,thatis, �� �����

(at leastin onedimension).

4) The (cumulative) distribution function is definedby ������������������� � . Here � is a real num-
ber, � is a randomvariable,and ����� �!� � is interpretedas ��� � � where

� �#"$�%�&�(')�"+*&, � �-�.��*/�0�1�('32 We talk aboutthe probability of an event (set). Note that this definition
doesnot distinguishbetweendiscreteand continuousrandomvariables. The distribution may
dependonparameters.

5) In thediscretecase,we definetheprobabilitymassfunction(pmf) by4 ��� �5�6�����7�8���92
Notethat if � is a continuousr.v., all theseprobabilitiesare : . In thecontinuouscase,we define
theprobabilitydensityfunction(pdf) by

�������3� ;=<>@?BA �DCE�GFHCJI
or equivalently A ��� �3�LKK < ����� � .

Notation��� � � Probabilityof
���� �NM � Probabilityof
�

and
M��� �&OPM � Probabilityof

�
or
M��� �RQ M � Probabilityof

�
given

M� �
�
Unionof sets

�	�S �
�
Intersectionof sets

�
�� Randomvariable� Particularinstanceof a randomvariableT ���U� StatisticF@���V� Estimator
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W
Parametersof somemodel XYW
Estimateof parameter

W
A ��� Q W � Probabilitydensityof � given

W����� Q W �3� A ��� Q W �GFZ� Probabilityof � given
W[ � A Q\Q ] � Kullback-LieblerdivergencebetweendensitiesA and

]�7^ A ��� Q W � � is distributedaccordingto theprobabilitydensityA ��� Q W �_`_ F identicallyandindependentlydistributed��� W Q ���5� A � W Q ���GF W Posteriorprobabilityof
W

givendata����aX�� Prior probabilityof model XA ��� Q Xb� Evidencefor model X (probabilitydensityof data� givenmodel X )���aX Q � � Posteriorprobabilityof modelM givendata�c � W � BiasdJeNfhgji
Expectationoperatork e fhgji
Varianceoperatorl � W � Likelihoodfunctionm �DFnI W � Lossfunctiono � W � Risk functionoqpsrut � W � Empiricalrisk function

GLOSSARY

Ancillary Statistic

Considera probability densityfunction A ��� Q W � . If the distribution of the statistic
T ���U� is inde-

pendentof
W

andthestatisticis alsoindependentof
W
, thenthefunction

T ���U� is saidto beanancillary
statisticfor

W
. Thenamecomesfrom the fact thatsucha statisticcarriesno informationabout

W
itself,

but maycarrysubsidiary(ancillary) information,suchasinformationabouttheuncertaintyof theesti-
mate.ExampleIn a seriesof v observations �xw , v is anancillarystatisticfor

W
. Theindependenceof the

distribution on theancillarystatisticsuggeststhepossibilityof inferenceconditionalon thevalueof an
ancillarystatistic.SeealsoConditioning,Distribution Free,Pivotal Quantity, SufficientStatistic.

BayesFactor

SeePosteriorOdds.

Bayes’ Theorem

��� M=Q � �3�8�q� �yQ M �G��� M �{z|��� � �9I
isadirectconsequenceof thedefinitionof conditionalprobability ��� �RQ M �G�q� M �}�6��� �NM �}�6��� M=Q � �G�q� � � .
A similar algebraicstructureappliesto densities

A �DC Q ~ �}� A � ~yQ C�� A �DCE�{z A � ~ �9I
whereA � ~ �3��� A � ~yQ CE� A �DC��GFHC . FrequentistsandBayesiansarehappy to usethis theoremwhenboththe
variablesC and

~
arerelatedto frequency data.Bayesians,however, arequitehappy to usethetheorem

when
~

is notarandomvariable;in particular, when
~

maybeanhypothesisor oneor moreparameters.
SeealsoProbability.

Bayesian

The schoolof statisticsthat is basedon the degreeof belief interpretationof probability, whose
advocatesincludedBernoulli,Bayes,Laplace,GaussandJeffreys. For thesethinkers,probabilityandfre-
quency areconsideredlogically distinctconcepts.Thedominantsub-groupamongBayesiansis known
astheSubjective school,interpretingprobabilityasa personaldegreeof belief; for these,usein a sci-
entific settingdependson acceptingconclusionsshown to be robust againstdiffering specificationsof
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prior knowledge.Sufficientdata(andtheconsequentpeakingof thelikelihoodfunction)makessuchro-
bustnessmorelikely. Theinjunctionof distinguishedAmericanprobabilistMark Twain againstoverly-
informative prior densitiesis apposite:“It ain’t whatpeopledon’t know thathurtsthem,it’s what they
do know thatain’t so.” SeealsoPriorDensity, DefaultPrior, PosteriorDensity, andExchangeability.

Bias

Let F@���V� beanestimatorof theunknown parameter
W
. Thebiasis definedbyc � W �5� d��yf F@���V� i���W I

wheretheexpectation
d��yf F i is with respectto anensembleof randomvariables"$��' . Thebiasis just

thedifferencebetweentheexpectationvalue,with respectto a specifiedensemble, of theestimatorF@���V�
andthevalueof theparameterbeingestimated.If theensembleis not given,thebiasis undefined.If an
estimatoris suchthat

c � W �5��:.� W thentheestimatoris saidto beunbiased; otherwise,it is biased.Bias,
in general,is a functionof theunknownparameter

W
andcan,therefore,only beestimated.Further, bias

is a propertyof a particularchoiceof metric. In high energy physics,mucheffort is expendedto reduce
bias. However, it shouldbe notedthat this is usuallyat the costof increasingthe varianceandbeing
furtheraway, in the root-mean-squaresense,from the truevalueof theparameter. SeealsoEnsemble,
QuadraticLossFunction,Re-parameterizationInvariance.

Central Credible Inter val

In Bayesianinference,a credibleinterval definedby apportioningtheprobabilitycontentoutside
theregionequallyto theleft andright of theinterval boundaries.Thisdefinitionis invariantunderchange
of variable,but maybeunsatisfactoryif theposteriordensityis heavily peakednearboundaries.Seealso
CentralInterval, HighestPosteriorDensityRegion,Re-parameterizationInvariance.

Central Inter val

An interval estimatewherethe probability in questionis intendedto be in somesensecentered,
with the probability of being outsidethe interval equally disposedabove and below the the interval
boundaries.SeeConfidenceInterval, CentralCredibleInterval.

CompoundHypothesis

Seesimplehypothesis.

Conditional Probability

This is definedby ��� �RQ M �5� ��� �NM ���� M � 2
The symbol �q� �yQ M � is readas the “probability of

�
given

M
.” The idea is very intuitive. Say we

want to guessthe probability whetheran experimentwill result in an outcomein the set
�

. Without
any additionalinformationthis is givenby ��� � � , wherethis probability is computedusingthesample
space

�
. Now saywe do have somemoreinfo, namelythat theoutcomeis in theset

M
. Thenoneway

to proceedis to changefrom the samplespace
�

to the samplespace
M

, andthis is indicatedby the
notation��� �RQ M �92 Theformula ��� �yQ M �3������� �H�(������(� saysthatinsteadof computingoneprobabilityusing
thesamplespace

M
we canfind two probabilitiesusingtheold samplespace

�
, which is often easier.

SeeProbability.

Conditioning

Making an inferencecontingenton somestatistic
T ��� � of the observed data � . Conditioning

amountsto selectingthat sub-ensemble,of the ensembleof all possibledata � , consistentwith the
observed data. Bayesianinferenceentailsthe mostextremeconditioning,namely, conditioningon the
dataobservedandnothingelse.
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ConfidenceInter val

A setof randomintervals
f � ���V�9I{�����V� i , definedover anensembleof randomvariables� , is said

to beasetof confidenceintervalsif thefollowing is true�3���-� " W , f � ���V�9I{�����V� i 'R�&��� WR�-�n� ����I
where

W
is theparameterof interestand � representall nuisanceparameters.Thevalues

� ���U� and �����V�
arecalledconfidencelimits. Confidenceintervals area frequentistconcept;therefore,the probability
“Prob” is interpretedasa relative frequency.

For fixed valuesof
W

and � there is an associatedset  ¡���¢I W I9�@�V�£" f � ���V�9I{�����U� i � W I9�¤�¥ � �n¦{§��-��§ ' of intervals,of which somefractionbracket the(true)value
W
. Thatfraction“Prob” is called

thecoverage probability. In general,aswe move abouttheparameterspacë©� W I9�@� , theset  ����¢I W I9���
changes,asdoesits associatedcoverageprobability“Prob.” Neymanintroducedthetheoryof confidence
intervals in 1937,requiringthat their coverageprobabilitiesnever fall below a pre-definedvaluecalled
theconfidencelevel (CL), whatever thetruevaluesof all theparametersof theproblem.Wereferto this
criterion asthe NeymanCriterion. A setof intervals  ����U� is saidto have coverage, or cover, if they
satisfytheNeymancriterion. Exactcoveragecanbeachieved for continuousvariables,but for discrete
variables,theinterval over-coversfor mosttruevalues.

To fully specifyaconfidenceinterval, theCL alonedoesnotsuffice: it merelyspecifiestheproba-
bility contentof theinterval, nothow it is situated.Addingaspecificationthatduringconstructionof an
interval of sizeCL, theremainingprobability �«ª �   l � is apportionedequallydefinesCentralIntervals;
otherproceduresprovide upper(

� ���U�¬��: ) or lower limits ( �����V�¬�® ),or move smoothlyfrom limits
to centralintervals.

ConfidenceInterval (CI) EstimationandHypothesisTestingarelike two sidesof thesamecoin:
if you have oneyou have theother. Technically, if

f � ���U�9I{�¯���U� i is a �«ª �±° ��ªj:-:H² CI for a parameterW
, andif you define  ¡� W|³ �y�´"$� � W+³ , f � ���V�9I{�����V� i ' thenthis is a critical region (seeHypothesis

Testing)for testing µ ³ � W � W|³
with level of significance

°
. Themostimportantuseof this duality is

to find a CI: First find a test(which is ofteneasierbecausewe have a lot of methodsfor doingthis) and
then“invert thetest” to find thecorrespondingCI.

It is importantto notethe probability statementsfor ConfidenceIntervals concernthe probabil-
ity that the limits calculatedfrom datain a seriesof experimentssurroundthe true with the specified
probability. This is a statementaboutprobabilityof data,given theory. It is not a statementaboutthe
probabilitythatthetruevaluelieswithin thelimits calculatedfor thisparticularexperiment(astatement
of probability of theory, given data). To make sucha statement,oneneedsthe Bayesiandefinition of
probability asa degreeof belief, anda statementof one’s degreeof belief in the theory(or parameter
values)prior to themeasurement.

Seealso Neyman Construction,HypothesisTesting,Re-parameterizationInvariance. Contrast
with CredibleRegion.

ConfidenceLevel

SeeConfidenceInterval.

ConfidenceLimit

SeeConfidenceInterval.

Consistency

An estimatorF@���V� is consistentfor a parameter
W

if F@���V� convergesin probabilityto
W

as v (the
numberof samples)goesto infinity, that is ��� Q F@���V� �)W Q@¶�· � � : for all

·�¶ : . Thatmeansboththe
biasandthe variancealsohave to go to : . EstimatorsobtainedusingBayesianmethodsor maximum
likelihoodareusuallyconsistent.
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Coverage

SeeConfidenceInterval.

CoverageProbability

SeeConfidenceInterval.

Cramér-Rao Bound

SeeMinimum VarianceBound.

Credible Inter val

SeeCredibleRegion.

CredibleRegion

In Bayesianinference,this is any sub-set* of the parameterspacë of a posteriorprobability��� W Q ��� having agivenprobabilitycontent� , thatis, degreeof belief. A credibleregion * is definedby

�U� ;+¸ ��� W Q � �5� ;+¸ A � W Q ���GF W 2
If
W

is one-dimensional,onespeaksof a credibleinterval. The latter is theBayesiananalogof a
confidenceinterval, a frequentistconceptintroducedby Neymanin 1937.

Theabove specificationof probabilitycontentis insufficient to fully definetheregion,evenin the
caseof asingleparameter;onemustfurtherspecifyhow to chooseamongtheclassof intervalswith the
correctprobabilitycontent.SeealsoHighestPosteriorDensityRegion,CentralCredibleInterval.

Default Prior

Default, reference,conventional,non-informative etc. arenamesgiven to priors that try to cap-
ture thenotionof indifferencewith respectto entertainedhypotheses.Althoughsuchpriorsareusually
improper(seeImproperPriors),they areoftenusefulin practiceandpracticallyunavoidablein complex
multi-parameterproblemsfor whichsubjective elicitationof prior densitiesis well-nigh impossible.

Distribution Free

A distribution, of a statistic
T ���U� , is said to be distribution free if it doesnot dependon the

parametersof theunderlyingprobabilitydistribution of � . Theclassicexampleof suchadistribution is
thatof thestatistic

T ���U�¹� f ��� �±º �{z|� i � , where �#^�» �-¼n¦½¦�¾¿�-� � º I��À� with � known and
º

unknown.
Although the distribution of � dependson the two parameters

º
and � the distribution of

T ���U� , aÁ � distribution, dependson neither. This is a useful featurein frequentiststatisticsbecauseit allows
probabilisticstatementsabout

T ���V� to be transformedinto exactprobabilisticstatementsabout
º

. See
alsoAncillary Statistic.

Empirical Risk Function

In many analyses,therisk function,obtainedby averagingthelossfunctionoverall possibledata,
is usuallyunknown. (SeeLossFunction,RiskFunction.)Instead,onemustmake dowith only asample"$�xwG' of data,usuallyobtainedby MonteCarlomethods.Therefore,in lieu of therisk function

o � W � one
is forcedto usetheempiricalrisk functionoqpsrut � W �5� ªÂ ÃÄ w¿Å � m �DFZwGI W �9I
whereFZwu��F@���@w`� areestimatesof

W
and

m �DFHwsI W � is thelossfunction.Empirical risk minimizationis the
basisof many methodsusedin dataanalysis,rangingfrom simple Á � basedfits to thetrainingof neural
networks.

Ensemble

Onewould behard-pressedto find this termusedby statisticians.But onewould beevenharder-
pressedto excise it from the physicsliterature! In the context of statistics,an ensembleis the setof
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repeatedtrialsor experiments,or theiroutcomes.To defineanensembleonemustdecidewhataspectsof
anexperimentarevariableandwhataspectsarefixed. If experimentsareactuallyrepeatedno difficulty
arisesbecausetheactualexperimentsconstitutetheensemble.A difficulty arises,however, if oneper-
formsonly asingleexperiment:In thatcase,becausetheensembleis now anabstraction,theembedding
of theexperimentin anensemblebecomesamatterof debate.

Theensembledefinitionis necessary, for example,to write simulationsthatevaluateuncertainties
in frequentisterrorcalculations,andassuchtypically requiresdefinitionof therelevantmodelsleadingto
probabilitydensitiesA ��� Q W � for thecontributing processes,andtheStoppingRulefor datatakingwhich
defineshow eachexperimentin theensembleends.SeealsoStoppingRule,LikelihoodPrinciple.

Estimate

Seeestimator.

Estimator

Any procedurethat providesestimatesof the valueof an unknown quantity
W
. In simplecases,

estimatorsarewell-definedfunctions F@���V� of randomvariables� . In high energy physics,they are
oftencomplicatedcomputerprogramswhosebehaviour, in general,cannotbesummarizedalgebraically.
Whenaspecificsetof data� areenteredinto thefunction F����U� oneobtainsanestimate

YW ��F@��� � of the
valueof theunknown quantity

W
.

Evidence

Givenprior ��� W Q X��3� A � W Q X��GF W for model X , characterizedby parameters
W

andthelikelihoodl � W �5� A ��� Q W I½Xb� , theevidenceA ��� Q X�� for themodel X is givenby

A ��� Q X��3� ; A ��� Q W I½Xb� A � W Q Xb�GF W 2
This is avery importantquantityin Bayesianinference.SeealsoModel Comparison.

Exchangeability

Exchangeableeventsarethosewhoseprobabilityis independentof theorderin which they occur.
The correspondingconceptin frequentiststatisticsis that of independentlyand identically distributed
events. In Bayesianstatistics,deFinetti’s theoremmakesa connectionbetweendegreeof belief proba-
bilities andclassicalfrequency probabilities.If thenumberof successfuloutcomesis

�
andthenumber

of trials Æ , thetheoremstatesthatunderrathergeneralconditions,thelimitÇ ¾¿ÈÉ�Ê ? � zËÆ �%Ì
existswith probability1 for any exchangeablesequenceof events.For a fuller discussion,seefor exam-
pleO’Hagan,Kendall’s AdvancedTheoryof Statistics,Volume2B: BayesianInference,EdwardArnold
(1994).Seealsoiid, Law of LargeNumbers.

ExpectationdÎÍZfhgji
is theexpectationor averagingoperator with respectto thevariableC . Givenafunction

4 �DC��
its expectationis dÎÍZfÏ4@i � ; 4 �DC�� A �DC��GF�CJI
whereA �DC�� is theprobabilitydensityof C . In frequentistinferenceC is a randomvariable� ; in Bayesian
analysisit canbeaparameter.

Fisher Inf ormation

ConsidertheprobabilitydensityA ��� Q W � , whereboth � and
W

maybemulti-dimensional.Define
therandomvector ÐR���U�3�ÒÑÑ$Ó Ç � A ��� Q W � . TheFisherinformation(matrix) is definedbyÔ �`Ð©�}� d��yf ÐR���U�{Ð¡���U� É i 2
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Example:Let �7^ ��� ¾¿¦�¦ � � � W �5�8Õ×ÖÎØu� �0W � W � z+�±Ù ; then ÐR���V�3� � > ÓÓ . Therefore,
Ô �`Ð©�}� d��yf � � > ÓÓ � � i �ªËz W ; Ô > � is thevarianceof thePoissondistribution.

SeealsoLikelihood,Jeffreys’ Prior, Minimum VarianceBound,andQuadraticLossFunction.

Flat Prior

An attemptat specifyinga default prior with minimal structureby specifyingthat theprior prob-
ability is independentof theparametervalue.It hastheseductive appealof mathematicalsimplicity, but
hidessomepitfalls,encapsulatedin thequestion:“flat in whatvariable?”If theflat prior representsyour
actualsubjective prior knowledgeof valuesof possibleparameters,Youshouldbereadyto answer“why
flat in mass,ratherthancrosssection,ln(tan� ), or Poissonmean?”If you areconsistent,you shouldre-
express(transform)yourflat prior to othervariablesby multiplying by aJacobian;flat priorsin different
variablesexpressinconsistentstatesof prior knowledge. Sometry to justify this choice,in a particular
variable,by finding numericalsimilaritiesof credibleintervalsor limits to confidenceintervals,despite
thedifferentinterpretationsof theseintervals. Any attemptto estimateprobabilitiesor calculatelimits
by “integratingthe likelihoodfunction” hasimplicitly assumeda flat prior in a particularvariable,and
almostcertainly is thenvulnerableto making inconsistent(but Bayesiandegree-ofbelief) probability
statements,dependingonwhichparameterizationof thelikelihoodfunctionis chosen.

Seealso,Bayesian,DefaultPrior, ImproperPrior, PriorDensity, Re-parameterizationInvariance.

Frequentist

Theschoolof statisticsthatis basedon therelativefrequencyinterpretationof probability, whose
advocatesincludedBoole,Venn,Fisher, NeymanandPearson.This schoolseesno logical distinction
betweenprobabilityandfrequency.

GoodnessOf Fit

SeeP-value.

Highest Posterior Density (HPD) Region

The smallestcredibleregion with a given probability content� . (SeeCredibleRegion.) In one
dimensionthis region is foundby minimizing thelengthof theinterval

f Ú I c i definedby

�V� ;=ÛÜ A � W Q � �GF W 2
Accordingto thisdefinition,disjointregionsarepossibleif theposteriorprobabilityis multi-modal.HPD
regionsarenot invariantundera changeof variable: a probability integral transformof the posterior
densitywould rendertheposteriorflat, ratherhinderingthechoiceof a HPD region. SeealsoCentral
CredibleInterval, ProbabilityIntegral Transform,Re-parameterizationInvariance.

HypothesisTesting

A hypothesisis a statementaboutthestateof nature,oftenabouta parameter. Hypothesistesting
comparestwo hypotheses,calledthenull hypothesisµ ³ andthealternative hypothesisµ � . A hypothesis
maybesimple,suchas µ ³ � A ��:Î2ÞÝ , or compound,suchas µ ³ � A �ß:Î2ÞÝ . In practiceµ ³ is usuallya
simplehypothesiswhereasµ � is oftencompound.Thenull hypothesisis theboring,blandexplanation.
The alternative hypothesisis why you did the research:the more interestingandexciting possibility,
for which evidencemustbe offered. Nature,alas,is not constrainedto be describedby eitherof the
hypothesesunderconsideration.

A hypothesistestis aprocedurethatdecideswhetherµ ³ or µ � is true.Thesubspaceof thesample
spacefor which µ ³ is rejectedis calledthecritical region (or therejectionregion). Whenperforminga
hypothesistestwe facethefollowing possibilities:
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TrueStateof Nature
Decisionmadeby hypothesistest µ ³ is true µ ³ is false
Fail to reject µ ³ (“Accept” µ ³ ) correctdecision TypeII error(falsenegative),

with probability �
Rejectµ ³ (“Accept” µ � ) TypeI error(falsepositive), correctdecision

with probability
°

The probability
°

is calledthe significanceof the test; ª � � is calledthe power of the test. If µ � is
compound,thepower is a functionof thetrueparameter. More lateron why onecanonly “Accept”,not
simplyAccept,hypotheses.

The logic of hypothesistestingis asfollows: Chooseµ ³ I�µ � , ° andthe testprocedure.Ideally
theseshouldbe chosenbeforelooking at the data,althoughthis is often not practical. The choiceof°

shouldbemadeby consideringtheconsequencesof committingthetypeI error (suchasclaimingto
havediscoveredanew decaymodethatreallydoesnotexist) or thetypeII error(suchasnotpublishinga
discovery andthenhave theglory go to somebodyelse).Thecrucialpointhereis thatmaking

°
smaller

usuallymeansgettinga larger � .

Onevery important,andoften overlooked, point in hypothesistestingis the role of the sample
size. What canwe concludeafter we performeda hypothesistest,andfailed to reject µ ³ ? Thereare
two possibilities:either µ ³ is actuallytrue(andweshouldacceptit), or we did nothave thesamplesize
necessaryto rejectit. As an illustrationof the role of thesamplesizeconsiderthis mini MC: generatev observationsfrom a normaldistribution with mean:Î2¿ª andvarianceª . Thendo thestandardtestforµ ³ � º ��: vs. µ � � º8à��:ÎI using

° ��:Î2á:ZÝ . Repeatthis Ýâ:-: timesandcheckhow often µ ³ , which we
know is wrong,is actuallyrejected.Theresultis asfollows:

samplesize v ªj: ãâ: äâ: åZ: Ýâ: æâ: ç|: èâ:
% thatcorrectlyreject µ ³ ã-é æâ: çâé éâ: é-ä éZç é-èE2Þæ é-èE2Þè

Clearlywhetherwe rejectthenull hypothesisdependsvery muchon thesamplesize. In real life,
we never know why we failed to reject µ ³ andso the terminology“f ailed to reject µ ³ ” really is more
correctthan“accept µ ³ ”.

SeealsoNeyman-PearsonTest,SimpleHypothesis.

iid A setof measurementsareiid (identicallyandindependentlydistributed)if they areindependent,and
all governedby thesameprobabilitydistribution.

Impr oper Prior

A prior densityfunction that cannotbe normalizedto unity. A flat prior densityover an infinite
domainis anexampleof animproperprior.

Indicator Function

Any function ê����ÀIj2\2h� , of oneor morevariables,thatassumesonly two values,0 or 1, depending
on thevaluesof thevariables.An exampleis theKronecker ë�� _ IíìE� , which is equalto 1 if

_ �ßì and0
otherwise.Anotheris theHeavisidestepfunction îu��� � , which is 1 if � ¶ : , 0 otherwise.

Invariance

SeeRe-parameterizationInvariance.

Jeffreys’ Prior

Jeffreys suggestedthefollowing generaldefault prior densityï � W �5��ð Ô � W �9I
basedon the Fisherinformation

Ô � W � . (SeeFisherInformation.) It is re-parameterizationinvariant in
thesensethat if onetransformsfrom

W
to thenew setof variablesñ theJeffreys priors ï �`ñ � and ï � W �

arerelatedby the Jacobianof the transformation.Many differentargumentsyield this prior. (See,for
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example,Kullback-LieblerDivergence.)However, while it works extremelywell for one-dimensional
problems,typically, it is lessthansatisfactoryin higherdimensions.

Useof this prior may violate the LikelihoodPrinciple,asthe form taken by Jeffreys’ Prior can
dependon the stoppingrule. For example,the binomial andnegative binomial distributions produce
differentJeffreys’ priors,eventhoughthey producelikelihoodswhichareproportionalto eachother.

Jeffreys also had madeother suggestionsfor priors in specificcases(location parameters,for
example).Confusingly, theseotherspecificsuggestions(whichmayconflictwith thegeneralruleabove)
arealsosometimesreferredto asJeffreys’ prior or Jeffreys’ rule.

SeealsoStoppingRule,Re-parameterizationInvariance,LikelihoodPrinciple.

Kullback-Liebler Divergence

This is a measureof the “dissimilarity”, or divergence,betweentwo densitieswith the property
that it is zeroif andonly if thetwo densitiesareidentical.Giventwo densitiesA ��� Q W � and

] ��� Q ñ � , the
Kullback-Lieblerdivergenceis givenby[ � A Q\Q ] �3� ; A ��� Q W � Ç �(f A ��� Q W �{z ] ��� Q ñ � i FZ�B2
Because

[ � A Q\Q ] � is not symmetricin its argumentsit cannotbe interpretedasa “distance”in theusual
sense.However, if the densitiesA and

]
arenot too different, that is,

] ��� Q ñ��qò A ��� Q W Oôó W � , it is
possibleto write

[ � A Q\Q ] �Rò �� ó W É Ô � W � ó W , which may be interpretedasthe invariantdistancein the
parameterspacebetweenthe densities(Vijay Balasubramanian,adap-org/9601001). The metric turns
out to be theFisherinformationmatrix

Ô � W � . Consequently, it follows from differentialgeometrythat
theinvariantvolumein theparameterspaceis just õ Ô � W �EF W , whichwerecognizeasnoneotherthanthe
Jeffreys prior. SeealsoJeffreys Prior.

Law of Lar geNumbers

Thereareseveralversionsof theweakandstronglaws of large numbers.We shall considerone
versionof theweaklaw. Theweaklaw of largenumbersis thestatement,first provedby JakobBernoulli,
abouttheprobability thattheratioof two numbers,namelythenumberof successfuloutcomes

�
overthe

numberof independenttrials Æ , convergesto theprobability A of asuccess,assumingthattheprobability
of successis thesamefor eachtrial. Thestatementis� ·¹¶ :ÎI �3�½�-� � Q A �)� zËÆ QÎ¶ö· � � : �-¦ Æ � 82
In words:Theprobabilitythat

� zËÆ deviatesfrom A goesto zeroasthenumberof trials goesto infinity.
A sequencethat converges in this manneris said to converge in probability. This theoremprovides
theconnectionbetweenrelative frequencies

� zËÆ andprobabilitiesA in repeatedexperimentsin which
the probability of successdoesnot change. While the theoremprovides an operationaldefinition of
the probability A , in termsof

� zËÆ , it leavesun-interpreted the probability “Prob.” Note that it is not
satisfactoryto interpret“Prob” in thesamewayasA becausethatwouldentailaninterpretationof A that
is infinitely recursive. For this reason,Bayesiansarguethat “Prob” is to be interpretedassomesortof
degreeof beliefaboutthestatement

� zËÆ � A as Æ �  .

Thestronglaw of large numbersis similar to theweakin that it is a statementabouttheconver-
gencein probabilityof

� zËÆ to A , exceptthat theconvergencein probability is to unity ratherthanzero.
(Seefor example,E. Parzen,ModernProbabilityTheoryandIts Applications(Wiley, New York, 1992),
Chapter10.)

Lik elihood

Thecommonnotationfor a likelihoodis
l � W �5� A ��� Q W � , foundby evaluatingaprobabilitydensity

function A ��� Q W � at the observed data � �#� . Note the distinction betweenthe probability density
function A ��� Q W � , which is a functionof therandomvariable � andtheparameter

W
, andthe likelihood

function
l � W � , which,becausethedataarefixed,is a functionof

W
only. In practice,thestructureof the
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probability calculusis often clearerusingthe notationA ��� Q W � ratherthan
l � W � ; contrastA � W Q � � A �����©�A ��� Q W � A � W � with A � W Q � � A ��� �3� l � W � A � W � . If � aremultipleiid observations,thelikelihoodmaybewritten

asaproductof pdf’sevaluatedattheindividualobservations� w . Thelikelihoodconceptwaschampioned
by Fisher. In themethodof MaximumLikelihood,thevalueof theparameteratwhichthelikelihoodhas
amodeis usedasanestimateof theparameter. Becauseof theirgoodasymptoticproperties,frequentists
oftenusemaximumlikelihoodestimators.SeeLikelihoodRatio,LikelihoodPrinciple,andcontrastwith
PosteriorMode.

Lik elihoodPrinciple

The principle that inferencesought to dependonly on the dataobserved and relevant prior in-
formation. Thusany two choicesof pdf (probability model)which producethe sameor proportional
likelihoodsshould,accordingto theLikelihoodPrinciple,producethesameinference.

Acceptanceof thisprincipledoesnot imply thatonemust,of necessity, eschew ensembles.Indeed,
ensemblesmustbeconsideredin thedesignof experiments,typically, to testhow well aprocedure,beit
frequentistor Bayesian,might beexpectedto performon theaverage.But ensemblesarenot neededto
effect aninferencein methods,suchasstandardBayesianinference,thatobey theLikelihoodPrinciple.
Frequentistmethodssuchasuseof minimumvarianceunbiasedestimatorsviolate theLikelihoodPrin-
ciple. This canbeseenby examiningthedefinitionof bias,which involvesExpectationover all values
of � of thevaluesof thestatistic. This averageincludesA ��� Q W � for valuesof � otherthanthatactually
observed,andthusnotpartof thelikelihood.SeealsoEnsemble,StoppingRule,andJeffreys’ Prior.

Lik elihoodRatio

Theratioof two likelihoods: ÷ ��ø3ùs�÷ ��ø�ú{� 2 Likelihoodratiosareimportantin many statisticalprocedures,
suchastheNeyman-Pearsontestof simplehypotheses,µ � andµ � . SeealsoNeyman-PearsonTest,Prior
andPosteriorOdds,SimpleHypothesis.

LossFunction

Any functionthatquantifiesthelossincurredin makinga decision,suchasdeciding,givensome
data,on a particularvaluefor anunknown parameter. In practice,thelossfunction

m �DFxI W � is a function
of theestimatorF����U� andtheunknown quantity

W
to beestimated.Thelossfunctionis arandomvariable

by virtue of its dependenceon the randomvariable F@���V� . For a specificexample,seeQuadraticLoss
Function.

Mar ginal Distribution

Givenany distribution A ���BI�ûR� themarginal distribution is

A ���U�}� ; A ���¢I�ûR�GFxû/2
Mar ginalization

Summationor integrationoveroneor morevariablesof aprobabilitydistribution or density. Such
a procedurefollows directly from the rulesof probability theory. In Bayesianinferenceit is the basic
techniquefor dealingwith nuisanceparameters,� , in aposteriorprobabilitydensity

A � W Q � �5� ; A � W I9� Q � �GFÎ��I
thatis, oneintegratesthemoutof theproblemto arrive at themarginal posteriordensityA � W Q � � .
Mean

Thefirst moment,aboutzero,of adistribution A ���V�
Mean � ; � A ���U�GFH�¢2
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Median

For a one-dimensionaldistribution, themedianis thepoint at which thedistribution is partitioned
into two equalparts.

Minimum VarianceBound

A lowerboundon thevarianceof anestimator, basedon theFisherInformation.

The FisherInformationdescribesin somesensethe informationin a (prospective) dataset. As
such,it providesaboundon thevarianceof anestimatorF for aparameter

W
of theformk �üf F i �ô�«ª O1ý c z ý W � � z Ô � W �3I

where
c

is thebiasof theestimator. Thatis, theparameteris betterestimatedwhentheFisherInformation
is larger (for exampleif moremeasurementsaremade). The FisherInformation, from its definition,
is clearly relatedto the (expected)curvatureof the likelihood function, and is thus sensitive to how
well-definedis thepeakof the likelihoodfunction (particularfor a maximumlikelihoodEstimator).In
the multidimensionalcase,one comparesdiagonalelementsof the covariancematrix and the Fisher
Information.SeealsoFisherInformation,Variance,Bias,andQuadraticLossFunction.

Mode

Thepoint at which a distribution assumesits maximumvalue. Themodedependson themetric
chosen.SeeRe-parameterizationInvariance.

Model

A modelis theabstractunderstandingof underlyingphysicalprocessesgeneratingsomeor all of
the dataof a measurement.A well specifiedmodelcanbe realizedin a calculationleadingto a pdf.
This might follow directly if the model is simple, suchasa processsatisfyingthe assumptionsfor a
Poissondistribution; or indirectly, via a Monte Carlo simulation,for a more complex model suchasA ��� Q W �9I W ��X ø w�þ�þ9ÿ , for anumberof potentialHiggsmasses.SeealsoModelComparison.

Model Comparison

Theuseof posteriorprobabilities�q�aX w Q � � to ranka setof models "+X w ' accordingto how well
eachis supportedby theavailabledata� . Theposteriorprobabilitiesaregivenby

���aX±w Q ���3� A ��� Q X�wí�G���aX±wí�� w A ��� Q X±wa�G���aX±ws� I
where A ��� Q X±wí� is the evidencefor model X±w and �q�aX�wí� is its prior probability. Seealso, Model,
EvidenceandPosteriorOdds.

Moment

The
Ì th momentX��-� Ú � , aboutthepoint

Ú
, is definedby

X��â� Ú �3� ; ��� ��Ú � � A ���V�GFZ�¢2
NeymanConstruction

Themethodby which confidenceintervals areconstructed.(See,for example,thediscussionin
G. FeldmanandR. Cousins,Phys.Rev. D57, 3873(1998),or theStatisticssectionof thecurrentReview
of Particle Properties,publishedby the Particle DataGroup.) The theoryof confidenceintervals was
introducedby JerzyNeymanin aclassic1937paper.

Neyman-PearsonTest

A frequentisttestof a simplehypothesisµ ³ , whoseoutcomeis eitherrejectionor non-rejection
of µ ³ (for example,thatanobservation is from a signalwith aknow pdf). Thetestis performedagainst
an alternative simple hypothesisµ � (for example,that the observation is due to a backgroundwith a
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known pdf). For two simplehypotheses,theNeyman-Pearsontestis optimalin thesensethatfor agiven
probability

°
to commita typeI error, it achievesthesmallestpossibleprobability � to commit typeII

errors.(SeeTypeI andTypeII Errors.)

Theteststatisticis theratioof probabilitydensities

�À���V�3� A ��� Q µ � �A ��� Q µ ³ � 2
The critical region is definedby   � "$� ���u���U� ¶�� ' with thesignificanceor sizeof the testgiven
by

° �´����� ,®  Q µ ³ � , supposingµ ³ to be true. The basisof the test is to include regionsof the
highest � (ratio of probabilitydensities)first, addingregionsof lower valuesof � until thedesiredsize
is obtained.Thus,nowhereoutsidethecritical region, where µ ³ would fail to be rejected,is the ratioA ��� Q µ � �{z A ��� Q µ ³ � greaterthanin thecritical region. Thetest,basedonalikelihoodratio,is notoptimal
if thehypothesesarenot simple.SeealsoHypothesisTesting,SimpleHypothesis.

NuisanceParameter

Any parameterwhosetruevalueis unknown but whichmustbeexcisedfrom theproblemin order
for aninferenceontheparameterof interestto bemade.For example,in anexperimentwith imprecisely
known background,thatlatteris anuisanceparameter.

Null Hypothesis

SeeP-value,HypothesisTesting,andNeyman-PearsonTest.

OccamFactor

In Bayesianinference,theOccamfactoris a quantitythat implementsOccam’s razor: “Plurality
shouldn’t be positedwithout necessity”(William of Occam,1285-1349). Basically, keepit simple!
ConsidertheevidenceA ��� Q X��¹� � A ��� Q W I½Xb� A � W Q Xb�GF W . Let A ��� Q YW I½X�� bethevalueof the likelihoodl � W � � A ��� Q W I½X�� at its mode. Supposethat the likelihoodis tightly peaked aboutits mode

YW
with a

width
ó W

. Wecanwrite theevidenceas

A ��� Q X��3ò A ��� Q YW I½X���� A � YW Q X�� ó W 2
Thefactor A � YW Q X�� ó W is calledtheOccamfactor. Complex modelstendto have prior densitiesspread
over largervolumesof parameterspaceandconsequentlysmallervaluesof A � YW Q Xb� . Ontheotherhand,a
modelthatfits thedatatoowell tendsto yield smallervaluesof

ó W
. TheOccamfactoris seento penalize

modelsthatareunnecessarilycomplex or thatfit thedatatoowell.

From the form of the Occamfactoronemay be temptedto concludethat the absolutevalueof
theprior densityis important.This is not so. Whatmattersis thatprior densitiesbecorrectlycalibrated
acrossthesetof modelsunderconsideration.That is, the ratio of prior densitiesacrossmodelsmustbe
well-defined.SeealsoModel,ModelComparison.

P-value

The probability that a randomvariable � could assumea valuegreaterthanor equalto theob-
served value � . Considera hypothesisµ , observed data � anda probabilitydensityfunction A ��� Q µV�
that is contingenton thehypothesisbeingtrue. We supposethat � ¶ � representsvaluesof � thatare
judgedmoreextremethanthatobserved—usually, thosevaluesof � that renderthehypothesisµ less
likely. Thep-valueis definedby A � ; ?< A �Dû Q µV�GFxû/2
P-valuesare the basisof a frequentistprocedurefor rejecting µ : Beforean experiment,decideon a
significance

°
; performtheexperiment;if A � °

—implying that thedataobserved areconsideredtoo
unlikely if µ is true—onerejectsthehypothesisµ . A hypothesisthatcanberejectedaccordingto this
protocolis calledanull hypothesis.
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A significancetest requiresone to decideaheadof time the value � ³ of � , with significance° ��� ?<	� A �Dû Q µV�GFxû , suchthat if theobserved value � ¶ � ³ thehypothesisis to be rejected.Clearly,
this is equivalentto rejectionwhenA � °

.

Notethatsmallerp-valuesimply greaterevidenceagainstthehypothesisbeingtested.Notealso,
that a goodnessof fit test is just a particularapplicationof a significancetest. “Goodnessof fit” is a
misnomerbecauseasignificancetestprovidesevidenceagainstanentertainedhypothesisµ . Sowhatto
do if A ¶ °

or equivalently � � � ³ ? Do anotherexperiment,sinceonemayonly concludethat thedata
andthetesthave failedto rejectthehypothesis.Thequestionis not thenaturalone“Doesthecurve fit?”
but rather“Doesthecurve not fit?”!

Thereis an (unfortunatelywidespread)incorrectapplicationof the p-value. Using the p-value
approachto hypothesistesting,which is whatstatisticiansadvocate,requirestheanalystto worry about
thelevel of significance

°
. Indeed,decidingon an

°
is thevery first thing oneneedsto do,evenbefore

any dataareanalyzedor maybeeven beforeany dataare taken. For example,an experimentshould
decideaheadof time what level of significanceis requiredto claim a certaintypeof discovery. It is not
correctto do theanalysis,find A ��:Î2á:-:Jª$ã , say, andthendecidethatthis is sufficient to reject µ ³ . What
thep-valueaddsto theprocessis an ideaof how closeonegot to rejecting µ ³ insteadof failing to do
so,or vice versa.If onedecidedbeforehandthatanappropriate

°
is :Î2á:-:ZÝ , andthenfinds A ��:Î2á:-:-:Hç ,

one can be much more certainof not committing a type I error (rejectinga true hypothesis)than ifA �6:Î2á:-:âånª , but, in eithercase,onewould reject µ ³ . SeealsoHypothesisTesting.

Pivotal Quantity

A functionof dataandparameterswhosedistribution, given theparameters,doesnot dependon
thevalueof theparametersof thesamplingdistribution . ExampleSupposethat �#^®» �-¼n¦½¦�¾¿�-� � º I��À� ,
with mean

º
andknown standarddeviation � . Thedistribution of thestatistic

T ���U�
� f ��� �±º �{z|� i � (aÁ � variate)is independentof
º

. Therefore,
T ���U� is a pivotal quantityfor

º
and � , but not anancillary

statistic,becauseit includes
º

and � in its definition. Any ancillary statisticis alsoa pivotal quantity,
but not vice versa;ancillary statisticsaremuch rarer. Pivotal quantitiesmay be useful in generating
ConfidenceLimits. SeealsoAncillary Statistic.

Posterior Density

Givena likelihood
l � W �5� A ��� Q W � andprior densityA � W � , theposteriordensity, by Bayestheorem,

is A � W Q ���5� l � W � A � W �� l � W � A � W �GF W � A ��� Q W � A � W �� A ��� Q W � A � W �GF W I
where

W
representsoneor moreparameters,oneor moreof which couldbediscrete.ExampleSuppose

that the likelihooddependson threeclassesof parameters:
W �

, � � and X �
, where

W �
, theparametersof

interestand � � , thenuisanceparameters,pertainto model X �
. Theposteriordensityin thiscaseis given

by

A � W � I9� � I½X � Q ���3� l � W � I9� � I½X � � A � W � I9� � I½X � �� � �©� l � W � I9� � I½X � � A � W � I9� � I½X � �GFE� � F W � 2
Theposteriordensitycanbemarginalizedto obtain,for example,theprobability ���aX ��Q � � of model X �

,
givendata� . SeeMarginalization,Model.

Posterior Mean

Themeanof aposteriordensity. SeeMean.

Posterior Median

Themedianof aposteriordensity. SeeMedian.

Posterior Mode

Themodeof a posteriordensity;it is nearthemaximumof the likelihoodif theprior densityis
flat nearthepeakof thelikelihood.SeeMode.
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Posterior Odds

GivenmodelsX±w and X �
, with posteriorprobabilities�q�aX�w Q � � and ���aX �EQ � � , respectively, the

posterioroddsis theratio �q�aX�w Q � ��q�aX � Q � � � A ��� Q X�wí�A ��� Q X � � ���aX±wa����aX � � 2
Thefirst ratioontheright, thatof theevidenceA ��� Q X±wí� for model X±w to theevidenceA ��� Q X � � for modelX �

, is calledtheBayesFactor. Thesecondratio, ���aX w � to ���aX � � , is calledthePrior Odds. In words

Posteriorodds= Bayesfactor � Prior odds2
Seealso,Model,Evidence.

Power

Theprobabilityto rejectfalsehypotheses.SeealsoHypothesisTesting.

Predictive Density

The probability densityto observe data 
 given that one hasobserved data � . The predictive
densityis givenby A ��
 Q � �5� ; A ��
 Q W � A � W Q ���GF W I
whereA � W Q � � is the posteriorprobability densityof the parameters

W
. The predictive probability finds

applicationin algorithms,suchastheKalmanfilter, in which onemustpredictwherenext to searchfor
data.

Prior Densityor Prior

Theprior probability(andprior densityfor thecaseof continuousparameters)describeknowledge
of the unknown hypothesisor parametersbeforea measurement.If onechoosesto expresssubjective
prior knowledgein a particularvariable ï � W � , thencoherenceimpliesthatonewould expressthatsame
knowledgein a differentvariableby multiplying by the Jacobian:ï �`ñ �y� ï � W � ý W z ý ñ . Specification
of prior knowledgecanbe difficult, andeven controversial, particularlywhentrying to expressweak
knowledgeor indifferenceamongparameters.SeealsoBayesian,DefaultPrior, FlatPrior, OccamFactor,
Re-parameterizationInvariance.

Prior Odds

SeePosteriorOdds.

Probability

Probabilityis commonlydefinedasameasure��� � � on aset
� , �

thatsatisfiestheaxioms

1. �q� � �
�ö:.� � 2
2. �q� � �3��ª .
3. �q� � �	� �3� � ��� �
� � , if

� w S �
� �� for
_ à�1ì .

A measure,roughlyspeaking,is a real-valuednumberthatassignsawell-definedmeaningto thesizeof
aset.Probabilityis anabstractionof which thereareseveralinterpretations,themostcommonbeing

1. Degreeof belief,

2. Relative frequency.

Statisticianssometimesdenotearandomvariableby anuppercasesymbol � andaspecificvaluethereof
by its lowercasepartner � . For example, A ���U� representsa function of the randomvariable � whileA ����� representsits valueat thespecificpoint � �8� .
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Abstract notation Description��� � � Probabilityof
���� �NM � Probabilityof
�

and
M��� �&OPM � Probabilityof

�
or

M��� �RQ M � Probabilityof
�

given
M

.
This is calledaconditionalprobability:��� �RQ M �5�6��� �NM �{z|��� M ���� M=Q � �5�6��� �NM �{z|��� � �
which leadsto Bayes’theorem:��� M=Q � �5�6��� �RQ M �G��� M �{z|��� � �

Concretenotation Description����� Q W �3� A ��� Q W �GFH� A ��� Q W � is aprobabilitydensityfunction(pdf);����� Q W � is aprobability.�7^ A ��� Q W � meansthatthevariable� is distributed
accordingto thepdf A ��� Q W � .

Probability Integral Transform

For acontinuousrandomvariable,a (cumulative) distribution function� �6����� Q W �3� ; �>@? A �Dû Q W �GF@û}I
maps� into a number

�
between: and ª by knowledgeof thedensityA ��� Q W � . If the � aredistributed

accordingto A ��� Q W � , the
�

aredistributeduniformly. So if thepdf is known in onechoiceof variable,
onecanusethat knowledgeto transform(choosea new variable)in which the pdf is flat. A statistic
formedby applyingthis transformto observationssatisfiesthedefinitionof PivotalQuantity, andassuch
canbeusefulfor calculatingconfidenceintervals.Suchatransformationalsomaybeusedto mapdataof
potentiallyinfinite rangeinto afinite range,whichmaybeconvenientduringmultidimensionalanalyses.
Theinversion(oftennumerical)of this transformis a commontechniquein MonteCarlogenerationof
randomvariates,astheinversemapsa uniform randomnumber

Ì w into anvalue �@w with thedistributionA ��� Q W � . SeealsoPivotalQuantity, HighestPosteriorDensity.

Profile Lik elihood

Given a likelihood
l � W I9��� , which is a function of the parameter

W
andoneor moreparameters� , the profile likelihood is

l � W I Y��� where
Y� is the maximumlikelihood estimateof the parameters� .

Theprofile likelihoodis usedin circumstancesin which theexacteliminationof nuisanceparametersis
problematicasis true,in general,in frequentistinference.

Quadratic LossFunction

This is definedby m �DFnI W �}���DF �±W � � I
whereF is anestimatorof

W
. Thecorrespondingrisk function,

dE�yf �DF � W � � i , obtainedby averagingwith
respectto anensembleof possibledata � , is calledthemeansquareerror. Its squareroot is calledthe
root meansquare(RMS). This is onemeasure(themosttractable)of averagedeviation of anensemble
of estimatesfrom thetruevalueof aparameter. TheRMS,biasandvariancearerelatedasfollows

����� � � d��yf �DF ��W � � i � c � � W � O k � �DFE�92
SeealsoBias,Variance.

Re-parameterizationInvariance

This propertyholds if a procedureis metric independent,that is, it producesequivalent results,
no matterwhich variableis chosenfor the analysis. For example,invarianceholds if a procedurefor
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obtainingan estimate
YW
, in a new variable,producesan estimate

Yñ�� YW � , where ñu� W � is a new variable
whichis a(possiblynonlinear)functionof

W
. Morefundamentally, probabilitydensitiestransformby the

Jacobian,A �DC��
� A � ~ � ýx~ z ý C , sothattheprobability(integralsover thedensity)for regionscontaining
valuesof C areequalto theprobabilitiesfor regionscontainequivalentvalues

~ �DC�� , assuming
~

and C
arerelatedby a oneto one,monotonictransformation.However, thevaluesof thedensitiesthemselves
atequivalentpointsarenot thesame.

Physiciststend to placemoreemphasison this propertythando statisticians:we are trying to
understandnature,anddon’t wanta particularchoiceof coordinatesto changeour conclusions.Max-
imum LikelihoodEstimatorshave the property: the valueof the likelihood itself is unchangedby re-
parameterization,

l �`ñ�� � l �`ñu� W �{� ; andsince
ý l z ý ñ�� � ý l z ý W � ý W z ý ñ , zerosof thederivative occur

at thecorrespondingplaces.By construction,frequentistConfidenceIntervals alsohave this property:
the NeymanConstructionbegins with probability statementsfor rangesof measuredvaluesfor � , so
with a correctchangeof variablein thedensityfor � , thesameprobabilitywill be foundfor theequiv-
alentregion in 
���� � . For ConfidenceIntervals, that means,for example, �¯�Dûy� �����Dû ���V�{� However,
thepropertyof un-biased-nessis not invariantunderre-parameterization:for example,thesquareof the
expectationof � doesnotequaltheexpectationof � �

.

In the samesense,integrals on PosteriorDensities(pdf’s for parameters)calculatedwith Jef-
freys’ Prior also have this property, sincethis Prior transformsby a Jacobian,and the Likelihood is
unchangedasdiscussedabove. Similarly, subjective prior knowledgedescribedin onevariablecanbe
transformedby a Jacobianinto a correspondingPrior in anothervariable. Thus,with thesechoicesof
priors(Jeffreys or subjective knowledge),theposteriormedian,centralcredibleintervals,andany other
estimatorsdefinedaspercentilepointsof theposteriordensityareinvariant. However, evenwith these
choicesof priors,posteriormeansandmodes,andHighestPosteriorDensityCredibleRegions,arenot
re-parameterizationinvariant.SeealsoConfidenceInterval, PriorDensity, Jeffreys’ Prior.

Risk Function

The expectationvalue,
o � W �V� dE�üf m �DFnI W � i , with respectto an ensembleof possiblesetsof

data � , of the lossfunction
m �DFnI W � . Given a risk function, theoptimal estimatoris definedto be that

which minimizesthe risk. In frequentisttheory, the risk function is a function of the parameter
W
. In

Bayesiantheory, thereis a further averagingwith respectto
W
, in which eachvalueof

W
is weighted

by theassociatedposteriorprobability ��� W Q ��� . However, minimizing this risk functionwith respectto
theestimatorF����U� is equivalentto minimizing the risk function over an ensemblecontaininga single
value ��6� . Onecansummarizethesituationasfollows: frequentistrisk is thelossfunctionaveraged
with respectto all possibledata � for fixed

W
, while Bayesianrisk is the lossfunction averagedwith

respectto all possible
W

for fixeddata ����� . This is anillustrationof thefact thatBayesianinference
typically obeys thelikelihoodprinciple, whereasfrequentistinferencetypically doesnot. SeeLikelihood
Principle.

SampleMean

Givena randomsample� � I{� � Ij2j2j2ËI{��� of size v , thesamplemeanis just theaverageX��R����� � O � � O������|O ���Î�{z+v5I
of thesample.Its convergenceto the truemeanis governedby the law of large numbers.SeeLaw Of
LargeNumbers.

Sampling Distribution

Thesamplingdistribution is the(cumulative) distribution functionof a statistic,that is, of a (pos-
sibly vector-valued)functionof thedata.

Sampling Rule

A rule thatspecifieshow arandomsampleis to beconstructed.
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SignificanceTest

SeeP-value.

SimpleHypothesis

A completelyspecifiedhypothesis.Contrastthesimplehypothesis
W � åHã with thenon-simple,

that is, compoundhypothesis
W ¶ åHã . That an event is due to a signal with a known pdf with no

free parametersis a simplehypothesis.That an event is dueto oneof two backgrounds,eachwith a
known pdf, but whoserelative normalizationis unknown, is a compoundhypothesis. If the relative
normalizationof thetwo backgroundsis known, this is againasimplehypothesis.SeeNeyman-Pearson
test,HypothesisTesting.

Statistic

Any meaningfulfunctionof thedata,suchasthosethatprovide usefulsummaries,for example,
thesamplemean.SeeSampleMean.

StoppingRule

A rulethatspecifiesthecriterion(or criteria)for stoppinganexperimentin whichdataareacquired
sequentially. It isamatterof debatewhetheraninferenceshould,orshouldnot,dependuponthestopping
rule. This is relatedto thequestionof how to embedafinite sequenceof experimentsinto anensemble.

A classicexamplearosein connectionwith the measurementof the top quarkmassby the DØ
collaboration.Theexperimentalteamfound77 events,of which about30 wereestimatedto bedueto
topquarkproduction.To assesssystematiceffectsandvalidatethemethodsof analysisrequiredtheem-
beddingof the77 eventsinto anensemble.Theconundrumwasthis: Shouldtheensemblebebinomial,
in whichthesamplesizeis fixedat77?Or shouldit beaPoissonensemblewith fluctuatingsamplesize?
Or, thoughthis wasnot considered,shouldit be the ensemblepertainingto experimentsthat run until
77 eventsarefound,yielding a negative binomialdistribution? Theanswer, of course,is thatthereis no
uniqueanswer. Nonetheless,the choicemadehasconsequences:the Poissonandbinomial ensembles
producedifferent likelihoods;the binomial andnegative binomial produceequivalent likelihoods,but
wouldproducedifferentconfidenceintervals.

SeealsoEnsemble,LikelihoodPrinciple,Jeffreys’ Prior.

Sufficient Statistic

If a likelihood function canbe re-writtensolely in termsof oneor more functions
T ��� � of the

observeddata� thenthe
T ����� aresaidto besufficient statistics.They aresufficient in thesensethattheir

usedoesnot entail lossof informationwith respectto thedata � . ExampleConsidera sample� � Ij2\2\2\I{���
with likelihoodfunction

l � W �ü��� �w¿Å � Õ×ÖÎØu� �0W � W <	� . This canbe re-writtenas
l � W �y� Õ×ÖEØ�� � v W � W ��� ,

wherethestatistic
T

is thesamplemean.Sincethe likelihoodcanbewritten solely in termsof v and
T
,

thesetogetheraresufficient statistics.SeealsoAncillary Statistic.

Type I and Type II Err ors

Onecommitsa typeI error if a truehypothesisis rejected.A typeII error is committedif a false
hypothesisis accepted.

Variance

Thevarianceof aquantity F , for exampleanestimatorF����U� , is definedbyk �üf F i � dE�üf F � i��Ud �� f F i I
where

dE�üfhgji
is theexpectationor averaging operator with respectto anensembleof values� . Seealso

QuadraticLossFunction.

330


