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� *OUSPEVDUJPO

ćF HSPVOECSFBLJOH EJTDPWFSZ PG (SBWJUBUJPOBM 8BWFT
	(8T
 CZ HSPVOE�CBTFE MBTFS JOUFSGFSPNFUSJD EFUFD�
UPST JO ���� JT DIBOHJOH BTUSPOPNZ <�> CZ PQFOJOH
UIF IJHI�GSFRVFODZ HSBWJUBUJPOBM XBWF XJOEPX UP PC�
TFSWF MPX NBTT TPVSDFT BU MPX SFETIJę� ćF 4FOJPS
4VSWFZ $PNNJUUFF 	44$
 <�> TFMFDUFE UIF -� TDJFODF
UIFNF ćF (SBWJUBUJPOBM 6OJWFSTF <�> UP PQFO UIF ���
UP ���N)[ (SBWJUBUJPOBM 8BWF XJOEPX UP UIF 6OJ�
WFSTF� ćJT MPX�GSFRVFODZ XJOEPX JT SJDI JO B WBSJFUZ
PG TPVSDFT UIBU XJMM MFU VT TVSWFZ UIF 6OJWFSTF JO B OFX
BOE VOJRVF XBZ ZJFMEJOH OFX JOTJHIUT JO B CSPBE SBOHF
PG UIFNFT JO BTUSPQIZTJDT BOE DPTNPMPHZ BOE FOBCMJOH
VT JO QBSUJDVMBS UP TIFE MJHIU PO UXP LFZ RVFTUJPOT� 	�

)PX XIFO BOE XIFSF EP UIF ĕSTU NBTTJWF CMBDL IPMFT
GPSN HSPX BOE BTTFNCMF BOE XIBU JT UIF DPOOFDUJPO
XJUI HBMBYZ GPSNBUJPO 	�
 8IBU JT UIF OBUVSF PG HSBW�
JUZ OFBS UIF IPSJ[POT PG CMBDL IPMFT BOE PO DPTNPMPHJ�
DBM TDBMFT 
8F QSPQPTF UIF -*4" NJTTJPO JO PSEFS UP SFTQPOE UP
UIJT TDJFODF UIFNF JO UIF CSPBEFTU XBZ QPTTJCMF XJUIJO
UIF DPOTUSBJOFE CVEHFU BOE HJWFO TDIFEVMF� -*4" FO�
BCMFT UIF EFUFDUJPO PG (8T GSPN NBTTJWF CMBDL IPMF
DPBMFTDFODFT XJUIJO B WBTU DPTNJD WPMVNF FODPNQBTT�
JOH BMM BHFT GSPN DPTNJD EBXO UP UIF QSFTFOU BDSPTT
UIF FQPDIT PG UIF FBSMJFTU RVBTBST BOE PG UIF SJTF PG
HBMBYZ TUSVDUVSF� ćF NFSHFS�SJOHEPXO TJHOBM PG UIFTF
MPVE TPVSDFT FOBCMFT UFTUT PG &JOTUFJO�T (FOFSBM ćFPSZ
PG 3FMBUJWJUZ 	(3
 JO UIF EZOBNJDBM TFDUPS BOE TUSPOH�
ĕFME SFHJNF XJUI VOQSFDFEFOUFE QSFDJTJPO� -*4" XJMM
NBQ UIF TUSVDUVSF PG TQBDFUJNF BSPVOE UIF NBTTJWF
CMBDL IPMFT UIBU QPQVMBUF UIF DFOUSFT PG HBMBYJFT VTJOH
TUFMMBS DPNQBDU PCKFDUT BT UFTU QBSUJDMF�MJLF QSPCFT� ćF
TBNF TJHOBMT XJMM BMTP BMMPX VT UP QSPCF UIF QPQVMBUJPO
PG UIFTF NBTTJWF CMBDL IPMFT BT XFMM BT BOZ DPNQBDU PC�
KFDUT JO UIFJS WJDJOJUZ� " TUPDIBTUJD (8 CBDLHSPVOE PS
FYPUJD TPVSDFT NBZ QSPCF OFX QIZTJDT JO UIF FBSMZ 6OJ�
WFSTF� "EEFE UP UIJT MJTU PG TPVSDFT BSF UIF OFXMZ EJTDPW�
FSFE -*(0�7JSHP IFBWZ TUFMMBS�PSJHJO CMBDL IPMF NFSH�
FST XIJDIXJMM FNJU(8T JO UIF -*4"CBOE GSPN TFWFSBM
ZFBST VQ UP B XFFL QSJPS UP UIFJS NFSHFS FOBCMJOH DPPS�
EJOBUFE PCTFSWBUJPOT XJUI HSPVOE�CBTFE JOUFSGFSPNF�
UFST BOE FMFDUSPNBHOFUJD UFMFTDPQFT� ćF WBTU NBKPSJUZ
PG TJHOBMT XJMM DPNF GSPN DPNQBDU HBMBDUJD CJOBSZ TZT�
UFNT XIJDI BMMPX VT UP NBQ UIFJS EJTUSJCVUJPO JO UIF
.JMLZ 8BZ BOE JMMVNJOBUF TUFMMBS BOE CJOBSZ FWPMVUJPO�
-*4" CVJMET PO UIF TVDDFTT PG -*4" 1BUIĕOEFS
	-1'
 <�> UXFOUZ ZFBST PG UFDIOPMPHZ EFWFMPQNFOU
BOE UIF (SBWJUBUJPOBM 0CTFSWBUPSZ "EWJTPSZ 5FBN
	(0"5
 SFDPNNFOEBUJPOT� -*4" XJMM VTF UISFF BSNT

BOE UISFF JEFOUJDBM TQBDFDSBę 	4�$
 JO B USJBOHVMBS GPS�
NBUJPO JO B IFMJPDFOUSJD PSCJU USBJMJOH UIF &BSUI CZ
BCPVU ��○� ćF FYQFDUFE TFOTJUJWJUZ BOE TPNF QPUFO�
UJBM TJHOBMT BSF TIPXO JO 'JHVSF ��

'JHVSF �� &YBNQMFT PG (8 TPVSDFT JO UIF GSF�
RVFODZ SBOHF PG -*4" DPNQBSFE XJUI JUT TFOTJ�
UJWJUZ GPS B ��BSNDPOĕHVSBUJPO� ćFEBUB BSF QMPU�
UFE JO UFSNT PG EJNFOTJPOMFTT ADIBSBDUFSJTUJD TUSBJO
BNQMJUVEF� <�>� ćF USBDLT PG UISFF FRVBMNBTT CMBDL
IPMF CJOBSJFT MPDBUFE BU z = 3 XJUI UPUBM JOUSJO�
TJD NBTTFT 107 106 BOE 105M⊙ BSF TIPXO� ćF
TPVSDF GSFRVFODZ 	BOE 4/3
 JODSFBTFT XJUI UJNF
BOE UIF SFNBJOJOH UJNF CFGPSF UIF QMVOHF JT JOEJ�
DBUFE PO UIF USBDLT� ćF � TJNVMUBOFPVTMZ FWPMW�
JOH IBSNPOJDT PG BO &YUSFNF .BTT 3BUJP *OTQJSBM
TPVSDF BU z = 1.2 BSF BMTP TIPXO BT BSF UIF USBDLT PG
B OVNCFS PG TUFMMBS PSJHJO CMBDL IPMF CJOBSJFT PG UIF
UZQF EJTDPWFSFE CZ -*(0� 4FWFSBM UIPVTBOE HBMBD�
UJD CJOBSJFT XJMM CF SFTPMWFE BęFS B ZFBS PG PCTFS�
WBUJPO� 4PNF CJOBSZ TZTUFNT BSF BMSFBEZ LOPXO
BOE XJMM TFSWF BT WFSJĕDBUJPO TJHOBMT� .JMMJPOT PG
PUIFS CJOBSJFT SFTVMU JO B ADPOGVTJPO TJHOBM� XJUI B
EFUFDUFE BNQMJUVEF UIBU JT NPEVMBUFE CZ UIF NP�
UJPO PG UIF DPOTUFMMBUJPO PWFS UIF ZFBS� UIF BWFSBHF
MFWFM JT SFQSFTFOUFE BT UIF HSFZ TIBEFE BSFB�

"O PCTFSWBUPSZ UIBU DBO EFMJWFS UIJT TDJFODF JT EF�
TDSJCFE CZ B TFOTJUJWJUZ DVSWF XIJDI CFMPX �N)[ XJMM
CF MJNJUFE CZ BDDFMFSBUJPO OPJTF BU UIF MFWFM EFNPO�
TUSBUFE CZ -1'� *OUFSGFSPNFUSZ OPJTF EPNJOBUFT BCPWF
�N)[ XJUI SPVHIMZ FRVBM BMMPDBUJPOT GPS QIPUPO TIPU
OPJTF BOE UFDIOJDBM OPJTF TPVSDFT� 4VDI B TFOTJUJWJUZ
DBO CF BDIJFWFE XJUI B ���NJMMJPO LN BSN�MFOHUI DPO�
TUFMMBUJPO XJUI �� DN UFMFTDPQFT BOE �8 MBTFS TZTUFNT�
ćJT JT DPOTJTUFOU XJUI UIF (0"5 SFDPNNFOEBUJPOT
BOE CBTFE PO UFDIOJDBM SFBEJOFTT BMPOF B MBVODINJHIU
CF GFBTJCMF BSPVOE ����� 8F QSPQPTF BNJTTJPO MJGFUJNF
PG � ZFBST FYUFOEBCMF UP �� ZFBST GPS -*4"�

1BHF � -*4" o �� */530%6$5*0/

Massive black hole binaries (MBHB) are crucial sources for LISA. 
How well can LISA extract their parameters ?

BBH SNR contours

SJOH�EPXOPG UIF OFX.#) UIBU GPSNFE� #FJOH TPVSDFT
BU DPTNPMPHJDBM SFETIJęT NBTTFT JO UIF PCTFSWFS GSBNF
BSF (1+ z) IFBWJFS UIBO JO UIF TPVSDF GSBNF BOE TPVSDF
SFETIJęT BSF JOGFSSFE GSPN UIF MVNJOPTJUZ EJTUBODF Dl 
FYUSBDUFE GSPN UIF TJHOBM 	XJUI UIF FYDFQUJPO PG UIPTF
TPVSDFT GPS XIJDIXF IBWF BO JOEFQFOEFOUNFBTVSF PG z
GSPN BO JEFOUJĕFE FMFDUSPNBHOFUJD DPVOUFSQBSU
� $PO�
TJTUFOU XJUI DVSSFOU DPOTFSWBUJWF QPQVMBUJPO NPEFMT
<�> UIF FYQFDUFE NJOJNVN PCTFSWBUJPO SBUF PG B GFX
.#) #JOBSJFT 	.#)#
 QFS ZFBS XPVME GVMĕMM UIF SF�
RVJSFNFOUT PG 40��

'JHVSF �� .BTTJWF CMBDL IPMF CJOBSZ DPBMFTDFODFT�
DPOUPVST PG DPOTUBOU 4/3 GPS UIF CBTFMJOF PCTFS�
WBUPSZ JO UIF QMBOF PG UPUBM TPVSDF�GSBNF NBTT M
BOE SFETIJę z 	MFę NBSHJO�BTTVNJOH 1MBODL DPT�
NPMPHZ
 BOE MVNJOPTJUZ EJTUBODF Dl 	SJHIU NBS�
HJO
 GPS CJOBSJFT XJUI DPOTUBOU NBTT SBUJP PG q =
0.2� 0WFSMBJE BSF UIF QPTJUJPOT PG UIF UISFTIPME CJ�
OBSJFT VTFE UP EFĕOF UIF NJTTJPO SFRVJSFNFOUT�

'JHVSF � QSFTFOUT UIF SJDIOFTT PG TPVSDFT UIBU TIPVME
CF WJTJCMF UP -*4" TIPXJOH B XJEF SBOHF PG NBTTFT PC�
TFSWBCMF XJUI IJHI 4/3 PVU UP IJHI SFETIJę� ćF EFG�
JOJUJPO PG UIF UISFTIPME TZTUFNT 	XIJDI BSF TIPXO BT
SFE TUBST JO 'JHVSF �
 GPS FBDI 03 MFBET UP POF PS NPSF
.3 TIPXO JO 'JHVSF ��

4*���� 4FBSDI GPS TFFE CMBDL IPMFT BU DPTNJD EBXO

03��� )BWF UIF DBQBCJMJUZ UP EFUFDU UIF JOTQJSBM PG
.#)#T JO UIF JOUFSWBM CFUXFFO B GFX 103M⊙ BOE B GFX
105M⊙ JO UIF TPVSDF GSBNF BOE GPSNBUJPO SFETIJęT CF�
UXFFO �� BOE ��� &OBCMF UIFNFBTVSFNFOU PG UIF TPVSDF
GSBNF NBTTFT BOE UIF MVNJOPTJUZ EJTUBODF XJUI B GSBD�
UJPOBM FSSPS PG ��� UP EJTUJOHVJTI GPSNBUJPO NPEFMT�

.3���� &OTVSF UIF TUSBJO TFOTJUJWJUZ JT CFUUFS UIBO 1.6×
10−20Hz−1/2 BU ���N)[ BOE 1 × 10−20Hz−1/2 BU �N)[
UP FOBCMF UIF PCTFSWBUJPO PG CJOBSJFT BU UIF MPX FOE PG
UIJT QBSBNFUFS TQBDF XJUI B 4/3 PG BU MFBTU ��� 4VDI
B iUISFTIPMEw TZTUFN XPVME IBWF B NBTT PG 3000M⊙

NBTT SBUJP q = 0.2, BOE CF MPDBUFE BU B SFETIJę PG ���
"MM PUIFS .#)#T JO 03��� XJUI NBTTFT JO UIF RVPUFE
SBOHF BOE NBTT SBUJPT IJHIFS UIBO UIJT BOE�PS BU MPXFS
SFETIJę XJMM UIFO CF EFUFDUFEXJUI IJHIFS 4/3 ZJFMEJOH
CFUUFS QBSBNFUFS FTUJNBUJPO�

4*���� 4UVEZ UIF HSPXUI NFDIBOJTN PG .#)T GSPN
UIF FQPDI PG UIF FBSMJFTU RVBTBST

03����B )BWF UIF DBQBCJMJUZ UP EFUFDU UIF TJHOBM GPS DP�
BMFTDJOH .#)T XJUI NBTT 104 < M < 106M⊙ JO UIF
TPVSDF GSBNF BU z ≲ 9� &OBCMF UIF NFBTVSFNFOU PG UIF
TPVSDF GSBNF NBTTFT BU UIF MFWFM MJNJUFE CZ XFBL MFOT�
JOH 	� �
�

03����C 'PS TPVSDFT BU z < 3 BOE 105 < M < 106M⊙
FOBCMF UIF NFBTVSFNFOU PG UIF EJNFOTJPOMFTT TQJO PG
UIF MBSHFTU .#) XJUI BO BCTPMVUF FSSPS CFUUFS UIBO ���
BOE UIF EFUFDUJPO PG UIF NJTBMJHONFOU PG TQJOT XJUI
UIF PSCJUBM BOHVMBS NPNFOUVN CFUUFS UIBO 10 EFHSFFT�
ćJT QBSBNFUFS BDDVSBDZ DPSSFTQPOET UP BO BDDVNV�
MBUFE 4/3 	VQ UP UIF NFSHFS
 PG BU MFBTU ∼ 200�
.3���� ćF NPTU TUSJOHFOU SFRVJSFNFOU JT TFU CZ CF�
JOH BCMF UP NFBTVSF UIF TQJO PG B UISFTIPME TZTUFN XJUI
UPUBM JOUSJOTJD NBTT PG 105M⊙ NBTT SBUJP PG q = 0.2, MP�
DBUFE BU z = 3� ćJT XJMM TBUJTGZ CPUI 03����B BOE ����C�
"DIJFWJOH BO 4/3 PG ��� SFRVJSFT B TUSBJO TFOTJUJWJUZ
PG 4 × 10−20Hz−1/2 BU �N)[ BOE 1.3 × 10−20Hz−1/2 BU
��N)[� "MM TZTUFNT JO 03����B BOE ����C XJUI IJHIFS
NBTT NBTT SBUJPT TQJOT PS MPXFS SFETIJę XJMM SFTVMU JO
IJHIFS 4/3 BOE CFUUFS TQJO FTUJNBUJPO�

4*���� 0CTFSWBUJPO PG &. DPVOUFSQBSUT UP VOWFJM UIF
BTUSPQIZTJDBM FOWJSPONFOU BSPVOENFSHJOH CJOBSJFT

03����B 0CTFSWF UIFNFSHFST PG.JMLZ�8BZ UZQF.#�
)#T XJUI UPUBM NBTTFT CFUXFFO 106 BOE 107M⊙ BSPVOE
UIF QFBL PG TUBS GPSNBUJPO 	z ∼ 2
 XJUI TVďDJFOU 4/3
UP BMMPX UIF JTTVJOH PG BMFSUT UP &. PCTFSWBUPSJFT XJUI
B TLZ�MPDBMJTBUJPO PG 100deg2 BU MFBTU POF EBZ QSJPS UP
NFSHFS� ćJT XPVME ZJFME DPJODJEFOU &.�(8 PCTFSWB�
UJPOT PG UIF TZTUFNT JOWPMWFE�

03����C "ęFS HSBWJUBUJPOBMMZ PCTFSWJOH UIF NFSHFS PG
TZTUFNT EJTDVTTFE JO 03����B UIF TLZ MPDBMJTBUJPO XJMM
CF TJHOJĕDBOUMZ JNQSPWFE BMMPXJOH GPMMPX�VQ &. PC�
TFSWBUJPOT UP UBLF QMBDF� ćJT IBT UIF QPUFOUJBM UP XJU�
OFTT UIF GPSNBUJPO PG B RVBTBS GPMMPXJOH B #) NFSHFS�
ćJT OFFET FYDFMMFOU TLZ MPDBMJTBUJPO 	BCPVU � EFH2
 UP
EJTUJOHVJTI GSPN PUIFS WBSJBCMF &. TPVSDFT JO UIF ĕFME
NPOUIT UP ZFBST BęFS UIF NFSHFS�

.3���� 'PS UIF MPXFTU 4/3 TZTUFN JO 03����B XIJDI
DPSSFTQPOET UP B NBTT PG 106M⊙ BU z = 2 XF XJMM EFUFDU
UIF JOTQJSBM TJHOBM 	XJUI 4/3���
 ∼ 11.5 EBZT QSJPS UP

-*4" o �� 4$*&/$& 1&3'03."/$& 1BHF �

(source-frame mass)

Motivation: what will LISA tell us ?

• Science questions: advance detection ? Localization for EM counterpart ? 
Cosmology ? Constrain population and formation channels ?

• Link to instrumental choices: tradeoffs
• Aim: Bayesian parameter estimation (PE) tools
• More realistic signals: include merger and higher harmonics
• Understand degeneracies

LISA MBHB science and motivation

LISA sources
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Astrophysical models [Barausse 2012]:
• Heavy seeds - delay
• Heavy seeds - no delay
• PopIII seeds - delay
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MBHB detected signals:
Bulk shorter than ~10days
Tail extending to ~3months

• How long before merger can we 
detect the signal ?

• SNR=10 to claim detection

The length(s) of MBHB signals
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LISA instrumental response
XJUI B NFBO JOUFS�4�$ TFQBSBUJPO EJTUBODF PG ��� NJM�
MJPO LN� " SFGFSFODF PSCJU IBT CFFO QSPEVDFE PQUJ�
NJTFE UPNJOJNJTF UIF LFZ WBSJBCMF QBSBNFUFST PG JOUFS�
4�$ CSFBUIJOH BOHMFT 	ĘVDUVBUJPOT PG WFSUFY BOHMFT
 BOE
UIF SBOHF SBUF PG UIF 4�$ BT CPUI PG UIFTF ESJWF UIF DPN�
QMFYJUZ PG UIF QBZMPBE EFTJHO XIJMF BU UIF TBNF UJNF FO�
TVSJOH UIF SBOHF UP UIF DPOTUFMMBUJPO JT TVďDJFOUMZ DMPTF
GPS DPNNVOJDBUJPO QVSQPTFT�

Earth

Sun
1 AU (150 million km)

19 – 23°
60°

2.5 million km

1 AU
Sun

'JHVSF �� %FQJDUJPO PG UIF -*4" 0SCJU�

ćF PSCJUBM DPOĕHVSBUJPO JT EFQJDUFE JO 'JHVSF �� ćFTF
PSCJUT XJMM MFBE UP CSFBUIJOH BOHMFT PG ±� EFH BOE
%PQQMFS TIJęT CFUXFFO UIF 4�$ PG XJUIJO ±�.)[�
ćF MBVODI BOE USBOTGFS BSF PQUJNJ[FE GPS B EFEJDBUFE
"SJBOF ��� MBVODI BOE DBSSZ UIF GPMMPXJOH CBTJD GFB�
UVSFT�
t UPUBM USBOTGFS UJNF PG BCPVU ��� EBZT�
t EJSFDU FTDBQF MBVODI XJUI V∞ = 260N�T�
t UISFF TFUT PGNBOPFVWSFT GPS ĕOBM USBOTGFS PSCJU JOKFD�

UJPO QFSGPSNFE CZ UIF QSPQVMTJPO BOE 4�$ DPNQPTJUF
NPEVMFT� 4FF 4FDUJPO ����� GPS EFUBJMT�

��� -BVODIFS

ćF SFDPNNFOEFE PQUJPO GPS -*4" JT UP VTF POF PG
UIF "SJBOF � GBNJMZ PG MBVODI WFIJDMFT XJUI B EFE�
JDBUFE "SJBOF ��� MBVODI CFJOH UIF QSFGFSSFE PQUJPO�
8JUI B MBVODI DBQBDJUZ EJSFDUMZ JOUP BO FTDBQF USBKFD�
UPSZ PG ���� LH UIF "SJBOF ��� JT WFSZ XFMM TVJUFE UP
UIF -*4" MBVODI SFRVJSFNFOUT BOE UIF SFGFSFODF PSCJU
EFTDSJCFE JO 4FDUJPO ��� JT CBTFE PO UIF DBQBCJMJUJFT PG
UIJT MBVODIFS� ćF DBQBDJUZ PG "SJBOF ��� JT MJNJUFE BOE
JU JT FYUSFNFMZ MJLFMZ UIBU BOZ NJTTJPO TJ[FE UP ĕU XJUIJO
JU XPVME CF TJHOJĕDBOUMZ DPNQSPNJTFE JO UFSNT PG DB�
QBCJMJUZ� 4JNJMBSMZ JU JT MJLFMZ UIBU UIF DPOTUSBJOUT BOE
DPNQMFYJUZ PG B MBVODI UP (FPTUBUJPOBSZ 5SBOTGFS 0S�
CJU DPNCJOFE XJUI UIF OFFE UP ĕOE B TVJUBCMF QBSUOFS
NBLF B TIBSFE "SJBOF ��� MBVODI VOBUUSBDUJWF�

��� $PODFQU PG 0QFSBUJPOT

&BDI 4�$ JT FRVJQQFE XJUI JUT PXO QSPQVMTJPO NPEVMF
UP SFBDI UIF EFTJSFE PSCJU� %VSJOH UIJT DSVJTF QIBTF
DIFDLPVU BOE UFTUJOH PG TPNF FRVJQNFOU DPVME BMSFBEZ
CFHJO� 0ODF UIF 4�$ IBWF CFFO JOTFSUFE JOUP UIFJS DPS�
SFDU PSCJUT BOE UIF QSPQVMTJPO NPEVMFT KFUUJTPOFE UIF
UISFF 4�$ NVTU CF QSFQBSFE UP GPSN B TJOHMF XPSL�
JOH PCTFSWBUPSZ CFGPSF TDJFODF PQFSBUJPOT DBO CF FT�
UBCMJTIFE� ćJT JODMVEFT UIF SFMFBTF PG UIF UFTU NBTTFT
BOE FOHBHJOH UIF %SBH�'SFF "UUJUVEF $POUSPM 4ZTUFN
	%'"$4
� ćJT QSPDFTT DPOTUFMMBUJPO BDRVJTJUJPO BOE
DBMJCSBUJPO JT EFTDSJCFE JO 4FDUJPO ������ 'PMMPXJOH
BDRVJTJUJPO BOE DBMJCSBUJPO -*4" XPVME FOUFS UIF QSJ�
NBSZ TDJFODF NPEF� "U UIJT UJNF BMM UFTU NBTTFT JOTJEF
UIF UISFF 4�$ XJMM CF JO GSFF GBMM BMPOH UIF MJOFT PG TJHIU
CFUXFFO UIF 4�$� $BQBDJUJWF TFOTPST TVSSPVOEJOH FBDI
UFTU NBTT XJMM NPOJUPS UIFJS QPTJUJPO BOE PSJFOUBUJPO
XJUI SFTQFDU UP UIF 4�$� %'"$4 XJMM VTF NJDSP�/FXUPO
UISVTUFST UP TUFFS UIF 4�$ UP GPMMPX UIF UFTUNBTTFT BMPOH
UIF UISFF USBOTMBUJPOBM EFHSFFT�PG�GSFFEPN VTJOH JO�
UFSGFSPNFUSJD SFBEPVU XIFSF BWBJMBCMF BOE DBQBDJUJWF
TFOTJOH GPS UIF SFNBJOJOH EFHSFFT�PG�GSFFEPN� &MFD�
USPTUBUJD BDUVBUPST BSF VTFE UP BQQMZ UIF SFRVJSFE GPSDFT
BOE UPSRVFT JO BMM PUIFS EFHSFFT PG GSFFEPN UP UIF UFTU
NBTTFT� -BTFS JOUFSGFSPNFUSZ JT VTFE UP NPOJUPS UIF
EJTUBODF DIBOHFT CFUXFFO UIF UFTU NBTTFT BOE UIF PQ�
UJDBM CFODI 	0#
 JOTJEF FBDI 4�$� ćFTF UFDIOPMPHJFT
IBWF CFFO EFNPOTUSBUFE CZ UIF -*4" 1BUIĕOEFS NJT�
TJPO�
ćF MPOH�CBTFMJOF MBTFS JOUFSGFSPNFUFS PS TDJFODF JO�
UFSGFSPNFUFS JT VTFE UP NFBTVSF DIBOHFT JO UIF EJT�
UBODF CFUXFFO UIF PQUJDBM CFODIFT XIJMF B UIJSE JO�
UFSGFSPNFUFS TJHOBM NPOJUPST UIF EJČFSFOUJBM MBTFS GSF�
RVFODZ OPJTF CFUXFFO UIF UXP MPDBM MBTFS TZTUFNT� "MM
JOUFSGFSPNFUFS TJHOBMT BSF DPNCJOFE PO HSPVOE UP EF�
UFSNJOF UIF EJČFSFOUJBM EJTUBODF DIBOHFT CFUXFFO UXP
QBJST PG XJEFMZ TFQBSBUFE UFTU NBTTFT� 4DJFODF .PEF
XPVME GFBUVSF OFBS�DPOUJOVPVT PQFSBUJPO PG UIF TZTUFN
BU UIF EFTJHO TFOTJUJWJUZ� ćF TZTUFN EFTJHO TIPVME CF
TVDI UIBU JO TDJFODF NPEF FYUFSOBM QFSUVSCBUJPOT UP
UIF TZTUFN BSFNJOJNJTFE BOE JO QBSUJDVMBS UIF CBTFMJOF
EFTJHO EPFT OPU SFRVJSF TUBUJPO LFFQJOH PS PSCJU DPS�
SFDUJPO NBOPFVWSFT� *O MJOF XJUI UIF TDJFODF SFRVJSF�
NFOUT PO EBUB MBUFODZ DPNNVOJDBUJPOT XPVME PDDVS
PODF QFS EBZ GPS B EVSBUJPO PG BQQSPYJNBUFMZ � IPVST�
ćFSF BSF UXP QSJODJQBM FWFOUT XIJDI XJMM DBVTF TPNF
EJTSVQUJPO UP UIF TDJFODF NPEF PG PQFSBUJPOT� UIFTF
BSF SF�QPJOUJOH PG UIF BOUFOOBT BOE SF�DPOĕHVSBUJPO
PG UIF MBTFS MPDLJOH UP NBJOUBJO UIF CFBU OPUFT XJUIJO
UIF QIBTFNFUFS CBOEXJEUI UIFTF BSF DPWFSFE JO NPSF
EFUBJM JO 4FDUJPOT ��� BOE ��� SFTQFDUJWFMZ� *O BEEJUJPO
UP UIF NBJO TDJFODF NPEF B TQFDJBM QSPUFDUFE QFSJPE

-*4" o �� .*44*0/ 130'*-& 1BHF ��

LISA orbits
SSB-frame: global view of the orbits

Low-f approximation: two 
LIGO-type detectors 
in motion [Cutler 1997]
High-f: more complicated

⇡/4
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 + Time-delay 
interferometry (TDI)

yslr “ 1

2

1

1 ´ k̂ ¨ nl

nl ¨ phptsq ´ hptrqq ¨ nl

From spacecraft s to spacecraft r 
through link s: y “ �⌫{⌫

Response

Fourier-domain (separation of timescales [Marsat-Baker 2018])

Tslr =
i⇡fL

2
sinc [⇡fL (1� k · nl)] exp [i⇡f (L+ k · (pr + ps))]nl · P · nl(tf )
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Time and frequency-dependency
Time: motion of LISA on its orbit
Frequency: departure from long-wavelength
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Short-lived signals: 
use frame based on 
LISA plane

LISA frame

True

ReflectedAntipodal

Degeneracy pattern



5

Higher harmonics in GW signals

10�4 10�3 10�2 10�1

f (Hz)

10�22

10�21

10�20

10�19

10�18

10�17

h̃
c

All
(2, 2)
(2, 1)
(3, 3)
(4, 4)
(5, 5)
Noise Sc

Higher harmonics hlm 26

6200 6400 6600 6800 7000 7200 7400 7600
t/M

�0.04
�0.03
�0.02
�0.01

0.00
0.01
0.02
0.03
0.04

D
L/

M
R

e(
h +
�

ih
x)

(q = 8, �1 = 0.5, �2 = 0, ◆ = ⇡/2, '0 = 1.2)

NR SEOBNRv4HM SEOBNRv4

6200 6400 6600 6800 7000 7200 7400 7600
t/M

�0.5

0.0

0.5

1.0

1.5

�
�

h
(r

ad
)

NR (`,m) = (2, 2) vs SEOBNRv4
NR (`,m) = (2, 2), (3, 3), (2, 1), (4, 4), (5, 5) vs SEOBNRv4
NR (`,m) = (2, 2), (3, 3), (2, 1), (4, 4), (5, 5) vs SEOBNRv4HM

FIG. 17. Comparison between NR (solid black), SEOBNRv4HM (dashed green) and SEOBNRv4 (dotted yellow) waveforms in an edge-on
orientation (◆ = ⇡/2,'0 = 1.2) for the NR simulation SXS:BBH:0065 (q = 8, �1 = 0.5, �2 = 0). In the top panel is plotted the real part of
the observer-frame’s gravitational strain h+(◆,'0; t) � i hx(◆,'0; t), while in the bottom panel the dephasing with the NR waveform ��h.The
dotted-dashed red horizontal line in the bottom panel indicates zero dephasing with the NR waveform. Both SEOBNRv4 and SEOBNRv4HM
waveforms are phase aligned and time shifted at low frequency using as alignment window tini = 1000M and t f in = 3000M.
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MBHB with higher harmonics

h+ � ih⇥ =
X

`�2

X̀

m=�`

�2Y`m(◆,')h`m
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Example in time domain:

• Dominant harmonic h22
• Higher harmonics stronger 

at merger/ringdown
• Higher harmonics more 

important for high q and 
edge-on

Ticks:
• SNR/64 (40h)
• SNR/16 (2.5h)
• SNR/4 (7min)
• merger

5

M = 2 · 106M�, q = 3
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The SNR of higher harmonics
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PhenomHM, q=5, averaging over spins and orientations

Cross-terms not negligible

‘Mode SNR’:p
(s`m|s`m)
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X

(`m) 6=(`0m0)

(s`m|s`0m0)
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[Preliminary]
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Bayesian methodology

7

ph1|h2q “ 4Re

ª
df

h̃1pfqh̃˚
2 pfq

Snpfq

Computational performance of 
waveforms/likelihoods crucial

Accelerated likelihoodsWaveforms

• Sparse grids: amplitude/phase and response
• Cubic spline representation 300-800 pts
• Cost: h22: 1-2ms, 5 modes hlm: 15ms

• PE example: EOBNRv2HM (Non-spinning model, 
includes modes (22, 21, 33, 44, 55) + Reduced 
Order Model (ROM) for sub-ms evaluation

• LDC: PhenomD (22, spins aligned)
• Fast Fourier-domain LISA response [Marsat-

Baker 2018]

Bayesian analysis

• MultiNest: Nested Sampling
• Parallel Tempering MCMC, differential evolution

h+ � ih⇥ =
X

`,m

�2Y`m(◆,')h`m
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lnL(d|✓) = �
X

channels

1

2
(h(✓)� d|h(✓)� d)
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p(✓|d) = L(d|✓)p0(✓)
p(d)
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Posterior:

Likelihood:

Millions of likelihoods 
needed

Data: signal+noise d = s+ n
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• PE example: 0-noise simulation, n=0
• LDC: noise included

Likelihood for n=0:

Likelihood with noise:
• Downsample for a short MBHB signal
• Cost: h22: 3-5ms

Samplers:

+ GPU acceleration:
[Katz&al 2020]
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MBHB PE 22 vs HM: degenerate case

injection
ptmcmc 22
ptmcmc HM

Sky position

Distance-inclination

Higher harmonics 
crucial

M = 2 · 106M�

q = 3

z = 4

◆ = ⇡/3
<latexit sha1_base64="opyzMUB4hiKMVTE948w23NiP3OU="></latexit>

System:

‘Reflected’

True
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Understanding degeneracy breaking by higher harmonics

9

Shifted marginal sky posterior
Sky zoom (h22), no LISA 
motion and no high-f

injection
ptmcmc 22
multinest 22
analytic 
degeneracy

The role of higher harmonics

h+ � ih⇥ =
X

�2Y`m(◆,')h`m
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• Distance/inclination degeneracy broken
• Phase independently measured
• Better sky localization (caveat: edge-on)

Sky zoom (h22), 
full response

When measuring several modes       :

�2Y`m(◆,') = �2Y`m(◆, 0)eim'
<latexit sha1_base64="5VjpYsGLd13X6EgTQm0MTf6I/vw="></latexit>

h`m
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Projection effects in 
marginalization

17

FIG. 8. Comparisons between inferred posteriors obtained with our two di↵erent Bayesian samplers described in IIID and with
the Fisher matrix approximation described in III E. Results are shown for the systems I and II of Table II, with the 22-mode
only for the two left panels and with higher harmonics in the two right panels. Blue (22) and red (HM) show the ptmcmc result,
and green (22) and yellow (HM) the multinest result. In all panels, the black ellipses show the Fisher matrix estimate for the
posterior.

FIG. 9. Same comparisons as in Fig. 8, for the distance and inclination parameters, zooming on the relevant regions.

given in (44), which we reproduce here:

F
`m
a,e =

1

2
�2Y`m(◆,')e�2i L

�
F

+
a,e + iF

⇥
a,e

�
(�L,�L)

+
1

2
(�1)`�2Y

⇤
`,�m(◆,')e+2i L

�
F

+
a,e � iF

⇥
a,e

�
(�L,�L) .

(61)

Changing the sign of �L in the pattern functions F
+,⇥
a,e

given in (43) has no e↵ect on F
+
a,e and it changes the sign

of F
⇥
a,e for both channels. Thus, the

�
F

+
a,e ± iF

⇥
a,e

�
factors

in the two terms of Eq. (61) are exchanged. Moreover,
since spin-weighted spherical harmonics [51] obey the re-
lation

�2Y`m(⇡ � ◆,') = (�1)`�2Y
⇤
`,�m(◆,') , (62)

we see that simultaneously changing �L ! ��L, ◆ ! ⇡�◆
and  L ! ⇡ �  L leaves F

`m
a , F

`m
e unchanged.

This defines a transformation of extrinsic parameters
yielding an exact degeneracy in the Frozen low-f approx-
imation, which we call the reflected sky position (for a
reflection with respect to the LISA plane):

�L
⇤ = �L ,

�L
⇤ = ��L ,

 L
⇤ = ⇡ �  L ,

◆
⇤ = ⇡ � ◆ ,

'
⇤ = ' , (63)

where we chose the transformation for  L to keep this
parameter in the range [0,⇡].

18

FIG. 10. Same comparisons as in Fig. 8, for the sky position parameters, zooming on the relevant regions for inclination. The
parameters shown are in the LISA-frame as defined in A 3.

From the structure of (61), other points in parameter
space are degenerate in the low-frequency limit. First,
�L ! �L+⇡ leaves the pattern functions F

+,⇥
a,e invariant.

For �L ! �L ± ⇡/2, these pattern functions acquire an
overall minus sign. Such an overall minus sign is readily
compensated by a shift  L !  L ± ⇡/2, so that we have
the other transformation

�L
(k) = �L +

k⇡

2
mod 2⇡ , k = 0, . . . , 3 ,

 L
(k) =  L +

k⇡

2
mod ⇡ , k = 0, . . . , 3 . (64)

Combining (63) and (64), we arrive at eight di↵erent
degenerate positions in the sky, equally spaced in �L and
symmetric above and below the LISA plane, with an in-
clination ⇡� ◆ for the reflected positions and various val-
ues for the polarization  L. Among these eight secondary
modes in the sky, two play special roles: first, the reflected
mode (63) already mentioned; and second, the antipodal
mode with

�L
(a) = �L + ⇡ ,

�L
(a) = ��L ,

 L
(a) = ⇡ �  L ,

◆
(a) = ⇡ � ◆ ,

'
(a) = ' . (65)

How does this situation change when considering a more
complete instrument response, moving away from the
Frozen low-f approximation ? As in Sec IV.C we sepa-
rately consider relaxing each of the qualifiers Frozen and
Low-f.

When adding back the frequency-dependence while
keeping LISA motionless, in the Frozen response, the
reflected mode is the only mode remaining degenerate.
Indeed, as noted in Sec. II C, in (21) the frequency-
dependent terms feature k · nl, k · ps,r projections, that
depend only on the projection of the wave vector k in
the plane of LISA, invariant for �L ! ��L. The LISA
motion, however, will break this degeneracy in general.

When adding back the LISA motion while still ignoring
the frequency-dependence in the response, in the Low-f
response, the antipodal mode is the only one that keeps
pattern functions that are exactly degenerate with the
injection: all other modes will evolve with the time-
dependent LISA frame. The antipodal mode is not mov-
ing, because the antipode of the true direction of the
arriving signal is defined as k ! �k independently of the
orientation of LISA; the only degeneracy-breaking term
is then the orbital delay k · p0 in the Doppler phase (36).
When considering the Full response, the frequency de-
pendency terms in (21) featuring k · nl, k · ps,r will break
this antipodal degeneracy.

Thus, we have found that in the Frozen low-f approx-
imation for the response we expect a pattern of eight
degenerate positions in the sky (with certain rules for
inclination and polarization). Table III summarizes the
qualitative picture of degeneracy breaking by the features
of the response. We note that the recent work [41], fo-
cusing on low-frequency ringdown-dominated signals for
which the LISA motion can be neglected, remarked the
same 8-modes sky degeneracy that we described in this
section. We will see in Sec. VI that the eight-mode degen-
eracy pattern indeed appears when doing a pre-merger
analysis; on the other hand, in results Figs. 6 and 7 for

Higher harmonics 
break degeneracies,
still bimodal in sky
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LISA Data Challenge - 1 MBHB results

M = 3.8 · 106M�

q = 2.1

z = 5.7

◆ = 1.2
<latexit sha1_base64="JH9Okj+nWUVGx8ehW7dNozrWGc8="></latexit>

System:

h22 only, aligned spins
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Pre-merger analysis: accumulation of information with time

11

Cutting signals before merger

8-maxima sky degeneracy 
only broken shortly before merger

LISA-frame sky map 22

SNR-based cuts:

SNR DeltaT

10 40h

42 2.5h

167 7min

666 -

LISA-frame sky map hm

2-maxima sky degeneracy 
survives after merger (‘Reflected’)

Multimodal degeneracies 
pre-merger

Not a golden source !

Premerger localization (Fisher): 
[Mangiagli&al 2020]

Note: z=4, short signal
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Decomposing the response

• ‘Full’: keep all terms
• ‘Frozen’: ignore LISA motion
• ‘Low-f’: ignore f-dependency
• ‘Frozen Low-f’: ignore both

10�4 10�3 10�2

�0.10

�0.05

0.00

R
e
� T

22 h
a

�

7 min2.5 h40 h peak

10�4 10�3 10�2

f (Hz)

�0.10

�0.05

0.00

Im
� T

22 h
a

�

Full
Frozen
Low-f
Frozen low-f

Tslr =
i⇡fL

2
sinc [⇡fL (1� k · nl)] exp [i⇡f (L+ k · (pr + ps))]nl · P · nl(tf )

<latexit sha1_base64="dxvEiNft/ZdknjeLIWJjI4J2mEQ="></latexit>

Time and frequency-dependency in transfer functions
Time: motion of LISA on its orbit
Frequency: departure from long-wavelength approx.

Pre-merger analysis: decomposing the instrument response

True

ReflectedAntipodal

Sky modes L-frame

• ‘True’: true position
• ‘Reflected’: eliminated by 

motion, degenerate for high-f
• ‘Antipodal’: degenerate for 

motion, eliminated by high-f

Response:
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10�4 10�3 10�2
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L

7 min2.5 h40 h peak

h`m , Full response

PE max ln L
�L
��L
�L
�L + ⇡/2
�L + ⇡
�L � ⇡/2

10�4 10�3 10�2

f (Hz)
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�8
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L
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h`m , Frozen response

10�4 10�3 10�2

f (Hz)

�10

�8

�6

�4

�2

0

ln
L

7 min2.5 h40 h peak

h`m , Low-f response

Approximate degeneracy measure: likelihood at the other sky positions

High-f features crucial 
in reducing 

multimodality (8->2)

Pre-merger analysis: likelihood with decomposed response

“motion-only”“high f-only”

True

ReflectedAntipodal

• ‘Full’: keep all terms
• ‘Frozen’: ignore LISA motion
• ‘Low-f’: ignore f-dependency
• ‘Frozen Low-f’: ignore both

Sky modes L-frame

lnL(d|✓) = �
X

channels

1

2
(h(✓)� d|h(✓)� d)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Likelihood:

Degeneracy breaking for 8 sky maxima

Instrument response:
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Multimodality of the sky localization
Post-merger Pre-merger 5hr

Approximate and conservative 
degeneracy measure: likelihood at the 
other sky positions
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ln L >= �20
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[Preliminary]

lnL > �20
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Threshold used here (a bit arbitrary):
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Outlook
• Explore the parameter space

• Optimize samplers for known degeneracies (MCMC jump proposals)

• More realistic analysis: multiple signals, realistic noise

• More realistic waveforms: precession and eccentricity

• Assess waveform requirements: how accurate do the waveforms need to be ?

Highlights
• Bayesian tools for fast PE of MBHB signals

• Explored the LISA parameter recovery of MBHBs

• Analyzed role of higher harmonics in breaking parameter space degeneracies

• Analyzed features of the instrumental response and breaking of multimodal sky degeneracies

• Successful analysis of MBHB in LISA Data Challenge 1 (Radler)

Conclusion and outlook
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