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Motivation: The gravitational waveform s(t) e iφ(t)

Figure from LSC & Virgo, PRL 116(2016)061102.

For bound systems,

NB: nPN ≡ O
(
c−2n).
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Introduction: Why shall we compute the GW up to 4PN ?
4PN order ⇒ (v/c)8 correction.

Expected precision ∼ 1 in 6 000 cycles for a BBH of 20M�..
extremely small !

↪→ but crucial for space-borne detectors (eg. LISA).

More accurate determination of the astrophysical parameters
(masses, spins,...).

Allow for more precise tests of GR vs. alternative theories of gravity.

Combined posteriors for GW150914, GW151226 & GW170104.
Figure from LSC & Virgo, PRL 118(2018)221101.
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How to compute the phase: The balance equation

Conservation of energy
for an isolated system

dE
dt = −F .

⇒ E and F depend on φ
↪→ an integration gives the

gravitational phase.

E (φ) is known and well confirmed by three different approaches:
X ADM-Hamiltonian: full 4PN order, up to one ambiguity parameter,1
X Fokker Lagrangian: full 4PN order,2
X Effective Field Theories: full 4PN order.3

1T. Damour, P. Jaranowski & G. Schäfer, Phys.Rev.D 93, 084014 (2016).
2T. Marchand, L. Bernard, L. Blanchet & G. Faye, Phys.Rev.D 97, 044023 (2018).
3S. Foffa, R. Porto, I. Rothstein & R. Sturani, Phys.Rev.D 100, 024048 (2019).
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How to compute the phase: The flux

Conservation of energy
for an isolated system

dE
dt = −F .

⇒ The missing piece is the
flux, F(φ).

A simpler setup : electromagnetic radiation.
⇒ The energy loss at infinity is given in terms of the

dipolar moment ~D = e ~x as

dE
dt = − c

32π2ε0

∫
dΩ
(
d2~D
dt2

)2

+ . . .
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How to compute the phase: The flux

but GR is not electromagnetism...
↪→ no dipolar radiation ⇒ Einstein’s Quadrupole formula

that is extended to4

F =
∑
`≥2

G
c2`+1

[
a`U̇LU̇L + b`

c2 V̇LV̇L

]

with UL the radiative mass (electric) moments
and VL the radiative current (magnetic) moments.

⇒ We need Uij at 4PN, Vij and Uijk at 3PN, etc.
4K. Thorne, Rev.Mod.Phys. 52 299 (1980).
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How to compute the phase: The flux
but GR is not electromagnetism...

↪→ non-linearities enter the game ⇒ the radiative moments are not the
source ones:

UL = I(`)
L + tail terms + memory terms + . . .
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How to compute the phase: State of the art

We want φ(t) at 4PN.

⇒ We need E at 4PN X

⇒ We need F at 4PN · · ·
↪→ Uij at 4PN · · ·

↪→ Iij at 4PN X
↪→ tails and tails-of-tails at 4PN · · ·

↪→ Vij at 3PN · · ·
↪→ Uijk at 3PN X
↪→ Uijkl & Vijk at 2PN · · ·
↪→ higher multipoles at 1PN & 0PN X
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Computing Uij : General strategy

We need Uij at 4PN

Uij = Ïij + tail term + tail-of-tail term ,

↪→ The source quadrupole Iij is computed via a post-Newtonian
expansion,

↪→ The (tail-of-)tail terms are computed via a post-Minkowkian
expansion.
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Computing Uij : The source quadrupole

The Newtonian mass moments are simply

IN
L =

∫
d3~x ρ(~x) x̂L ,

with x̂L = STF[xL], eg x̂ij = xixj − r2δij/3.

⇒ The GR source mass moments are5

IL = FP
B

∫
d3~x

(
r
r0

)B ∫ 1

−1
dz
{
δ` x̂L Σ− α` δ`+1

c2 x̂aL Σ̇a + β` δ`+2
c4 x̂abL Σ̈ab

}
,

where the energy densities Σ, Σa, Σab are evaluated in (~x , t + zr/c)
and PN-expanded and δ`(z) takes into account the propagating
nature of GR.

5L. Blanchet, Class.Quant.Grav. 15(1998)1971.
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Computing Uij : How to deal with divergences ?

During the computation, two types of divergences strike
↪→ UV divergences, due to the point-particle approximation.

ρ(~x) = m1 δ(~x − ~y1) + m2 δ(~x − ~y2) .

⇒ We have to use dimensional regularization
ie. compute Iij in d-dimension,
and take d → 3 at the end of the day.

 In practice we compute Iij in 3D,
and add the difference around the singularities.

The full UV-regularized Iij has been computed6

6T. Marchand, Q. Henry, FL, S. Marsat, G. Faye & L. Blanchet, CQG 37, 21
(2020).
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Computing Uij : How to deal with divergences ?
During the computation, two types of divergences strike

↪→ IR ones, due to the extension of the PN approximation in all space.

⇒ Formalism defined with Hadamard regularization

IL = FP
B

∫
d3~x

(
r
r0

)B ∫ 1

−1
dz
{
δ` x̂L Σ− α` δ`+1

c2 x̂aL Σ̇a + β` δ`+2
c4 x̂abL Σ̈ab

}
,

4 but it breaks the invariance under diffeomorphism...
↪→ We also need to use dimensional regularization at 4PN.
 In practice, as for UV, we compute Iij using Hadamard regularization

and add the difference that arises at infinity.

⇒ The full IR-regularized Iij has been computed, but some poles 1
d−3

appear at 3PN.... we needs the tail terms !
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Computing Uij : The tail terms
The tail terms have been computed up to 4.5PN, using full
Hadamard regularization7

↪→ we need to compute them in d-dimension.
 Notably the iterated tail-of-tail term, arising at 3PN.

The tails are extracted from the value of the metric at infinity

h ∼ 1
R
∑
{UL + VL}+O

(
1

R2

)
.

The metric is computed via a multipolar-post-Minkowskian iteration:

hµν = G hµν(1) + G2hµν(2) + G3hµν(3) +O(G4) ,

satisfies Einstein’s vacuum equations

�hµν = Nµν(h, h) + Mµν(h, h, h) +O(h4) .
7T. Marchand, L. Blanchet & G. Faye, CQG 33, 244 (2016).
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Summary and perspectives

Computing the gravitational phase at 4PN is crucial for the
space-borne detectors (notably LISA).

⇒ It involves the radiative mass quadrupole, that is currently being
computed.
↪→ The source quadrupole has been computed and regularized.
↪→ The tail terms are currently being computed in d-dimension.
↪→ And there is a little extra: the (2, 2) mode will be easily derived once

we have Uij .

⇒ The other moments are either known, easy to derive or currently
under investigation.
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